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ABSTRACT

In this article, we present a dynamic version of the integer autoregressive (INAR) processes for count data. The proposed Bayesian

model provides a unification of the previously considered models to describe temporal correlations in univariate time series of

counts. We develop Bayesian inference for the proposed class of models via MCMC and introduce a particle filtering (PF) algorithm

for sequential inference. The new class of models are compared with their static counterparts using actual count series and addi-

tional insights provided by the new models are discussed.

1 | Introduction and Overview

Time series of counts arise in many areas such as business, eco-
nomics, engineering, and medicine. Applications include, among
others, the modeling of the number of deaths from a specific
disease in a given month [1], the number of arrivals to a call
center [2], the number of monthly mortgage defaults [3], time
series data on crash counts in different regions [4], the num-
ber of accidents in a given time interval [5], the number of
weekly shopping trips of households [6], and network flows,
see Chen et al. [7]. Other applications of discrete-valued time
series can be found in the volume by Davis et al. [8]. The anal-
ysis of discrete-valued time series poses both methodological and
computational challenges. Davis et al. [9] provide an overview
of models for time series count data and discuss methodologi-
cal issues. Recent advances in Bayesian modeling of count time
series are presented in Soyer and Zhang [10], and computational
issues are discussed. Silva et al. [11] developed a Bayesian frame-
work for count time series under censoring, which Silva et al.
[12] recently extended to series with missing observations. In a
related vein, Silva, Pereira, and McCabe [13] proposed Bayesian
outlier detection methods for non-Gaussian time series, includ-
ing counts.

1.1 | INAR Processes

An important class of models for time series count data is inte-
ger autoregressive (INAR) processes. They belong to the class of
observation-driven time series models in the general framework
of Cox [14]. The first order Poisson INAR process was originally
introduced by McKenzie [15] and its properties and extensions
were discussed in later articles by Al-Osh and Alzaid [16] and
by McKenzie [17]. The recent literature on INAR and related
processes is vast. For instance, Weif3 [18] considers INAR(1) pro-
cesses with serially dependent innovations, while Lopez et al.
[19] extend the INAR processes to allow generalized Katz innova-
tions. Monteiro et al. [20] extends INAR processes to self-exciting
threshold autoregressive processes, with a Bayesian approach via
Markov chain Monte Carlo (MCMC) sampling provided by Yang
etal. [21].

Bayesian inference for the INAR(1) model with Poisson errors
was considered by Silva et al. [22] using conjugate priors and
a Gibbs sampler with a Metropolis step. Neal and Subba Rao
[23] discussed Bayesian inference for integer ARMA processes
with Poisson errors via MCMC. In a recent paper, Marques
et al. [24] proposed a data augmentation step that allowed the
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implementation of a Gibbs sampler with conjugate full poste-
rior conditionals. The authors also considered generalizations of
INAR(1) by using a finite mixture model for the error process
to account for potential overdispersion in time series, as well
as a hierarchical extension of the Poisson error INAR(1) model
for time-varying arrival rates. The latter is based on a Dirich-
let process (DP) prior to the unknown distribution of dynamic
arrival rates. The use of the DP prior implies exchangeability of
the time-varying arrival rates and allows for clustering of homo-
geneous arrival rates.

1.11 | Contributions

In this paper, we revisit the work of Marques et al. [24] and pro-
pose a Markovian evolution for the time-varying arrival rates as
an alternative to the exchangeability implied by their Dirichlet
process prior. The proposed structure yields a new class of INAR
processes and, by adopting a Bayesian perspective, unifies the
observation-driven INAR processes with the parameter-driven
state-space models of Aktekin et al. [3] for count time series;
it is, to the best of our knowledge, the first state-space version
of INAR processes in the sense of West and Harrison [25]. Sec-
ond, the conditional conjugacy implied by the model enables full
Bayesian analysis via Gibbs sampling. Third, we develop a par-
ticle filter for sequential Bayesian inference and prediction. To
the best of our knowledge, this is a tool that has not been pre-
viously used for INAR processes. Finally, we extend the model
and methodology to INAR(p) processes. Beyond its methodolog-
ical contributions, the paper also serves as an illustration of
applied Bayesian time-series analysis, with particular emphasis
on probabilistic inference, sequential learning and forecasting,
and dynamic model comparison.

A synopsis of our paper is as follows. In Section 2, we start with a
brief introduction to the INAR(1) process with Poisson errors and
present our dynamic model. In doing so, we discuss the Markov
process for the time-varying arrival rates and discuss its implica-
tions on the INAR(1) model. We illustrate how the model pro-
vides a unification of the observation- and parameter-driven pro-
cesses considered for time series of counts, as well as its ability
to deal with overdispersed data. Section 3 develops a Bayesian
analysis of the model. A Gibbs sampler using data augmenta-
tion and a particle filter for sequential analysis are presented. An
extension to the pth order dynamic INAR process is discussed in
Section 4 and Bayesian inference using Gibbs sampler and parti-
cle filtering is developed. We illustrate an implementation of the
proposed model using actual data in Section 5. We discuss what
types of additional insight can be obtained from the model and
the Bayesian analysis. We conclude with some final remarks in
Section 6.

2 | The Dynamic INAR(1) Model

21 | A Brief Review of the INAR(1) Model

For a stationary time-series of counts Y,, the INAR(1) model is
defined as

Yi=a_, +¢ Y]

« 9

where “»” is the binomial thinning operation represented by
Yo
aeY, = ZB/': @
j=1

where B, are Bernoulli random variables with probability a. If
we define M, = a°Y,_; in(2), then conditionallyon Y,_; and a, M,
it has a binomial distribution with parameters ¢ and Y,_;. In the
above setup, it is important to note that the B;,’s are independent
of the ¢,’s and that the thinning is performed at each time point
t independently of the thinning at other periods. As pointed out
by Kedem and Fokianos ([26], chapter 5), the INAR(1) process
can be interpreted as a special case of branching processes with
immigration where Y, is the population at time # which consists
of two components: M,, those who survive from time (# — 1) with
probability « and ¢,, those who arrive at the beginning of time .

