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From g AR(p) Models to VAR(p)

Consider g separate AR(p) models:

»
Yir = b11Ye11 + b1aYeo1 + -+ bipYep1 + tr1,  urn ~ N(0,0%)

»
Yio = b1 Y12+ b Yoo + -+ bapYeopo + tra, 2 ~ N(0,03,)

iid
Yig = bg1Ye—1,g + bg2Ye—2,g + + bgpYe—p,q + g, Utg ~ N(O, qu)

Key limitation
q independent AR(p) models # VAR(p)

Example: g =4: (Yi,..., Yia) = (interest rate, inflation, unemployment, industrial
production)
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What Makes a VAR(p)?

Two key features beyond independent AR(p) systems:

(1) Cross-equation lags: Include lags of all g time series in each equation.

Overall: g equations x q regressors x p lags = g°p coefficients.

(2) Joint error distribution:
U1

u
w=| o |~ Ne(0, 5)

Utq

where ¥ is a (g X q) covariance matrix (not diagonal in general).
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Parameter Count

Total number of parameters in a VAR(p):

qlg+1

ot 4 90D
VAR coefficients ——~—"
Y elements

Example: p =136, g =4

@ Each equation has g x p = 4 x 36 = 144 regressors
@ VAR coefficients: 4 x 36 x 4 = 576

@ X elements: > =10

o Total: 586 parameters

Hedibert F. Lopes (Insper Institute of Education and Res VAR Models May 7th 2026 4/10



The Covariance Matrix ¥ (for g = 4)

2
011 012 013 014

2
s |21 022 023 024
- 2
031 032 033 034
2

041 042 043 Oy

This symmetric positive-definite matrix has

1 4 x5
M free elements. g=4 = =10
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VAR(p) with Gaussian Errors — Matrix Form

Compact representation:

Ye = B1 Yea+ By Yiot+--+ By Yiptu
—~— N N S N A
gx1 gxq gx1 gxq gx1 gxq gx1

where Y; = (Ye1, Ye2, -+, Yeg) T

Each B;, i =1,...,p, has g° coefficients = pg? total VAR coefficients.

us E Nq(O, Zt)

Allowing X; to vary over time leads to TVP-BVAR-SV models (Time-Varying Parameters,
Bayesian VAR, Stochastic Volatility).
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Structural VAR (SVAR)

Starting from Y; ~ N(0, %), define the Cholesky-type decomposition:

ATAT =1 = AY,~ N(0,/)

Reduced-form VAR Structural VAR (SVAR)
., Bp, X | data) Posterior: P(Ao, Bx, ..., By | data)
Estimated via MCMC

Posterior: P(Bi,..
Estimated via MCMC

Key distinction
The SVAR identifies structural shocks through the matrix Ag, imposing economic restrictions

on the contemporaneous relationships among variables.
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Frequentist Estimation and Forecasting

Fort=1,..., T, OLS yields :§1,§2,...,§p, 5.
One-step-ahead predictive distribution:

p(YTs1 | Yi,..0, YT) =7
Point forecast (plug-in):

Yrii=BiYr +BYr_ 1+ + Ep YT—_pt1+ UTH1

~

Yrp=E(Yr1 | Yi,. .o, Y7), V(Y741 | Y1, Y1) =%

h-steps-ahead forecast: (\A’TH, )A/T+2, e )A/TH,)
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Recursive Forecasting: AR(2) lllustration

Recall AR(2): 0 = (¢1, ¢2,02)
Yi=¢1Ye1 + Yoo e, e~ N(0,07)
Two-step-ahead conditional mean:
E(Y: | Yies, Yiea) = (62 + d2) Yes + (¢162 + ¢3) Yia
Two-step-ahead conditional variance:

V(e | Yeos, Yeea) = (¢ + ¢2) 0% + 02
= (6] + 62)° + (61 + 62) $3 + 67 + &5

Derived by iterating Y = ¢1(d1Ye—2 + p2Yi—3 +e1—1) + 92 Yi—2 + &1, etc.
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Summary

A VAR(p) model couples g time series by including cross-equation lags and a full
covariance matrix X.

o Total parameters: pg? + w — grows quickly with g and p.

e Matrix form: Y; = Zle BiYi—i+u:, ur~ Ng(0,X).

o Frequentist OLS estimation gives plug-in forecasts; Bayesian MCMC gives full posteriors.
@ SVAR adds structural identification via Ag (the contemporaneous matrix).

@ Extensions: TVP-BVAR-SV allows time-varying coefficients and stochastic volatility.
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