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Abstract

Choosing regularization hyper-parameters is a core task in statistical and machine-
learning practice. Standard approaches include cross-validation, which is com-
putationally expensive because the model must be retrained for every candidate
value, and marginal-likelihood methods, which provide analytic tuning criteria but
are limited to specific model classes. We develop a generative approach to hyper-
parameter tuning that combines two ideas: the weighted Bayesian bootstrap (WBB),
which converts fast optimization into approximate posterior draws by randomly
reweighting the training objective, and neural-network-based amortization, which
learns a transport map (generator) from hyper-parameters and bootstrap weights to
the corresponding fitted model. Once trained, the generator produces fitted param-
eters for any new hyper-parameter value via a single forward pass, replacing the
expensive retraining loop. We show how this viewpoint connects to classical gener-
alized cross-validation and the generative multi-purpose sampler, and we note how
auxiliary-variable representations can extend the same template to non-Gaussian
losses such as quantile regression.
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1 Introduction

Hyper-parameters such as regularization strengths, robustness or quantile levels, and
architectural or optimization settings have an outsized impact on predictive performance
and calibration. Several families of methods exist for choosing these hyper-parameters,
each with characteristic trade-offs.

Cross-validation (CV) is the most widely used approach: the data are split into train-
ing and validation folds, the model is retrained for each candidate hyper-parameter value,
and the value that minimizes validation error is selected [Stone, 1974]. CV is general-
purpose but computationally expensive, since the full training procedure must be re-
peated for every candidate value and every fold.

Marginal-likelihood and empirical Bayes methods avoid repeated retraining by deriv-
ing analytic tuning criteria [Berger, 1985]. Generalized cross-validation (GCV) is a classi-
cal example: for linear smoothers such as ridge regression, the leave-one-out prediction
error can be estimated from a single fit using the trace of the hat matrix [Golub et al.,
1979]. These methods are fast but restricted to model classes where the optimizer and the
tuning criterion admit closed-form expressions [Golub et al., (1979].

Bayesian approaches place a prior on the hyper-parameter and compute or approx-
imate the posterior, providing a principled framework for model comparison. In prac-
tice, however, posterior computation typically requires MCMC over the joint space of
parameters and hyper-parameters, which is expensive when the model is large or when
the conditional distributions mix slowly [Gamerman and Lopes| 2006]. Variational ap-
proximations offer an alternative but require careful design of the variational family [Blei
et al., 2017]. A concrete example is estimating the degrees-of-freedom parameter v of a
Student-t distribution: the profile likelihood is flat in v, improper priors lead to improper
posteriors, and MCMC mixes slowly because the marginal likelihood p(y | v) is nonlinear
in v [Fonseca et al., 2008].

This paper develops a generative approach to hyper-parameter tuning that com-
bines two ideas [Nareklishvili et al., 2024, [Polson and Sokolov] 2025b, Nareklishvili
et al., 2023b]. First, the weighted Bayesian bootstrap (WBB) of Newton et al. [2021]
converts fast optimization into approximate posterior draws by randomly reweighting
the training objective — each draw of the random weights produces a new fitted model,
and the distribution over these fitted models approximates the Bayesian posterior for a
tixed hyper-parameter value. Second, a parametric map (generator) learns the mapping
from hyper-parameters and bootstrap weights to the corresponding fitted model, so
that evaluating the fit at new hyper-parameter values or new bootstrap draws requires
only a forward pass through the generator rather than retraining from scratch. The
generator can be a simple linear map (for classical models) or a neural network (for deep
learning), and is related in spirit to hyper-networks [Ha et al., 2017, Bhadra et al., [2024]
but grounded in the WBB’s posterior-approximation properties rather than in variational
objectives.

Viewed as a hyper-parameter search strategy, the learned generator can rapidly eval-
uate predictive criteria over hyper-parameter grids, serving as a drop-in replacement
for expensive CV loops and complementing Bayesian optimization [Snoek et al., 2012,
Bergstra and Bengio| 2012, Baker et al.,, 2022] and gradient-based or bilevel approaches
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[Maclaurin et al., 2015, Franceschi et al.,2018]. Viewed as approximate Bayesian inference,
the same generator yields fast sampling of parameter draws across hyper-parameter set-
tings by resampling the WBB weights at test time. We illustrate both uses across three set-
tings: ridge regression (Where GCV provides a benchmark), Student-t degree-of-freedom
estimation (where MCMC is the standard but expensive alternative), and MNIST classifi-
cation (where the generator amortizes neural-network tuning).