If {¢,} is a sequence of ii.d. Poisson random variables with
rate 0 in (1), then the model is referred to as an INAR(1) pro-
cess with Poisson errors. Alternatively, the error distribution can
be assumed as geometric or negative binomial as discussed in
Weif3 [27] or one can consider a mixture of Poisson and geomet-
ric as in Marques et al. [24]. In our development, we consider the
INAR processes with Poisson errors.

If Y, is assumed to be Poisson with rate 6/(1 — a), then it can
be shown that Y, is a stationary Poisson series with parameter
0/(1 — «). In addition, the autocorrelation function of INAR(1)
processes is given by py (k) = o for k > 0; see McKenzie [17]. In
fact, the behavior of the autocorrelation function is not limited to
the Poisson errors, but it holds for all INAR(1) models.

Given Y,_,, the conditional distribution of ¥; is obtained as a con-
volution of a binomial and a Poisson given by

min(Y,_,,Y,)

pY Y 00= Y

=0

—09Y,—j ) .
e <Y'.-1 )af(l - (3)
=D\ J

with E[Y,]Y,_;,0,a] = aY,_; + 0. The forecast distribution for
h-steps ahead, p(Y,,,1Y;, 6, a), can be obtained as well as the con-
ditional mean

_h _ 0 0
E[Y, ,1Y,,0,a]l = «a <Y, (1—a)>+(1—a)' 4)

It is important to note that the forecast distributions A-steps
ahead are not available in closed form with more general error

distributions, in which case numerical computations are neces-
sary (see Weif3, [28], section 2.6).

2.2 |
Rates

INAR(1) Model with Dynamic Arrival

An earlier state-dependent parameter generalization of INAR
models was considered in Thyregod et al. [29] who proposed
a self-exciting threshold-based (SET) INAR process for analy-
sis of tipping bucket rainfall measurements. Monteiro et al. [20]
showed the stationarity of the process and investigated asymp-
totic properties of the maximum likelihood estimators. As previ-
ously mentioned Yang et al. [21] developed Bayesian analysis for
the SET-INAR processes using MCMC methods and Lopez et al.
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[19] considered an extension of SET-INAR processes using gen-
eralized Katz innovations. For modeling state-dependent param-
eters, the SET-INAR approach is considered by many as the stan-
dard in count time-series community.

As an alternative to the existing approaches in the literature, we
follow the standard approach in state space modeling for count
time-series [25] and consider a generalization of the INAR(1) pro-
cess with Poisson errors in (1) by allowing the Poisson rates of ¢,’s
to be time-varying, that is, 6,. In this case, the observation model
can be written as

Y, — M,|M,,0, ~ Poisson(0,)L(Y, > M,), 5)
which is a shifted Poisson for Y, with rate 6,. We also have
M,|Y,_;,a ~ Bin(Y,_;, a).
We assume that 6, has a Markov evolution characterized by
0,10,_;, MV, YD ~ Beta(ya,_,,(1 —y)a,_,,0,_,/7), (6)

which is a scaled beta distribution on (0,6,_;/y) and can be
rewritten as a system equation

b, = —w, @)
where w,|YD, M@=V ~ Betalya,_;,(1 —y)a,_1].

The quantity 0 < y < 1 is a discount factor in the sense of West
and Harrison [25], Y = (Y,, YY) and M® = (M,, M(~V). In
the system Equation (7), w, can be considered as a system error
term with mean y and (7) provides a random walk-type evolu-
tion for 6,. The Markov evolution (7) was originally introduced
by Smith and Miller [30] who analyzed exponential observation
models; although their approach was not fully Bayesian, Harvey
and Fernandez [31] showed that the same structure can be used
for Poisson arrival rates; More recently, (7) was used in Gamer-
man et al. [32] for parameter driven non-Gaussian time series.

In our proposed dynamic INAR(1) process, Equations (5) and (7)
will play the roles of the observation equation and the system
equation, respectively. We complete the definition of our model
by assuming that, at time 7 — 1, the rate ,_, follows a gamma dis-
tribution

0,_,IMV YD « Gamma(a,_,, b,_,). ®)

It follows from (6) and (8) that the forecast distribution of 6, at
t — 1is given by

0, 1M, YD ~ Gamma(ya,_,,vb,_,). )
Using the Bayes’ rule
pO,IM®, YD) & p(6,|M*D, Y D)p(Y, — M,|M,,0)),

it can be shown that the posterior (or filtering) distribution of 6,
can be obtained as

0 1MP, YD ~ Gamma(a,, b,), (10)

fora, =ya,_; + (Y, — M,)and b, = yb,_; + 1.

We note that starting at time 0 with prior 6, ~ Gamma(ay, b,),
the proposed model provides us with a conjugate update of the
dynamic rates which is attractive in developing posterior and
predictive Bayesian inferences, as will be discussed in Section 3.
Other attractive features of the model are its ability to deal with
overdispersed time series of counts and the inclusion of some of
the previously considered models as special cases. We will elabo-
rate on this in Section 2.3.

2.2.1 | INAR() with Dynamic Thinning
and Covariates

An alternative dynamic INAR(1) model can be considered by
assuming a dynamic structure for the thinning probabilities in
(1). More specifically, we can write a dynamic version of (1) as

Y=o +¢

where ¢,’s are Poisson error terms with static rate 6 and the bino-
mial thinning is now given by

Yy
M, =a°Y,_, = ZBjt

Jj=1

where B;,’s are conditionally independent Bernoulli random vari-
ables with probability «,. Time evolution of «,” can be described
by using a logit type transformation and a Markovian structure
such as

¢, = log( % > =¢,_, +w, (11)

l1-a,

where w,’s are independent zero mean Gaussian innovation
terms with variance o . Bayesian analysis of the model using a
Gibbs sampler will require use of some data augmentation type
approach within the Gibbs as in Polson et al. [33]. This is cur-
rently under investigation.

