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The AR(2) Model with Intercept

i
Ye=pu+ P1Ye—1+ d2yr—2 + €y, 5tI'I\JN(0702)
Goal: By repeatedly substituting the AR(2) equation into itself, express y; as
k—1

Ve = Ce-p+AxYe—k + B Yr—k—1+ ZAj Et—j
=0

where the coefficients satisfy the recursion:
‘Ak+1 = ¢1Ax + By, Biy1 = ¢2Ax, Cry1 = G + A
with initial values A; = ¢1, By = ¢2, G =1 (and Ag = 1).

Note on ¢ coefficients

The coefficient of €;_; in the expansion is A;, since each substitution of y;_ introduces
Ak Et—k-
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Coefficient Table

Step k | Ak (coeff. of y;_x) Bk (coeff. of yr_k—1) | Ck (coeff. of )
1 1 b2 1
2 ¢3 + 62 P12 1+ ¢1
3 ¢} + 2162 P32 + B3 1+ ¢1+ @2 + ¢
4 | ¢1+3¢1d2+ 05 B30 + 2163 G+ As
5 | 6] + 4930 + 30105 o + 3292 + ¢ Co+ Ag
6 | @+ 50102 + 60703 + ¢3  $ido + 49365 + 30193 | Cs + As

Note: the coefficients of Ay follow a Fibonacci-like pattern driven by (é1, ¢2).
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Step 1 — Step 2: y; in terms of y; , and y; 3

Starting from
Ye = [+ Q1ye—1 + P2y + €t

substitute y; 1 = p+ ¢1yr—2 + P2yr—3 + €¢-1:

Ye =4 ¢1(p+ drye—2 + dayr3+er1) + daye 2 + e
= (14 ¢1) + (63 + b2) yr2 + G162 ye—3 + et + P1ee1

Verification of recursion

A=A+ Bi=¢3+¢ v Ba=pAi=¢19p v CG=1+¢1 v
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Step 2 — Step 3: y; in terms of y;, 3 and y; 4
From the previous step, substitute y; > = pt + P1y:—3 + doyi—a + €t—2:

ye = p(1+ ¢1) + (63 + ¢2) (1 + P1ye—3 + doye—a + €r—2)
+ P12 yt-3 + €t + P1E1-1

= u(1+ 1+ 67+ ¢2) + (63 + 2¢162) yr—3
+ (102 + ¢3) ye—a + et + d1ee—1 + (¢ + P2)er—2

Verification

As = ¢1(¢3 + ¢2) + d1g2 = @3 + 2¢1¢2 v Bz = (2 + o) = ¢ + 3 v
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Step 3 — Step 4: y; in terms of y; 4, and y; 5

Substitute y;—3 = p+ d1yr—a + Payr—s5 + €r-3:

e = p(1+ o1+ 6] + ¢2) + (67 + 201¢2) (1 + drye—a + oyt s +1-3)
+ (0262 + 63) Yeoa + e + dr6e1 + (62 + d2)er2

=p G+ (<Z5£1l + 3¢%¢2 + ¢%) Yi—4
+ (¢332 + 20103) ye—s + £¢ + dr6e-1 + (61 + P2)ee—2 + (83 + 20162)er—3

where (4 =14 ¢1 + Qﬁ + oo + ¢? +2¢1¢2.

Verification

Ay = $1(93 + 2¢162) + (#7102 + ¢3) = ¢ + 3302 + ¢35 v
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Step 4 — Step 5: y; in terms of y, 5 and y; ¢

Substitute y; 4 = p + ¢1¥t—5 + P2yr—6 + €t—a:

Ye=1C+Asyt 5+ Bsyi e
e+ dree—1 + (1 + d2)ee2 + (01 + 201¢2)er—3 + (67 + 3d3d2 + ¢3)ee—a

where
As = ¢1As + By = ¢1(81 + 3032 + ¢3) + (d1d2 + 20163)
= @3 + 432 + 313
Bs = ¢oAg = bo(d + 3020 + ¢3) = ¢ + 30263 + ¢3
Cs=Ca+As=14¢1+ 2+ ¢+ &3 + 20102 + 61 + 302 + ¢
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Step 5 — Step 6: y; in terms of y, ¢ and y; -

Substitute yr 5 = p + ¢1yt—6 + P2yt—7 + €r—5:

ye =1 Ce+ As yt—6 + Be yt—7
5
+ ZAJ Et—j
i=o

where

A = ¢1As + Bs = ¢1(¢5 + 46302 + 3¢103) + (6102 + 36303 + ¢3)
= % + 5ot + 60203 + ¢3

Bs = 2As = da(¢3 + 43 + 30163) = P32 + 46303 + 3103

Co = G5 + As

The ¢ coefficients are (Ao, A1, ...,As5) = (1, ¢1, gb% + ¢, qzﬁ + 2¢1 ¢, gzb‘l1 + 3¢%¢2 + qb%, As).
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Summary: General Pattern of A, Coefficients

The Ay coefficients follow the combinatorial pattern (binomial in ¢3 and ¢3):
k | Ak

1| ¢

2| 91+ 2

3 | ¢} + 20102

4 | ¢ +3¢id2 + 3

5

6

3 + 49300 + 3193
#8 + 5% + 602 h3 + 3

Observation

The binomial coefficients (kfj..fl) appear in the expansion Ay = Zti/% (k I l)gZ)ll( 2J¢’2,
connecting the AR(2) dynamics to Pascal's triangle.
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Check of Handwritten Derivations

All steps in the handwritten notes are correct. The key identities verified:

Step Ak (written) Ak (computed) | Status
k=2 ¢7 + b2 ¢7 + ¢2 v
k=3| ¢+26102 91 + 20102 v
k=4 01+3¢1¢2+ 03 $1+36162+¢3 | v
Step | By (written) By (computed) | Status
k=2 P12 P12 v

k=3| ¢ig2+¢3 P2d2 + B3 v
k=4|0i02+2015 dido+2015 | v

The p accumulation and ¢ coefficients also match throughout. v/
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Conditional Mean and Variance at Each Step

Given the expansion y; = 1 Cx + Ak Vi—k + Br ye—k—1 + Zf;ol Ajer_j

E(yt | Ye—i> Ye—k—1) = 1t Ch + Ak Ye—i + Bic Yr—k—1

k—1
V(yt | Ye—ks Ye—k-1) = o? ZAJZ
j=0
Explicit variance at each step

k=1 o?

k=2: 0?1+ ¢?)

k=3 0%(1+ @2+ (62 + ¢2)?)

k=4 0*(14 3+ (63 + $2)> + (63 + 2¢1¢2)?)
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Summary

e The AR(2) model y; = pt + ¢1yt—1 + ¢oyt—2 + €+ can be recursively expanded.
o After k substitutions: y; = uCx + Awye—x + BrYe—k—1 + ij;()l Ajgt—j.

@ The recursion Agi1 = ¢1Ak + Bk, Bkir1 = ¢2Ak generates all coefficients.

@ Binomial-type coefficients appear in A, connecting to Pascal’s triangle.

@ All handwritten derivations through k = 4 are verified correct.

e Extensions to k =5 (y¢—s, yt—6) and k =6 (yt—s, yt—7) are derived here.

@ The conditional variance grows with k: forecasting further back carries more uncertainty.
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