The work closest to ours is the Generative Multi-purpose Sampler (GMS) of Shin et al.
[2023} 2024], which constructs a generator that outputs solutions of weighted penalized
M-estimators across bootstrap and cross-validation weight patterns and across tuning
parameters. A central contribution of GMS is its training objective: instead of regressing
onto precomputed optimizers (which would require many expensive inner solves), the
generator is trained by minimizing the integrated weighted objective value directly, so
that generator training and M-estimation co-evolve via a single optimization loop. GMS
also demonstrates how this enables computationally intensive procedures (iterated boot-
strap, bootstrapped CV, solution paths) at scale.

Our contribution is to place these ideas, together with GCV and the WBB, into a sin-
gle paradigm suitable for modern models trained by stochastic gradient descent (SGD): a
randomized weighted inner objective, an outer tuning criterion defined as an expectation
over the induced randomness, and an optional transport-map generator to amortize re-
peated optimization. In this view, GCV is the deterministic linear-smoother special case
where both the optimizer map and the outer risk surrogate are analytic, while GMS is the
weighted M-estimation special case where the generator is trained by criterion minimiza-
tion.

Our contribution is threefold. First, we develop a unified three-component template
— inner weighted objective, outer tuning criterion, and optional transport-map generator
— that recovers GCV and GMS as special cases and extends to SGD-trained models. Sec-
ond, we demonstrate the template on estimating the degrees-of-freedom parameter v of
a Student-t distribution [Fonseca et al., 2008], a setting where the profile likelihood is flat
and MCMC mixes slowly; the generator recovers the profile MLE's v selection and simul-
taneously provides WBB uncertainty summaries for the location and scale parameters.
Third, we illustrate criterion-based generator training and amortized tuning in controlled
ridge-regression and MNIST experiments.

The remainder of the article is organized as follows. Section 2 develops the gener-
ative Bayesian hyper-parameter tuning framework, including motivation (Section 2.1),
the method (Section 2.2), an illustration (Section 2.3), and extensions (Section 2.4). Sec-
tion 3 presents empirical illustrations: ridge regression (Section 3.1), Student-t degree-
of-freedom estimation (Section 3.2), and MNIST classification (Section 3.3). Section 4
concludes with a discussion. Code to reproduce all experiments is available at https:
//github.com/VadimSokolov/Generative-Bayesian-Hyperparameter-Tuning,.

2 Generative Bayesian Hyperparameter Tuning

This section develops the generative Bayesian hyper-parameter tuning framework. Sec-
tion 2.1 establishes the regularization-MAP duality that motivates the approach. Sec-
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tion 2.2 presents the method: the WBB-weighted inner objective, the transport-map gen-
erator, and the outer tuning criterion. Section 2.3 gives an illustration on weighted ridge
regression comparing supervised and criterion-based generator training. Section 2.4 dis-
cusses extensions and connections to data augmentation and quantile regression.

2.1 Motivation and setup

A Bayesian approach to hyper-parameter tuning is conceptually straightforward but com-
putationally difficult (often requiring MCMC). A central link is the duality between reg-
ularization and maximum a posteriori (MAP) inference: we treat A as a hyper-parameter
with prior density A ~ p(A).

Many problems in machine learning involve an output y; with x; a high-dimensional
input. Let £(y;, fo(x;)) denote a per-observation data-fit term (e.g. negative log-likelihood
or a surrogate loss), ¢ a regularizer,and 0 = (61, ..., Gp) the model parameters. A generic
regularized objective takes the form

n p
L(O;A) = ;f(yi,fe(xi)) +A _1<P(9j)-

]

Throughout, we treat the data {(x;,y;)}" ; as fixed and study how the optimizer varies
with hyper-parameters. We write £(y; | 0) as shorthand for ¢(y;, fo(x;)) when x; is im-
plicit. Hyper-parameters can enter either through the regularization term (e.g. A) or
through auxiliary /nuisance parameters in the data-fit term (write £, for a loss indexed

by 7).

The regularized estimator is the mode of
n
p(y | 0) cexp {— Zf(yi/fe(xz'))} ;o PO A) xexp{—=A¢(6)},
i=1

p(O |y A) <exp {— éf(yi,fe(xi)) - MP(@)} :

When / is a negative log-likelihood this is standard MAP inference; for a generic surrogate
loss the same construction defines a Gibbs (generalized Bayes) posterior [Bissiri et al.,
2016, Datta et al., 2025].

2.2 The method

We now state the method, which subsumes (i) classical analytic tuning rules such as GCV
for linear smoothers [Golub et al., [1979] and (ii) modern generator-based weighted M-
estimation as in GMS [Shin et al., 2023| 2024]. Three components interact: a randomized
inner training objective whose weights make the procedure Bayesian, a transport-map
generator that amortizes repeated optimization, and an outer tuning criterion that selects
hyper-parameters.