It is also possible to incorporate covariates into the dynamic
INAR(1) models. For example, we can define 4, as the dynamic
arrival rate of the error term ¢, in (5) via

A =0,exp{p'z},

where z, is a vector of covariates with unknown parameters § and
0, is the baseline arrival rate following a Markov evolution as in
(6). As noted by Aktekin et al. [3], Bayesian analysis of the model
will require use of a Metropolis step within the Gibbs sampler
discussed in Section 3.1.

23 |
Model

Other Properties of the Dynamic INAR(1)

The Markov evolution given by (6) enables us to deal with
overdispersed data. Using the forecast (or prior) distribution of
0, given by (9), we can obtain the predictive distribution of ¢, =
Y, — M, via

plely, MO, YDy = / P10, M)p(0,ly, MO, Y "D)ae,,
0
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which can be reduced to

pely, MO,y oDy = et 6 (1 7y >

T(e, + D(ya, )\~ 7b_, +1
ybt—l 7 (12)
ybt—l + 1 ’

which is a negative binomial for integer values of ya,_;. As a
result, the Markov structure provides with a negative binomial
type dynamic error distribution which can handle over-dispersed
counts. As will be discussed in Section 3, a Bayesian analysis
using this model can also be developed.

2.3.1 | Unifying the Count Time Series Models

The dynamic INAR(1) model has two static parameters: the thin-
ning probability a and the discount factor y. These two parame-
ters play an important role in assessing the suitability of different
classes of models for analyzing time series count data. We note
that as @ — 0 in the dynamic INAR(1) model, the autocorrela-
tion of ¥,’s disappears and in the limit @ = 0 the model reduces
to a parameter-driven model as in Harvey and Fernandes [31]
and Aktekin and Soyer [2] where, given 6,’s, Y,’s are condition-
ally independent Poisson counts. On the other hand, as we can
see from the Markov model for 6, and the system Equation (7),
the arrival rates become smoother over time as y — 1. In the limit
y = 1,0, = 0 for all r and our model reduces to the static INAR(1)
process of Equation (1). In other words, these two cases can be
obtained in our dynamic INAR(1) by putting a degenerate prior
for @ at 0 or for y at 1. The trivial case of a Poisson time series of
white noise can be obtained by placing a joint degenerate prior for
(a,y) at (0, 1). Therefore, the proposed dynamic INAR(1) process
provides a unification of these models.

3 | Monte Carlo-Based Posterior Inference

In this section, we propose an MCMC scheme for joint posterior
inference of all unknowns of the model. We also derive a parti-
cle filter for online inference. In our development, we assume
independent priors for model parameters a« and y. Specifically,
we use a beta prior for « as @ ~ Beta(a,, b,) and denote the prior
for the discount parameter by p(y). Furthermore, @ and y are a
priori assumed to be independent of the initial arrival rate 6,.

3.1 | GibbsSampler

We can develop Bayesian inference using a Gibbs sampler given
counts Y® from T time periods. In doing so, we need the pos-
terior full conditionals of a, y, 87 = (6, ...,0;), and MD =
(M, ..., M;). Among these, the trickiest is the full conditional
distribution of M@, p(MD|a, y, 0, YD),

3.1.1 | Learning M™

Given « and y, suppressed below, assuming M, = 0, we can write
the joint distribution p(6,,Y;,6,,Y,, M,, ...,0;, Yy, M) as

T
P, 1DpY; 16 ] [ 26,16, MO0, YD)

t=2

P(MI|YI—1)p(Yt|Mt’ 0,), (13)

so the full conditional for each M, can be obtained as

T
P(M,|M(—t), 0D YTy « { H p(0,10, ;. MED, Y(s—l))}

s=t+1

X p(M,|Y,_))p(Y;|M,,0,), (14)

fort=2,...,T —1, where M = {M ;s # t} and D, denotes
the prior information. It is important to note that in the above
product

(6,16,_1, M6V, Y6 D) ~ Betalya,_;, (1 —y)a,_111(8, < 6,_,/7).

(15)
This suggests that for s = (r + 1), (t + 2), ..., T, the a,_; values
should be evaluated at the given value of M,. For example, when
s =(t+1), we have a, = ya,_, + (Y, — M,). Therefore, for each
value of M,, we need to evaluate a,, a,,,, ..., a; and these val-
ues will be different than the values in updating of ,’s. Fort = T,
we can write

p(MT|M(—T)’ 0", Y(T)) o p(M7|Yr_)p(Yr| M7, 07).

3.1.2 | Learninga

The full conditional of « can be obtained as

T

T
alMT,y™ ~ Beta(aa + D M b+ ) (Y - M,)). (16)
1=2

t=2

3.1.3 | Learning 6

In order to implement a Gibbs sampler, the full conditional of
the vector 00, p(0;, ...,00|MD,y, YD), can be obtained by
using the forward filtering backward sampling (FFBS) algorithm
of Frithwirth-Schnatter [34]. We can write the joint full condi-
tional as

pOr MDY )pOr_y 107, MT™D, YT ) p(6,16,, Y, 1),

a7
where p(6,_;|6,, M*™D, YD y) is a shifted-gamma density over
(y6,, ), denoted as

Gamma((1 - y)a,_,b,_1)I(0,_, > y0,).

