Posterior Predictive for Bernoulli Trials with Beta
Prior

Derivation and Numerical Example

Hedibert Freitas Lopes
Insper Instituto de Ensino e Pesquisa

May 21, 2026

Contents

[L Setup and General Fact|

2 Route 1: Marginalise 0 First, Then Condition on y|

[3 Route 2: Condition on y, First (Posterior), Then Marginalise|

4__Conclusion|

[> Numerical Example]

[5.2  Prior, Likelihood and Posterior for 6| . . . . . . .. ... ... ... ... .....
5.3 Prior Predictive and Posterior Predictive for S¢| . . . . . . . . . . ... ... ...

w W w W



1 Setup and General Fact

Let y; | 0 b Bernoulli(#) with prior 6 ~ Beta(ag, o). Partition the data into past and future
blocks:

yO:(y17""yn0)’ ylz(yn0+17"'7yn0+n1)a
with sufficient statistics so = > 1%, y; and s; = Z?ﬁ:{:ﬁl Y-

General fact. For any joint density,

p(un | 90) = 1 p(y(’p’(zg’)m P = [ ot 1 B.90) (5 1 30) 5.

“Condition then marginalise” and “marginalise then condition” are the same Fubini/Tonelli
calculation.

2 Route 1: Marginalise 0 First, Then Condition on y,

Because y, L y; | 6:

no\ [n1\ B(ao + so + s1, Bo+ no+mn1 — so— s1)
p(s0,51) =

50 51 B(a07ﬁ0) ’
(s0) = (" B(ao + 50, o+ no — o)
o S0 B(a0750> '
Dividing:
(s1 | so) = n1\ B(ao + so + 51, Bo +no +n1 — so — s1)
me 51 B(ao + s0, Bo + 1o — o) ’

3 Route 2: Condition on y, First (Posterior), Then Marginalise
Posterior from y:

0]y, ~ Beta(as,B1), a; =g+ so, 1= Po+mno— so.

Predictive by marginalising 6:

1 a1 —1 _ Bi—1
m w0971 = 6)
p(s1]yg) = <51> /0 61(1-0) B(a1, f1) 0

_ <n1> B(ay + s1, f1+n1 — s1)
51 B(ay, p1) '

4 Conclusion

‘31 | so ~ Beta-Binomial(ni, ag + sg, So+ no — So) ‘

Both routes yield the same distribution, confirming the Fubini/Tonelli identity.

Special Case: n; =1, a9 =y =1
With a Uniform(0, 1) prior, the posterior predictive for a single new trial is:

1+ sg
24+ ng’

P(Yno+1 =11 s0) =

Laplace’s rule of succession. Before any data: P(y; =1) = %



5 Numerical Example

5.1 Parameters
nog = 10, S0 — 3, ag = 50 == 1.5, ny = 5.
Updated hyperparameters:

a1 = ag + sg = 4.5, 61 = Bo +no— sg = 38.5.

Quantity Formula Value
Prior Beta(ag, o) Beta(1.5, 1.5)
Prior mean ap/(ap + Bo) 0.500
Likelihood mode (MLE) s0/ng 0.300
Posterior Beta(ai, f1) Beta(4.5, 8.5)
Posterior mean a1/(aq + B1) 0.346
Posterior mode (1 —1)/(a1 + p1 — 2) 0.318
Post. pred. mean nya1/(a1 + B1) 1.731
Post. pred. variance — 1.455

5.2 Prior, Likelihood and Posterior for ¢

Prior Beta(1.5,1.5), Likelihood, and Posterior Beta(4.5, 8.5)

3l — Prior: Beta(1.5,1.5) -
- - - Likelihood (scaled): 63(1 — )7
——  DPosterior: Beta(4.5,8.5)
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Figure 1: Prior Beta(1.5,1.5) (blue solid), scaled likelihood #3(1—6)7 (red dashed), and posterior
Beta(4.5,8.5) (green solid) as functions of 6. Dotted verticals mark the prior mean, MLE, and
posterior mean. The posterior is pulled toward the prior relative to the MLE, reflecting moderate
prior strength vs. ng = 10 observations.

5.3 Prior Predictive and Posterior Predictive for S
Prior predictive S; ~ Beta-Binomial(5,1.5,1.5) (symmetric, before seeing any data):
Ppr(0) = 0.129,  por(1) = 0.176, ppe(2) = 0.195, ppe(3) = 0.195,  ppr(4) = 0.176,  ppre(5) = 0.129.

Posterior predictive S; | s9 ~ Beta-Binomial(5,4.5,8.5) (after observing sy = 3 successes in
no = 10 trials):

Ppo(0) = 0.164,  ppo(1) = 0.295, ppo(2) = 0.283, ppo(3) = 0.175,  ppo(4) = 0.069, ppo(5) = 0.014.



Prior Predictive vs. Posterior Predictive for S,
| |

U0 Prior pred.: BB(5, 1.5, 1.5)
10 Post. pred.: BB(5, 4.5, 8.5)
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Figure 2: Prior predictive Beta-Binomial(5,1.5,1.5) (blue) is symmetric around s; = 2.5, reflect-
ing prior ignorance. The posterior predictive Beta-Binomial(5,4.5,8.5) (green) is right-skewed
toward low counts, consistent with the observed low success rate (sp = 3 out of ng = 10, poste-

rior mean 0 ~ 0.346). Posterior predictive mean = n10 ~ 1.73.
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