Let h = (A, 1) denote a vector of hyper-parameters: A is a regularization strength
and 7 collects any additional hyper-parameters that index the data-fit term (e.g. robust-
ness/quantile parameters, temperature parameters, augmentation strengths, etc.). The
key ingredient that converts a single optimization into approximate posterior inference
is a random weight vector w ~ 7(w). The idea originates with the weighted Bayesian
bootstrap (WBB) of Newton et al.|[2021], whose weighted objective is

Lo(0,My) = iwif(yi |0) + Awodp(6),  @(6) = )_ ¢;(6)),

i—1 =1
where w; = In(1/u;) with u; i U(0,1) are random per-observation weights and wy =
In(1/up) with ug ~ U(0,1), independent of {w;}, weights the regularizer. This induces a
map w — 0, = arg ming £, and the conjecture of Newton et al. [2021] is that the induced
distribution of 6}, (with data fixed) approximates the Bayesian posterior p(6 | y, ).

We adopt a slightly modified WBB-style objective with deterministic penalty weight
wo = 1 and a 1/n factor in the data-fit term (a convenience for SGD-based training).
In Newton et al.’s full construction, dividing by wp shows that the optimizer depends
on w only through the ratios @; = w;/wy; fixing wy = 1 is therefore a simplification,
not an equivalence, that keeps the penalty term deterministic while the data-fit weights
w; provide the randomization. Common choices for 77(w) include the WBB exponential
weights above, the Bayesian bootstrap v ~ Dirichlet(i,), w = nv [Rubin, 1981] (where
1, denotes the n-vector of ones), and the frequentist bootstrap w ~ Multinomial(#, 1,,/n).
The deterministic case w = 1 is also included as a special case. From a broader perspec-
tive, randomized /tempered objectives connect naturally to generalized Bayes and power
posterior ideas [Bissiri et al., 2016, |Friel and Pettitt, 2008]]. The weighted objective is

L(6;w,h) = %Zwiﬁq(yi 6) + A9(6),  Blwh) € argminL(@w,h). ()
i=1

In neural networks, 8(w,h) is computed approximately by SGD on reweighted mini-
batches; in convex problems it may be available in closed form.

To avoid re-solving the inner optimization for every candidate hyper-parameter value,
we introduce a parametric transport map (generator) g, intended to approximate the
optimizer:

go(w, h) = 0(w, h).

This map can be trained in two ways: (A) by supervised regression to precomputed op-
timizers é(w(b), h(b)), or (B) by direct minimization of the criterion value (GMS-style) by
plugging g, into L(-;w, h) and optimizing ¢ by backpropagation. The generator admits
a natural generative Bayesian interpretation [Polson and Sokolov) 2025b, Nareklishvili
et al., 2023a]: rather than sampling from a posterior via MCMC, one samples weights
w ~ m(w) and pushes them through g, (w, h); the distribution of the output approxi-
mates the posterior over 0 for fixed h, to the extent that g, accurately approximates 0
and under the WBB posterior-approximation property. This “generative WBB” view-
point simultaneously supports hyper-parameter tuning and uncertainty quantification:
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the same trained generator that enables fast evaluation of tuning criteria also produces
approximate posterior draws by resampling w. In the SGD setting, the outer criterion C
is typically instantiated as a proper scoring rule R on a held-out validation set D, (e.g.
negative log-likelihood), promoting both accuracy and calibration [Polson et al., 2024].

The outer goal is to choose h to optimize a criterion C that measures out-of-sample
quality. A general template is

M
min J(1) = Er(w) [c(é(w,h),h)] > % Y C(gp(w'™, h), ), )
m=1

where C might be a validation negative log-likelihood, a proper scoring rule, a risk es-
timate, or a proxy for marginal-likelihood objectives. The approximation on the right is
the computational payoff: once g is trained, we can evaluate (and often differentiate)
J(h) without repeatedly re-running SGD for each /. A common simplification sets M = 1
with unit weights w = 1, reducing the outer criterion to C(g4(1, 1), h); this amounts to
tuning on the point estimate and is the variant used in our Student-t and MNIST ex-
periments. The full Monte Carlo average over w is used when predictive averaging or
Bayesian model comparison is desired. Uncertainty summaries follow immediately: af-
ter tuning (A, 7), we draw w(™ ~ 7(w), form §(") = gq;(w(m),;\,ﬁ), and approximate
the posterior predictive by Monte Carlo averaging,

A 1 M .
Pyl DA ~ 3 1 p(y | x,0M).
m=1

This yields predictive means, variances, and quantiles, and plays a role similar to MC-
dropout [Gal and Ghahramani, 2016] and deep Gaussian processes [Schultz and Sokolov,
2022], but is aligned with the “random weights + optimization” template used through-
out this paper.