3.1.4 | Learningy

Note that to obtain the full conditional of y we can take the joint
distribution in (13) and note that p(6,10,_,, MV, YD) is con-
ditional on y. Thus, the full conditional of y can be obtained as

T
p(r 16D, MDY D) {HP(O,IHH’M 0, YD ) 5 p(»),

t=2
(18)
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ALGORITHM 1 | Gibbssampler algorithm.

1: Initial values (87, M™, a,y)® and repeat the following 4
steps iteratively.
2: forg=1...Gdo
3. Drawa® ~ Beta (aa + 3T M, b+ YT, - M,)) .
4: Draw Gi ~ Gamma(ary, br)
5: fort=T-1...1do
Draw 0% ~ Gamma((1 — y)a,, b)1(0, > y6* )

t+1

6: end for
fort=2...T—1do
Draw M € {0, 1, ...,min(Y,, Y,_,)} from the discrete dis-

tribution proportional to

T
{ 11 p(eflef_l,M“‘”Y“‘%} PIM,|Y,_)p(Y, | M, 6%).

s=t+1
8: end for
9: end for

where p(8,|0,_;, MUV, YD y) is the scaled beta distribution
given by (6). We can use a Metropolis step or use a discrete prior
to drawing samples from the full conditional of y.

Alternatively, we can learn about y outside the Gibbs sampler by
obtaining its marginal likelihood. The marginal likelihood for the
discount parameter y, conditional on M™, is

T
pler, el MDY D yy = [pe, I MO, Y,y (19)

s=1

where p(e,|M®, Y~V y) is given by the predictive distribution
(12). This can also be used to obtain the posterior distribution of
y, that is,

P 1Y)  pley, ... er V)P,

where p(e;, ...,er|y) can be obtained using samples generated
from the distribution of p(M™|y, Y™) through the Gibbs sam-
pler. One can also use a discrete prior in p(y) to evaluate the pos-
terior distribution of y. In Algorithm 1, we show the schematic
representation of the Gibbs sampler for our proposed dynamic
INAR(1) model.

3.2 | Sequential Monte Carlo and Particle
Filtering

It is well known that MCMC methods are not computationally
efficient for sequential Bayesian learning and forecasting, as they
require rerunning of the Markov chains with each additional
observation to obtain the posterior distributions of time-varying
parameters, such as Poisson rates 6;, ..., 0, in our case. Sequen-
tial Monte Carlo (SMC) methods have been proposed to alleviate
such computational inefficiencies. An important class of SMC
methods are particle filters (PF), that was originally proposed by
Gordon et al. [35]; see Lopes and Tsay [36] for a review of PF and
Singpurwalla et al. [37] for a historical perspective.

As pointed out by Carvalho et al. [38], and extensively dis-
cussed by Lopes et al. [39], learning about static parameters in
PF is not trivial, but if the conditional posterior distributions of
static parameters are available with known (conditional) suffi-
cient statistics, one can develop an efficient recursive updating
scheme which they referred to as particle learning (PL). We can
develop a PL algorithm in the sense of Lopes et al. [39] for the
dynamic INAR(1) model.

Assume that in the time period ¢ — 1, given the data YD,
we have particles {6’ , M/ ,a'}, for i=1,...,N. Note that
given this set of particles, we can obtain a sample from the
prior p(M,|Y V) by sampling M/ from the binomial distribu-
tion Bin(Y,_;,a'), for i =1, ..., N. Our objective is to resam-
ple 6,_; based on the observed value in time ¢, Y;. For this, we
need resampling weights that are proportional to the predictive
p(Y,|M,,0,_,, M@V, YD) We can obtain the distribution as fol-
lows.

/ p(Y,IM,. 6,0, MV Y ")p(0,|M,. 0,4, MUV, Y ")do,,

which reduces to
p(Y,IM,,0,_y, MU YD)

= / p(Y,IM,,0,)p(6,10,_;, M"Y "D)dp,

where (Y,|M,,6,) ~ Poi(,)1(Y, > M,) and (6,|6,_,, M y(-D)
is a scaled beta distribution denoted as

(0t|0t—l’ M(t_1)7 Y(t_l)) ~ Beta(yar—l’ (1 - ]/)a,_l, 91—1/7’)~
It can be shown that p(Y,|M,,0,_;, MV YD) is a confluent
hypergeometric negative binomial distribution that we can evalu-

ate numerically. Specifically, we have p(Y,|M,, 0,_,, MV, Y(=D)
is given by

0,1 /r V=MD 5-0, X
— a,_1—
/ &1, 0, )(r /0, 0]
0

¥, - M)!
0 (-y)a,,—1
x (’—‘1 - 0,) do,,
v

where &(y,a,_,) = Beta(ya,_;,(1 —y)a,_;). Recall that the Beta
function is defined as B(a, b) = I'(a)['(b)/T'(a + b).

Also, by using change of variable u, = (y/0,_,)0,, we can write the
above integral as

1 01
SN Y,—M,)-1
K(Yth’szl’?’vatfl)/ o ururya,f1+( —M,)
0
X (1—u,) a2 qy,,

where

(gt_l/y)(Y/—M,)

k(Y My, 0,_1,7.0,1) = ¥, — M))!
t [E

&y, a;_l),

with the integral in the above expression represented as

Beta(Y, — M, +vya,_;,(1 —y)a,_,)CHF(a,a+ b,—c),
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where CH F(a,a + b, —c) is the confluent hyper-geometric func-
tion of Abramowitz and Stegun [40] with a= (Y, - M,) +
va,_1.b=Q0Q—-y)a,_; and c = 6,_,/y. To evaluate the CHF func-
tion, we can use the R package gs1 of Hankin [41]. Thus, the
weights p(Y,|M!, 0! |, MOV, Y “=D) are proportional to
o' x K(Yrthivg:_le/aat—l)
X Beta(Y, — M,’ +ya,_,1=y)a,_;)