The method recovers two important special cases. In ridge regression (or any linear
smoother), the optimizer is explicit and (1) is deterministic: take w = 1 and 17 empty, with
squared-error loss and quadratic penalty. Then 8(h) is available in closed form and the
fitted values are linear in y via a hat matrix A(A). Choosing C in (2) as the generalized
cross-validation surrogate yields the classical GCV rule A € argmin, V(A) [Golub et al.,
1979]; no learned generator is needed. In weighted M-estimation, (1) matches the GMS
setting of Shin et al. [2023] 2024]: w is random (bootstrap/Dirichlet-type weights), £, is
a loss indexed by 7, and A tunes regularization. GMS emphasizes the criterion-based
training route (mode B), training ¢, by minimizing the weighted objective value directly
rather than matching precomputed optimizers. The outer criterion (2) can then be used
to tune & for prediction or for approximate Bayesian sampling.

Algorithm [1/in Appendix A summarizes the full procedure.

2.3 An illustration

We illustrate the method on a weighted ridge regression example, closely following Shin
et al. [2023], to make explicit why criterion-based generator training can be more efficient
than matching precomputed optimizers.



Consider a linear model with fixed design matrix X € R"*? and response y € R". Let
w € R be weights and W = diag(w). The weighted ridge objective is

1
L(®;w,A) = —[W2(y — X0)I3 + Al0]5,
with closed-form optimizer
A (T -1 -
O(w,A) = (X WX+nAl) X Wy.

Thus, in this toy setting the “true” map (w,A) — 6(w,A) exists explicitly, and
bootstrap/CV-type procedures correspond to repeatedly evaluating this map for many
draws of w and many values of A.

Let g,(w, A) be a parametric map intended to approximate §(w, A). In the toy setting
we use a linear generator g,(w,A) = Az(w,A) where z are features of (w,A); in deep-
learning settings ¢, would be a neural network. A classical supervised approach gen-
erates a training set {(a)(b),/\(b),@(b))}fz1 by repeatedly computing §) = §(w(®), 1)),
then fits ¢ by regression (e.g. squared loss). This is accurate when B is very large, but
becomes expensive when computing §() is costly.

The GMS approach instead trains the generator by minimizing the integrated objective
value, without ever computing 8(w, A) labels:

m(Pin E (1)~ P [L(g(P(w,A);w,/\)], (3)

where P is a user-chosen distribution over weights and tuning parameters. In practice,
the expectation is approximated by Monte Carlo samples inside SGD: on each iteration
one draws fresh (w, A) and backpropagates through L(gy(w,A);w, A).

Supervised training controls |gy(w,A) — 8(w,A)| only on the sampled training set,
and can overfit if B is limited. By contrast, the criterion-based loss (3) supplies a task-
relevant signal at essentially unlimited “training inputs” (w,A) because drawing new
(w, A) is cheap; the optimization of ¢ and the minimization of the statistical objective
co-evolve in a single loop [Shin et al.,[2023].

One way to formalize this intuition is to evaluate a population mismatch measure
such as an integrated prediction loss,

IPL(gp) = Egonyep|lIgp(w,A) = (e, A)[3],

which measures accuracy of the generator averaged over the weight/tuning distribution
of interest. Even in settings where L is convex and has an explicit optimizer, optimizing
can reduce IPL(g,) efficiently because it provides gradients everywhere in (w, A)-space,
whereas supervised fitting relies on a finite (and expensive) set of optimizer labels.

To make this contrast concrete, we implement the weighted ridge setup in R (script:
code/toy/toy_gms_ridge.R) with n = 200 observations, p = 20 covariates drawn from
an AR(1) design with autocorrelation p = 0.3, true coefficients 6y = (1,...,1,0,..., O)T (5



nonzero), and noise standard deviation o = 1. Observations are partitioned into S = 25
blocks, and random weights are drawn as w ~ S - Dirichlet(1s) (constant within blocks);
A is drawn log-uniformly on [1073,1]. We compare two linear-generator training modes:
(A) supervised fitting that uses B optimizer labels 0 (w(b),)\(b)) and (B) criterion-based
fitting that uses M Monte Carlo draws (w, A) without computing any optimizer labels
(mimicking the GMS advantage in problems where # requires an expensive solve). All
results are averaged over 12 replications with Miest = 300 evaluation draws. Figure
compares the two training modes by IPL at equal training-time budgets; Table [1| gives
representative IPL values at selected training budgets.
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Figure 1: Toy weighted-ridge example. Integrated prediction loss (IPL, log scale) ver-
sus training time (log scale) for supervised match-to-optimizer training (circles, labeled
by number of optimizer solves B) and criterion-based (GMS-style) training (triangles, la-
beled by number of Monte Carlo draws M). Both methods converge to similar IPL; the
criterion-based method achieves this without computing any optimizer labels, though at
higher wall-clock cost in this cheap-optimizer setting (each ridge solve is closed-form).
The criterion-based advantage grows when each optimizer solve is expensive.



Table 1: Toy weighted-ridge example: integrated prediction loss (IPL) for a linear gener-
ator trained either by supervised matching to optimizer labels (B optimizer solves) or by
criterion-based (GMS-style) training (M Monte Carlo draws). Values are means over 12
replications with Monte Carlo standard errors in parentheses.
Training budget
Method B=50 B=200 B=800
Supervised match-to-optimizer 0.067 (0.003) 0.033 (0.001) 0.029 (0.001)
M=500 M=2,000 M=10,000
Criterion-based (GMS-style) 0.033 (0.000) 0.032 (0.000) 0.031 (0.000)

2.4 Extensions and connections

The template developed above connects to several existing ideas and extends naturally
to non-standard losses.

The idea of jointly updating parameters and hyper-parameters within a single itera-
tive scheme has precedent in data augmentation methods. Polson and Scott [2011] show
how ECME-style updates [Liu and Rubin, 1994] can jointly estimate parameters  and
the regularization parameter for support vector machines. Writing ¢ for their regulariza-
tion strength (denoted v in their paper; we use ¢ here to avoid conflict with the degrees-
of-freedom parameter v used elsewhere in our paper), with L* penalty and prior shape
parameters 4, b, their update for a model with k nonzero coefficients and prior scales 0j is

b+ Y, B feyle
a—1+k/a

In our framework, such closed-form hyper-parameter updates correspond to solving the
outer problem (2) analytically when C has a conjugate form. More broadly, the GMS
implementation of Shin et al.| [2024], including an R package and PyTorch code, aligns
directly with our inner problem (T).

Another useful extension is the “quantile trick” for turning quantile-regression (check)
loss into a weighted least-squares form via a variance-mean Gaussian envelope [Polson
and Scott, 2016]. Here u denotes an auxiliary scale variable in the envelope representation
(distinct from the uniform draws used for WBB weights). For g4 € (0,1) and residual 7,
define the (asymmetric) absolute /hinge loss

pq(r) = |r[ + (29 = D)r,

which equals twice the standard check loss p5'(r) = r (g — 1,<¢); the factor of two does

not affect the optimizer. Polson and Scott [2016] show that p, admits a quadratic envelope
in an auxiliary variable u > 0: the check loss equals inf,~o of a quadratic form in r plus a
function of u alone, and the conditional mode of u given r is

a(r) =sgn(r)/r=1/|r| (r#0);

in practice one regularizes via i;(r) = 1/ max(|r|,¢) for small ¢ > 0. This yields per-
observation auxiliary weights @; = #(r;) and a shifted working response z; = y; — (1 —

(g*a)(gﬂ) —
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2q9)/®;, so that the inner update becomes a weighted least-squares problem (plus the
usual regularizer). This connects to our main framework: once a difficult loss can be
expressed through auxiliary variables as a weighted least-squares inner step, it fits the
same computational template as WBB. Moreover, the quantile level g plays the role of a
tunable hyper-parameter; in the generator view one can treat (w, g, A) as inputs and learn
an amortized map (w,q,A) ~ 6, enabling rapid tuning over many g (and A) values. We
leave this extension to future work.

3 Empirical illustrations

This section presents three empirical illustrations. Section 3.1 considers ridge regression,
where GCV and CV provide exact benchmarks for the amortized generator. Section 3.2
applies the template to Student-t degree-of-freedom estimation, a non-Gaussian setting
where the profile likelihood is flat and MCMC is expensive. Section 3.3 demonstrates
amortized tuning for a neural network on MNIST classification.

3.1 Ridge regression

As discussed in Section 2.2, ridge regression is the special case where all three compo-
nents of our template are available in closed form. With hat matrix A(A) = X(X'X +
nAl) 71X, the GCV criterion V(A) = n71|ly — A(A)y|>/ (1 — n~'tr{ A(A)})? provides an
analytic outer criterion [Golub et al., [1979]. This setting connects to modern discussions
of double descent phenomena [Belkin et al., 2019, Polson and Sokolov, 2025a] and makes
an ideal testbed for comparing the amortized generator against exact methods.