X CHF((Y, = M)) +ya,_y,(Y, = M)) + a,_y,=0;_, /7). (20)
which are used to obtain the resampled values of (Mt"(i), Gtk_("l)).
Note that we have not resampled a values, that is, their samples
are based on the data from (¢ — 1), since these are not needed to
resample the values of (Mr"(i), Ht]‘_(il)). However, given Mzk(i), we can
have resampling values of a by updating enough statistics of the
beta distribution.

k(i)

._1)» and for this we need

Next, we propogate to 6, using (M,k(i), 0
the density p(6,|6,_,, M,, M~ YD),

p(0,10,_1, M, YO, M) & p(Y,|M,,0,)p(6,|M,,0,_;, MV, YD)
which can be written as
p(0,10,_1, M,, YO, M) &7

0 (1-y)a,,—1
X (—’y‘ L 9,) g7+ i=M)=1, (21)

The above is proportional to a scaled hypergeometric beta den-
sity as discussed by Gordy [42]. We can sample from (21) using
Metropolis-Hastings or some form of rejection sampling.

Alternatively, in propogating 6,, if generating from the hyperge-
ometric beta density in (21) is not computationally efficient, we
can use a sequential importance sampling type step as suggested
in Aktekin et al. [6]. More specifically, 6, can be (blind) propa-
gated via

p(6,10,_,, M7V, YD),

which is a scaled Beta distribution, Beta(ya,_;,(1—
v)a,_1,0,_,/y). The particles are then resampled with weights

p(Y16,, M),

which is a shifted-Poisson(0,), with Y, > M,. Finally, we can
update y offline or alternatively using a discrete prior with
the marginal likelihood given by (19). Algorithm 2 provides a
schematic representation of this particle filter algorithm.

3.21 | Collapsed Particle Filtering

An alternative to particle filtering that avoids the evaluation of
CHEF is to integrate out 0, and using the predictive distribution of
€, =Y, — M, given MV, YD for resampling. we refer to this
approach as “collapsed particle filtering.”

Assume that in the time period t—1 given YD, we have
particles of (M f_l,ai) i=1,...,N. Given these particles, we
can obtain particles from M/ using the binomial distribution

ALGORITHM 2 | Particle filter algorithm.

: Let {(0,_,, M,_,, )’} be the particle set at time # — 1.

: Draw M| ~ Binomial(Y,_,, a').

: Compute resampling weights from Equation (18)

: Resampling particles {(0,_,, M)} with weights from 2.
: Update (a,, b):a! = ya'" + (¥, = M”) and b} = yb" + 1.

t—1 ) X 1—1 )
: Draw thinning: a|M',Y" ~ Beta(S' S%,), whereS| =
k() k()
S+ M|

1
1i-1 ands), = Sg,(xlzl + (¥ = M),
S0 =a, and Sy, = b,.
7: Propagate 6, fromé, ~ Beta(ya,_;,(1—y)a,_,.0,_,/v), a
scaled Beta distribution.
8: Resample with weightsp(Y,|6,, M,), a shifted Poisson(0,),
with Y, > M,.

A L AW N

where

Bin(Y,_,,a’)fori =1, ..., N. These can be considered as “prior”
particles for M, and at time ¢ we need to update these given Y,. In
so doing, we can resample M,’s using the predictive distribution

plely, MOh), Y
— Iﬁ(yat—l + 6,) (1 _ 7br—1 ) € < ybr—l ) Y4
I'te, + DI'(ya,_,) yb_1+1 yb_; +1

In other words, we use the above predictive distribution as
the resampling weight to obtain the posterior particles Mt"(i)
and update a using the particles Mt"(i) in the beta distribu-
tion. Note that once we have the posterior particles of we can
update the sufficient statistics in the posterior distribution of
©,ly, M,, M=V Y=y ~ Gamma(a,, b,) where a, = ya,_; + (Y, —
M,k @yand b, = yb,_, + 1. In Algorithm 3, we present a schematic
representation of the collapsed particle filtering algorithm.

4 | Dynamic INAR(p) Processes

Consider the p-th order INAR setup presented in Du and Li
[43] as

Y=Y, 1+ @Y, 5+ ... +a,0Y_ +e,

where

Y—/
0‘/°Yt—j = 2 Bijt
i=1

and B;;’s are Bernoulli random variables with success probability
a;,j = 1,2. For stationarity of the INAR(p) model we need 0 <

j.’=1aj < 1.Given Y, ;, a;°Y;_; has a binomial distribution with
parameters «; and Y,_;.

In the above setup it is assumed that {e,} is a sequence of inde-
pendent Poisson random variables with parameter 6, and B;;,’s
are independent of ¢,’s. It is important to note that thinning
is performed at each time point ¢ and is independent of thin-
ning at other periods. We define latent variables M;, = a;°Y,_;
where

MY,

—j &~ Bin(yvz_j, aj)

6 of 15

Applied Stochastic Models in Business and Industry, 2026

85U8017 SUOWILWIOD BAITeID) 3ot |dde ayy Aq pausenob a1e ssppie YO ‘88N Jo S8|nJ 10} ArIq1T 8UIIUO AB|IA UO (SUORIPUOD-PUR-SWLBH WD A8 | IM A eIq 1 Ul UO//:SdNY) SUOTIPUOD pue SWis | 8U188S *[9202/90/20] o AriqiTauljuo 8|1 esinbssd 3 outsug 8@ oinisu| sedsul Aq #0T0Z qUISe/Z00T OT/I0P/Woo" A3 1M ARe.q 1 puljuoy/sdny wioly pepeojumod ‘€ ‘9202 ‘S20r92ST



ALGORITHM 3 | Collapsed particle filter algorithm.