We simulate a ridge regression problem with n = 300 observations, p = 80 co-
variates drawn from an AR(1) design with autocorrelation p = 0.2, true coefficients
6 = (1,...,1,0,...,0)7 (8 nonzero), and noise standard deviation ¢ = 1. An inde-
pendent test set of ne = 300 is generated from the same distribution. We compare (i)
GCV-selected A, (ii) standard 5-fold CV, and (iii) an amortized “generator proxy” trained
to map A to coefficients and thereby approximate the CV curve without repeated refits
across A. To avoid data leakage, the generator is trained separately for each fold using
only that fold’s training data. The generator proxy is a linear map from (1,log A, (log A)?)
to 6, deliberately simple to isolate the amortization idea.

Figure [2| shows the estimated CV curves; Table 2| reports the selected A and test MSE.
The amortized proxy selects a comparable regularization parameter with a modest in-
crease in test MSE, illustrating the trade-off between amortization speed and approxima-
tion accuracy due to the limited capacity of the quadratic generator. The corresponding
code is in code/experiments/ridge _tuning demo.R.
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Figure 2: Ridge tuning illustration. Solid curve: 5-fold CV requiring repeated refits for
each A. Dashed curve: amortized generator proxy. Vertical lines mark the selected A for
each method: solid (CV), dotted (GCV), dashed (amortized proxy).

Table 2: Ridge tuning illustration (simulated data). We compare generalized cross-
validation (GCV), K-fold cross-validation (CV), and a simple amortized generator proxy
that approximates the CV curve without repeated refits across A. Test MSE is computed
on an independent hold-out test set.

Method Selected A Test MSE
GCV 0.041 1.463
5-fold CV 0.047 1.450
Amortized CV proxy (refit at selected A) 0.027 1.500

3.2 Student’s errors

Estimating the degrees-of-freedom parameter v of a Student-t distribution is a classical
problem where standard methods encounter difficulties. The profile likelihood is flat in v
and may be strictly increasing as v — oo, so the MLE may not exist; improper priors on
v can lead to improper posteriors, while proper priors (e.g., exponential) may dominate
the analysis [Fonseca et al., 2008]. Moreover, the marginal likelihood p(y | v) is nonlinear
in v, making Metropolis—Hastings proposals difficult to tune.

Consider observations yq,...,y, from a location-scale t-distribution. The per-
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observation negative log-likelihood for parameters 6 = (y, ) and fixed v is
)2
Ly | w,o,v) = — logf(%> +1log I'(%) + 3 log(vme?) + “H log (1 + %) :

A useful perspective is the scale-mixture-of-normals representation: y; | T; ~ N(y, 02/ 1)
with T; ~ Gamma(v/2,v/2), which integrates to the t,(y,c?) marginal. This represen-
tation connects the t-distribution to the auxiliary-variable framework and makes the de-
pendence on v enter through the mixing distribution.

In our template, v plays the role of the hyper-parameter /1, and 6 = (p,0) are the
model parameters. The inner problem (1)) becomes, for WBB block weights w and fixed v,

n
0(w,v) = argmin 1 Y wil(yi | wo,v),
(no) n. 3

solved by numerical optimization. The generator g, learns the map (w,v) — (f1,0); we
use a linear generator with features (1,v, V2, w1, . . .,wg) (where K = 16 is the number
of WBB blocks), trained in supervised mode (A) on B = 200 optimizer labels drawn
from random (w, v) pairs. The outer criterion (2) is the validation negative log-likelihood,
evaluated over a grid v € {1.5,2.0,...,15.0}:

¥ = argmin Yo Uyl gp(Lv), v),

i€ Dval

where g, (1,v) is the generator evaluated at unit weights (point estimate). Once 7 is se-
lected, WBB uncertainty summaries for (u, o) are obtained by resampling: draw w(") ~
7(w), compute (") = g(,,(w(m), 7), and examine the empirical distribution of {6} M.

We generate 1., = 500 observations with viyye = 4, pirue = 2, and oirue = 1.5, split
into ny.in = 350 and ny, = 150. Figure 3| shows, for one illustrative dataset, that the
generator closely tracks the profile MLE validation curve, with both methods finding the
minimum near v = 4.

With n = 350 and heavy tails (v = 4), the sample estimates of y and ¢ vary sub-
stantially across realizations, so a single dataset can be misleading. Figure ] shows the
results across 20 independent replications. The location and scale estimates are centered
on the true values for both methods: fiyg = 2.02 £0.10, v = 1.50 £ 0.11 versus
flgen = 2.02+0.10, Ogen = 1.48 +0.12 (Figure 4, middle and right panels). The se-
lected v has high variance and is upward-biased for both methods (/pmrp = 5.3 £2.9,
Ugen = 5.2 = 2.4; Figure [ left panel), reflecting the asymmetry of the profile likelihood:
steep for small v but flat as v — oo [Fonseca et al., 2008]. The average WBB posterior
standard deviation is 0.089 for u (versus cross-replicate sd of 0.10) and 0.075 for o (versus
0.12); the WBB is slightly under-dispersed for o, consistent with its first-order asymptotic
justification [Newton et al., 2021]. Table 3{ summarizes the cross-replicate results. The
code is in code/experiments/t_dist_tuning.R.
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Figure 3: Student-f tuning, single dataset. Validation negative log-likelihood as a function
of v for profile MLE (solid) and the amortized generator (dashed); the vertical line marks
the true v = 4. Both methods find the minimum near v = 4 on this dataset.
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Figure 4: Student-t tuning, 20 replications. Each point is one independent dataset (n =
500, Virue = 4, Ptrue = 2, Otrue = 1.5). Blue markers show means. Left: selected v (upward-
biased due to flat profile likelihood). Middle and right: fi and ¢ are centered on the true
values (red dashed lines) for both profile MLE and the generator.
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Table 3: Student-t tuning results over 20 replications (gain = 350, 1y = 150). True
parameters: v = 4, y = 2.000, ¢ = 1.500. Values are means + standard deviations across
replications.

Method Selected v fl o4
Profile MLE 53429 2.024+0.10 1.50 £0.11
Generator (amortized) 52+24 2.02+0.10 1.48 +0.12
WBB posterior mean (+ avg sd) — 2.02 (£ 0.089) 1.49 (4 0.075)

3.3 Deep learning

To demonstrate the generative WBB template in a deep-learning setting, we apply it to
MNIST classification. The target model is a two-layer MLP (784 — 64 — 10, ReLU
activation, cross-entropy loss) with 50,890 parameters. The generator (hyper-network) is
a three-layer MLP (hidden dimension 128) that maps a (1 + K)-dimensional input — a
normalized log;, A concatenated with K = 16 block bootstrap weights w — to the full
parameter vector 0. Training uses the criterion-based objective (mode B) over 5 epochs
with Adam (learning rate 10~3, batch size 128), minimizing the WBB-weighted data loss
plus A||6]|3 penalty across a range A € [107°,107!]. The 60,000 MNIST training images
are split into 50,000 for training and 10,000 for validation; the standard 10,000-image test
set is used only for final evaluation. Hyper-parameter selection (choosing A) is based on
validation accuracy, not the test set.

Figure|5|shows the validation loss and accuracy paths produced by the generator with
unit weights (w = 1); Table [4] reports representative performance metrics for one run.
Because the generator accepts bootstrap weights w as input, it also produces WBB un-
certainty summaries: resampling w from a Dirichlet distribution at the selected A yields a
distribution of fitted models whose spread provides an uncertainty estimate. The baseline
model is trained with explicit L, regularization matching the generator’s penalty.

Over 20 independent replications (Figure [p), the generator achieves test accuracy
95.3% + 0.5% (mean + sd) versus 96.7% + 0.2% for the baseline trained from scratch.
The accuracy gap is consistent across seeds. The WBB posterior mean accuracy is
95.2% 4 0.5% with average posterior standard deviation 0.12%. Evaluating the full
20-point A tuning curve takes approximately 28s per run on CPU, compared to 35s to
train a single baseline model.
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Figure 5: MNIST tuning illustration. Left: validation loss; right: validation accuracy as
functions of A, both produced by a single forward pass through the generator (with unit
weights w = 1) for each A value. The star marks the baseline model trained from scratch
at the generator-selected A.

Table 4: MNIST results for one illustrative run. Top rows: validation-set performance
of the generator across A values. Bottom rows: test-set accuracy at the selected A for
the generator (point estimate with w = 1), baseline (trained from scratch with matching
L, penalty), and WBB posterior mean (& standard deviation over 50 bootstrap weight
draws). Cross-replicate statistics over 20 independent runs are reported in the text.

A Val. Loss Val. Acc.
1.0e-05 0.1749 0.9509
1.1e-04 0.1575 0.9498
1.3e-03 0.1792 0.9444
1.4e-02 0.2989 0.9209
1.0e-01 0.4788 0.8809
Selected (A = 2.6e — 05), test - 0.9565
Baseline (A = 2.6e — 05), test - 0.9670
WBB posterior mean, test - 0.9562 4 0.0008
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Figure 6: MNIST tuning, 20 replications. Left: test accuracy for the generator (circles) and
baseline (triangles) across independent runs; blue markers show means. The accuracy
gap (=~ 1.4 percentage points) is stable across seeds. Right: selected A varies across runs
(log scale) with median 2.1 x 10~5.

4 Discussion

This paper develops a unified view of hyper-parameter tuning as an outer criterion eval-
uated under an induced (possibly randomized) inner optimization map, and highlights
amortization via generators/transport maps as a way to make repeated tuning and uncer-
tainty summaries computationally feasible. By connecting GCV, the weighted Bayesian
bootstrap (WBB), and GMS-style criterion-based training, we provide a coherent frame-
work for scalable hyper-parameter learning.