1: Let {(M,_,, ) }fil be the particle set at time 7 — 1.
2: Draw M| ~ Binomial(Y,_, a').
3: Compute resampling weights from equation (12):

; I'(ya,_, +€;) (1 vb,_, >e} ( vb,_, >7at71
' = - - s
I'(e; + DI'(ra,_y) rhy +1 rhy +1
wheree! =Y, — M/.
4: M, KD are the resample draws.
5 Update sufficient statistics and sample thinning probability

(Xi

i k(i) k(i)
Sy, = Slr M

k(i) k()
Sl _Sztl (Yt—l_Mt )

a ~ Beta(Sl o
where S|, = a, and S,, = b,,.
6: Update a, and b, and sample 6, from (4,|y, M®,Y®)

F= a4+ (Y, - M)

b =yb) +

Q

0; ~ Gamma(al, t)

, M, 0, is a shifted Poisson, that is,

and Y,| My, .. ot

e—HtQY’_ZLIMﬁ 4
p(Y, My, My, ..., M,.0,) = (Ytﬁ ¥, > Y M)
jT j=

Note that based on the above 0 < M, < min(Y, = ¥, M;,,Y,_;)
andif (Y, - ¥, M;) =0or Y,_; = 0 then M, = 0 in the model.

Also,if Y, =0=> M}, =My =---=M, =0.

Using the Markov evolution of 6, given by (6), we can develop
Bayesian inference for the dynamic INAR(p) model. In this case,
we define M, = (M, ..., M,,) as a vector. It can be shown that
the filtering distribution of 6, given by (9) will have parameters
a,=ya_y+ (¥, = ¥’ M) and b, = yb_; + 1. Also, for station-
arity of the model we assume a Dirichlet prior for vector « =
(a7, ...,zxp) as

p+1
@) o Ha : (22)
where a,, >0,forj=1,...p+1,anda,,; =1— leaj.

41 | GibssSampler

Asin Section 3.1, given the above structure, we can obtain the full
conditionals of all the quantities in the dynamic INAR(p) model.
For the maturation terms, M j,’s we can show that

T
p(Mj,|M(_m, 0D, YDy { H p(6,10,_, MGV, Y(S—l))}

s=t+1

P(M,|Y,_)p(Y,| M,

where Mj, € {0,1, ..., min(Y,
(p+1),...,T—1landj=1, ..

- Zi# M,.Y,_)} for 1=
Lp.Fort=Tandj=1,...,p
(M [ MTID 0D YD) o p(M ;1| Yy_ ) )p(Yp| My, 67).

For components of a, using (20), we have conditional priors of
a; ’s as scaled beta densities

) ey
pla;lat™) o a;

M= Yap) e,
j=1

wherea; € (0,1~ ¥,; ). It can be shown that the posterior full
conditionals of aj’s can be obtained as scaled beta densities as

T
a |, MD YD < Beta a, + Z .
t=p+1
T
DA Mj,)>z(aj <1-Yap. (23)
t=p+1 i#j

Learning of #7 and the discount parameter y follow along the
same lines as discussed in Section 3.1.

4.2 | Particle Filtering

The sequential Monte Carlo approach of Section 3.2 can be mod-
ified for the INAR(p) extension. Specifically, in Algorithm 2,
in step 1, we need to draw M}; ~ Binomial(Y,fj,a;.) for j =
1.2, ...,p. The resampling weights of Equation (18) are now
computed by replacing (Y, — M,) with (Y, — Zf=1 M ). This also
applies to the resampling particles of step 3 and to the updat-
ings of (a,, b,) in Step 4. Propogation of 6, follows the step 6 of
the Algorithm 2, and finally 6,’s can be resampled using weights
based on a shifted Poisson with Y, > , 1 j,). However, since
there are no sufficient statistics for (a, ...,@,), in step 5, a
mixture-based approach as in Liu and West [44] can be used to
draw the thinning probabilities.

Alternatively, by not enforcing stationarity, independent beta pri-
ors can be specified for (a;, ..., a,) and sufficient statistics can be
updated in a similar manner as in step 5 of Algorithm 3. In what
follows, we present a collapsed PF by assuming that a;’s have
independent beta priors with parameters [ b,lj forj=1,...,p

Without loss of generality, we consider the case of p = 2 where
we have the following collapsed PF algorithm:
Let {(My,_, M,, |, a, ) },.Iil be the particle set at time ¢ — 1.

1. Draw M; ~Bin0mial(Y,_1,ai)
Binomial(Y, 2,oz)

i ~
and M,

2. Compute resampling weights from Equation (10):

o = Tra, +€) <1 _ b >E;< rbiy )ya"l
I'(e; + DI(ya,_y) vb_; +1 yb_1+1
where e/ =Y, — M|, — M, . We use the above predictive dis-
tribution as the resampling weight to obtain the posterior
particles M K M, D and update @, , @, using these particles

T
in the beta dlstrlbutlon
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FIGURE1 | Number of weekly shopping trips time series and sample ACF.

3. Update sufficient statistics and sample thinning probabil-

ity o

Shy = Syt + My,
Sizz = ngf)—l +(¥ - Mfz(i))
ai ~ Beta(S{h,S{ZT),
and similarly
Sope = Syiaa + My
S = Sy + Kig = My,")

i i i
a, ~ Beta(S,,,, S,,,).
where Sy,5 = a,, , S150 = b, and Syp = a,,, Sy = b, -

4. Update a, and b, and sample 6, from (,|y, M©, Y )

Q

i _ ., k@) k(i) k(i)
; =va, +(, - er - Mzr )

k(i)
t—1

6; ~ Gamma(a;, bf).

i

, = rb

S

+1

5 | Numerical Illustrations

To illustrate the implementation of the Gibbs sampler and parti-
cle filtering algorithms, we consider actual data on the number
of weekly shopping trips for a household to the supermarket over
104 weeks. The data is a subset of a large set used in Kim [45].

In Figure 1 we show the weekly time series and its sample auto-
correlation function (ACF). We note that the time series exhibits
moderate-level autocorrelations at lags 1 and 2.

Overall sample mean and variance for 104 weeks are 6.92 and
4.26, respectively. However, as can be seen from Table 1, there is
evidence suggesting that mean is not constant over the 104 week
period.

51 | StaticINAR(1)

Next, we consider the Bayesian analysis of the static INAR(1)
model where 6, = 6 for all r. We will use the static model as a

TABLE1 | Mean and variance of weekly shopping trips over different
time periods.

Weeks Sample mean Sample variance
1-26 6.19 2.88
27-52 8.04 3.72
53-78 7.81 2.40
79-104 5.65 4.24

reference in our analysis. The posterior distributions of a and
0 from the static INAR(1) model are shown in Figure 2. We
can obtain the posterior means of @ and 6 as 0.622 and 2.565,
respectively.

As previously mentioned, the static model arises as a special
case of the dynamic INAR(1) model as the value of the discount
parameter y approaches to 1. In other words, these results can be
replicated by using a Gibbs sampler or the PF algorithm when we
set y to a large value such as 0.999.

5.2 | Dynamic INAR(1)

The use of the Gibbs sampler is not computationally efficient
for sequential updating, as it requires the sampler to be rerun
for every data point observed. Therefore, in what follows, we
will focus on the collapsed particle filtering results. The choice
of the discount parameter y plays an important role in the
Bayesian analysis of the dynamic INAR(1) model. As discussed
in Section 3.2, we can learn about y using the marginal likeli-
hood in (19) sequentially using the Monte Carlo (MC) average
of the updated samples of M® at each time point ¢. Alternatively,
one can use the marginal likelihood (19) to specify a fixed value
of the discount factor, which is the most supported by the data
as in West and Harrison [25]. In other words, using the posterior
samples of M), we can obtain a MC average of (19) for fixed val-
ues of y and find the y that maximizes the MC average. This can
be done sequentially over time, in the sense of Dawid [46], to see
which value of y is supported dynamically by the data.

It is important to note that y is a tuning parameter in dynamic
models. It represents the change in uncertainty about 6 values
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FIGURE2 | Marginal posterior distributions for « and 0 based on the static INAR(1) model.
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FIGURE3 | Cumulative marginal likelihood for different values y from INAR(1), relative to y = 0.9.

neighboring each other. Based on the Markovian model pre-
sented in Section 2.2, we can show that the percent increase in
uncertainty (in terms of variance) from time (¢ — 1) to 7 is given
by (1 —y)/y for all ¢. As noted by West and Harrison ([25], page
51), it is common practice to select y € (0.8, 1).

We consider the values of y = 0.900, 0.925,0.950,0.975 and 0.999
and evaluate the MC average of the marginal likelihood (19)
based on the particles of M® at each time point =2, ...,T.
Based on the results of the collapsed particle filtering, in Figure 3,
we illustrate the log of cumulative marginal likelihoods for dif-
ferent values y relative to y = 0.9. Figure 3 suggests that the static
INAR(1) model (which is represented by y = 0.999) is not sup-
ported by the data. Based on the figure, we will use y = 0.9 in our
analysis of the dynamic INAR(1) model.

The posterior distribution of « obtained using the collapsed par-
ticle filter is shown in Figure 4, suggesting that the median val-
ues of the probability of thinning stabilize around the values of
0.55-0.60.

The posterior (filtering) distributions of the 6,’s, when y = 0.9 are
shown in Figure 5. As expected, the filtering distributions of 6,’s
in this case exhibit more variability over time compared to their
counterparts from models with higher values of y, which are not
shown here.

In Figure 6, we present the plot of E[M, + 6,|Y'] versus actual
values of Y,’s for t = 2, ..., T. The figure illustrates the fit of the
dynamic INAR(1) model to the actual values of number of shop-
ping trips. We can look at the predictive means of Y,’sat time 7 — 1
to assess the forecast performance of the model. Specifically, we
can use

E[Y,|Y* V] = E[a|Y"P1Y,_, + E[6,[Y*]

which can be obtained as a MC average for time periods ¢ =
2,...,T.

We can alternatively use the medians of the predictive distri-
bution Y,’s at time 7 — 1 to assess the forecast performance. To
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FIGURES5 | Filtering distributions of §,’s in INAR(1) model when y = 0.9.
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FIGURE 6 | Actual number of trips versus E(M, + 6,]Y") in INAR(1)
model.

obtain the median of Y, at time (r — 1) we need the draws from
the distribution of ;. Given the N particles from the distributions
p(a|YOD), p(@,_,|Y* D), fori =1, ..., N we can draw from the
predictive distribution of ¥, using the following.

1. Draw M! ~ Binom(a',Y,_) and draw 0/ ~
Gamma(ya,_;,yb,_,)

2. Draw €/ ~ Pois(9')

3. Obtain Y] = M +¢!.

We present the plot of actual versus one-step ahead forecasts
using predictive means (shown in red) and predictive medians
(in blue) in Figure 7 of ¥;’s at time ¢ — 1 along with 90 per cent
Bayesian credibility intervals. At the bottom portion of the figure
the posterior predictive densities p(Y,|Y“~V) are shown for ¢ =
82, ..., 85 with the observed values of Y, are displayed as a . It
is important to note that these time points correspond to predic-
tive distributions which are more skewed, but in spite of that the
predictive performance is quite satisfactory.