The central benefit of the proposed approach is the amortization of the optimiza-
tion cost. Once trained, the generator produces fitted parameters for any new hyper-
parameter value via a single forward pass, replacing the expensive retraining loop. This
speedup is particularly valuable for exploratory analysis and naturally extends to high-
dimensional tuning, where the generator can accept vectors of hyper-parameters (e.g.,
layer-specific penalties, dropout rates) to explore spaces where grid search is infeasible.
Because the generator also accepts WBB bootstrap weights as input, it simultaneously
provides posterior uncertainty summaries by resampling these weights at test time, as
demonstrated in both the Student-t and MNIST experiments.

Our ridge regression experiment illustrated a key trade-off: a simple generator (linear
or quadratic map) approximates the tuning curve well but may sacrifice some accuracy
relative to exact refitting. The Student-t experiment shows that even a linear generator ac-
curately tracks the profile likelihood for a non-Gaussian model, and that WBB posterior
draws provide reasonable uncertainty summaries centered near the true parameters. In
deep learning, the generator must have sufficient capacity relative to the complexity of the
hyper-parameter-to-parameter map; the MNIST experiment shows that a modest neural
generator recovers most of the baseline accuracy while enabling rapid tuning-curve ex-
ploration.
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Compared to gradient-based hyperparameter optimization [Maclaurin et al.,, 2015]
and bilevel approaches [Franceschi et al., 2018|], which also avoid retraining loops by
differentiating through the training procedure, the generator approach has a distinct ad-
vantage: it produces an explicit map from hyper-parameters to parameters that can be
queried at arbitrary h values without backpropagating through training. The trade-off is
that the generator must be trained, and its accuracy depends on having sufficient capacity.

Several caveats deserve mention. The generator itself must be trained, which is a
one-time upfront cost; the approach is most attractive when many tuning evaluations or
repeated uncertainty summaries are needed. The WBB posterior-approximation property
on which the uncertainty summaries rest is a conjecture [Newton et al., 2021]], supported
by asymptotic arguments and empirical evidence but not yet a theorem; our Student- ex-
periments show that the WBB posterior is slightly under-dispersed relative to frequentist
variability, consistent with its first-order justification. In the MNIST experiment, the gen-
erator achieves approximately 95% test accuracy versus 97% for the baseline trained from
scratch — a gap that reflects the finite capacity of the generator rather than a limitation of
the tuning framework itself.

The number of WBB blocks K (16 in our experiments) is a tunable setting whose effect
on posterior quality we have not studied; investigating this sensitivity is left for future
work. Several other avenues for future work remain. First, adaptive sampling strate-
gies for (A, w) during generator training could focus computational effort on the most
relevant regions of hyper-parameter space. Second, architectural choices for the gener-
ator (e.g., rank-1 modulations, LoRA-style adapters) could further reduce the overhead
of training the transport map. Finally, extending this framework to non-differentiable
hyper-parameters (e.g., architecture search) remains an open direction.
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A Algorithm

Algorithm 1 Generative WBB for hyper-parameter tuning and uncertainty summaries

Require: Training data Diyin, validation data Dy,j; hyper-parameter proposal IT(A, 77);
weight distribution 77(w); samples B (training) and M (evaluation); generator family
8o
1: (Choose generator training mode) Either (A) supervised regression to match 6, or (B)
criterion-based training (as in GMS).
(Training draws) Forb =1, ..., B:
Sample (A), (%)) ~ IT(A, 1) and weights w(®) ~ 7(w).
if mode (A) then
Compute §() ~ argming {% " w Lo (i | 0) + /\(b)qb(Q)} using SGD on

i
Dirain (reweighted mini-batches).
2

6: (Train generator) Fit ¢ € argming Y, Hé(b) - gq,(w(b),/\(b),iy(b))|| :
7: else
8: (Train generator) Fit ¢ € argming Y p_, [% T wz.(b) Cyv) (i |

go(w®,A®) 5®))) 4 A<b>¢(gq)(w<b>,A<b>,,7<b>))},

9: (Tune hyper-parameters) For candidate (A, 77):

10.  Estimate J(A,y) =~ ﬁZ%ﬂ R(g(p(w(m),)\,iy);l)val) with w(™ ~ 7(w), and set
(/A\,ﬁ) € argmin, , J(A, 7).

11: (Uncertainty summaries) With tuned (A,7), sample w(™ ~ m(w), set 80" =
<o (w™), A, 7), and summarize predictive uncertainty using the empirical distribution
of {p(y | x,0"))}}!

m=1"
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