53 | Comparing INAR(1) and INAR(2)

In Figure 8, we present the ACF of the residuals from the INAR(1)
model based on predictive means. The partial autocorrelation
function (PACF) of the data is also shown on the figure. The ACF
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FIGURE 8 | ACF of residuals from the INAR(1) model and the PACF of the data.

of the residuals still displays autocorrelation at lag 1. Since the
PACF of the original data exhibits autocorrelations both at lags 1
and 2, an INAR(2) process may be more appropriate in this case.
This will be considered next.

We compare the results of dynamic INAR(1) with y = 0.9 with
the implementations of dynamic INAR(2) for various values of y.
The INAR(2) model analysis is developed using the collapsed PF

results presented in Section 4. Evaluation of the marginal likeli-
hood sequentially for different values of y € (0.900, 0.999), under
the INAR(2) model, suggests y = 0.98 is favored. Figure 9 shows
the quantiles of 6, for y = 0.9,0.98,0.999. As expected 6, under
y = 0.98 exhibits a smoother behavior over time compared to the
case of y = 0.9. It is important to note that the static INAR(2)
model which is corresponding to y = 0.999 in Figure 9 (shown in
green) can not adapt to the drop in the data in week 81. Figure 10
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FIGURE 10 | Sequential Bayes factor for the INAR(2) model for various values of y.

shows the sequential Bayes factor for the INAR(2) model for y €
{0.9,0.98,0.999}. As it can be observed, y = 0.98 is better than
y = 0.999, which is better than y = 0.9. The evidence in favor of
the dynamic INAR(2) over the static INAR(2) becomes more pro-
nounced after week 81 where the data exhibits a drop.

Figure 11 presents the sequential posterior quantiles for @, and
a, in INAR(2). As can be seen, their time-varying behaviors are
quite similar, with only minor variations at the end of the sam-
ple size. In any event, a; seems to be around 0.3, while a, settles
around 0.6.

Finally, Figure 12 presents the cumulative logarithmic Bayes fac-
tor for the top INAR(2) model relative to the INAR(1) model. As
can be argued, after 20 observations, the INAR(2) fit becomes
overly better than the INAR(1). The ACF of the residuals are pre-
sented in Figure 13. Unlike the INAR(1) residuals, the residuals
from the dynamic INAR(2) model exhibit no considerable auto-
correlation at any of the lags, which also confirms the appropri-
ateness of the dynamic INAR(2) model.

In conclusion, the Bayesian viewpoint provides quantification of
uncertainty via probability. As a result, all inferences, forecasts,
and model comparisons are based on probabilistic statements

which are derived using calculus of probability. This is attrac-
tive from an applied perspective, since additional insights can
be obtained from Bayesian analysis using the posterior and/or
predictive distributions. For example, in the dynamic INAR(2)
model, a hypothesis such as @; < a, can be resolved simply using
the joint posterior distribution of ; and a,. Similarly, in our use of
collapsed particle filtering for the dynamic INAR(2) model with
independent beta priors for «; and a,, we are able to assess if
a, + a, < 1 which is the condition for stationarity of the static
INAR(2).

Our proposed sequential Bayesian predictive framework -based
on full predictive distributions—combined with careful model
specification and selection, provides a natural approach to
achieving calibration in the sense of Dawid [48]. Model com-
parison in our framework is conducted probabilistically via
Bayes factors, which decompose into cumulative predictive
likelihoods and are therefore consistent with the prequential
perspective.

In addition, certain frequentist tools, such as the sample
autocorrelation and partial autocorrelation functions, can be
employed for model identification (see Figures 1 and 8). Fur-
ther, examination of the sample autocorrelations of Bayesian
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FIGURE 12 | Comparing the best INAR(2) model, where y = 0.98, to the best INAR(1) model, where y = 0.9, in terms of cumulative log predictive
densities. The dashed line represents the threshold for very strong evidence against the INAR(1) model, based on the suggestions by Kass and Raftery [47].
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FIGURE 13 | ACF of residuals from the INAR(2) model.

residuals (Figures 8 and 13) provides a useful diagnostic for
model adequacy.

The use of frequentist tools for model validation was advocated by
George Box [49], who emphasized Bayesian model-based infer-
ence while employing frequentist ideas for model criticism. Little
([50] and [51]) extended this perspective by emphasizing the fre-
quentist performance of Bayesian procedures, referring to this
approach as “calibrated Bayes.” It is important to note that Little’s
notion of calibration is based on repeated sampling properties,
which differs fundamentally from Dawid’s [48] concept of cal-
ibration, grounded in sequential predictive performance rather
than hypothetical repeated sampling.

6 | Concluding Remarks

We introduced a new class of dynamic integer autoregressive
(INAR) models for count data. The proposed class of models
include static INAR models as well as some of the parameter
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driven Bayesian time series models for counts as special cases.
Bayesian analysis of the proposed model was developed using a
Gibbs sampler and particle filtering algorithms were introduced
for sequential analysis of the model. Extension of the dynamic
model to high-order INAR processes was discussed. Using a
real life time series of counts, the dynamic INAR(2) model was
shown to perform better than its static counter part as well as
the dynamic INAR(1) process. Alternative dynamic INAR pro-
cesses and the incorporation of covariates into the models were
discussed as possible extensions that are currently under inves-
tigation. Our future work also involves development of dynamic
multivariate INAR processes.

It is important to note that the proposed dynamic INAR(p)
models and the presented Bayesian MCMC and sequential MC
approaches are novel and differ from the previously considered
state-dependent Bayesian INAR models in several respects. First
of all, the proposed class of Bayesian models’ inherent condi-
tional conjugacy allows for using the Gibbs sampler without any
Metropolis steps. Secondly, the proposed PF algorithms exploit
this conjugacy and the availability of sufficient statistics to update
static parameters and provide efficient sequential inference and
forecasting. Such a sequential analysis cannot be performed effi-
ciently by previously introduced Bayesian models that relied on
MCMC methods.
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