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Lopes
NDLMs
Linear Large class of models with time-varying parameters.
growth
model Dynamic linear models are defined by a pair of equations, the
E‘;’r"rff;; observation equation and the evolution/system equation:
Backward
smoothing Yy = Fi_{/Bt —+ €t, € ~ N(07 V)
The FFBS

© Bt = Gtf—1+we, we~ N, W)
Individual
sampling
Joint ® y.: sequence of observations;
sampling .
e ® f.: vector of explanatory variables;
xample
Reffaiaess ® ;. d-dimensional state vector;

® G;: d x d evolution matrix;
[ ]

By ~ N(a,R).
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Linear growth model

The linear growth model is slightly more elaborate by
incorporation of an extra time-varying parameter 3,
representing the growth of the level of the series:

Yt
ﬁl,t
B2,

where w;
Fe

Gt

Bre+e e~ NO,V)
P1,t-1+ Pa,t + wi
Bo,t-1+ wat

= (w1,t,w2,¢) ~ N(0, W) and

(1,0)

(o1)
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Prior, updated and smoothed
distributions

Prior distributions

p(Belyt™ ) k>0

Updated/online distributions

p(Bely")

Smoothed distributions

P(ﬁt\yt+k) k>0
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Forward learning

Let yt = {yla"'v.yl'}'

Posterior at time t — 1:

ﬂt—l‘ytil ~ N(m_1, Ce—1)

Prior at time t:
Bely'™" ~ N(a¢, Re)
with a; = Gymy—1 and Ry = G, C,—1G] + W.
predictive at time t:
yelyt ~ N(f, Q)
with f; = Fla; and Q; = F{R:F; + V.
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Posterior at time t

p(Bely®) = p(Belye, y' 1) o p(velBe) p(Bely'™)

The resulting posterior distribution is

5t|yt ~ N(mta Ct)

with
my = ar+ Ace;
Ct = Rt - AtA/t Qt
At = RtFt/Qt
e = yr—f

By induction, these distributions are valid for all times.
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In dynamic models, the smoothed distribution 7(3|y") is more

NDLMs
commonly used:

Linear
growth
model n—1

Fareerd w(Bly") = p(Bnly") H p(Bt|Be+1s -5 Bnyy™)

learning
t=1

Backward
smoothing n—1

The FFBS = p(ﬂn\y”) Hp(ﬁt‘5t+17yt)

Individual t=1
sampling

Joint

e Integrating with respect to (f1,...,Bt-1):

Example

n—1

T(Bes-- . Baly™ = p(Baly™) [ P(BrlBrs1,y")

k=t

W(/Bh Bet+1 ’yn) = P(5t+1 |yn)P(5t’6t+1a yt)

fort=1,...,n—1.

References
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Smoothing: p(B:|y")

It can be shown that

BelV, W, y" ~ N(mi, C[")

where
n / -1 n
my = m+ Cth+1Rt+1(mt+1 — art1)
/ -1 —1
C: = G- Cth+1 Rt+1(Rt+1 - :+1)Rt+1 Gr1Ce
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Smoothing: p(Bly")

It can be shown that

(BtlB+1, V, W, y")
is normally distributed with mean
(GIWLG + 7Y HGIW ™ Beyr + Cimy)

and variance (G/W~1G, + C;1)~L.
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Forward filtering, backward
sampling (FFBS)

Sampling from 7(3|y") can be performed by
e Sampling 3, from N(m,, C,) and then
e Sampling 3 from (B¢|Bt+1, V, W, yt), fort =n—1,...,1.

The above scheme is known as the forward filtering, backward
sampling (FFBS) algorithm (Carter and Kohn, 1994 and
Frihwirth-Schnatter, 1994).
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_— W(ﬁflﬁ—tayn)

;LZZV‘;} Let B¢t = (B1,---,Bt-1,Bex1,- -+ Bn)

::vx:rd Fort=2,....,n—1

learning

fniz‘;‘;“:{:’g m(Be|B-t,¥") o< p(yelBt) P(Be+1lBt) P(BtlBr-1)

The FFBS X fN(Yt? Ft{ﬁta V)fN(ﬁtJrl; G110, W)

Indivd X fn(Be; GeBe—1, W)

. = (B b Be)

Example where

References
by = Bt(0_2Fth + G£+1 W81 + W_IGtBt—l)
B: = (072FF[+ G W G + W

fort=2,...,n—1.
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Fort=1and t = n,
NDLMs

Linear w(ﬁlyﬁ_l,y”) = fN(ﬁl; by, Bl)

growth
model

Forward a nd

learning

W(ﬁn|ﬁfmyn) = fN(ﬁt; bna Bn)

Backward
smoothing

The FFBS Where

Individual

sampling b]_ = B]_(O']__2F]_y]_ + Gé W_1,82 + R_la)
ol Bl = (o7’RAF+GWG+R1)!

by = Bn(0,2Fayn+ W Gpfin-1)
References Bn — (0.;2 Fn F;, + W—l)—l
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Hedivert . Sampling from w(V, W|y", )
° Assume that
s 6=V"' ~ Gamma(ny/2.n,5,/2)
growth d=w1l ~ Wishart(nw /2, nwSw /2)
Forward
learning Full conditionals
Backward n
smoothing _
The FFBS 7T(¢‘B;¢) X HfN(Yt; F)_{Bt,(b 1) fG(¢; ”0/2’ n050/2)
ndividual =1
Isampling X fG(QSv n:-/27 n;k's;k'/z)
Joint n
samplin, - n n 5
Exa;p: m(®8,¢) tl_[2 (Bt GeBr1,97") fw <¢; 7W’ W2 W)

References

o< fw(P; my /2, miy Sy /2)
where n = ny +n, nj, = nw +n—1,
niSr = n,Sy+o(ye — FlBt)?
nwSw = nwSw + o8t — Gefi-1)(Br — Gefi-1)
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Hedivert - MCMC scheme to sample from
p(8, VvV, Wly")

NDLMs

Linear
growth

model e Sample V! from its full conditional

Forward
fe(¢: n5/2,n;5;/2)

learning

Backward
smoothing

The FFBS e Sample W~ from its full conditional

Indivi(_iual

(@ iy /2, 1y Sy 2)
Joint

sampling

e Sample 8 from its full conditional

m(Bly", V, W)

by the FFBS algorithm.

Example

References
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Likelihood for (V, W)

It is easy to see that

p(y"IV, W) =[] fwlvlfe, Q)

t=1

which is the integrated likelihood of (V, W).
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Jointly sampling (5, V, W)
(8, V, W) can be sampled jointly by
e Sampling (V, W) from its marginal posterior
m(V, Wly") oc I(V, W|y")m(V, W)

by a rejection or Metropolis-Hastings step;

e Sampling B from its full conditional
m(Bly", vV, W)
by the FFBS algorithm.
Jointly sampling (53, V, W) avoids MCMC convergence

problems associated with the posterior correlation between
model parameters (Gamerman and Moreira, 2002).
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Example: Comparing sampling
schemes!

First order DLM with V =1

Ye = PBrter, er ~ N(0,1)

Br = Br—1+we, we~ N0, W),
with (n, W) € {(100,.01), (100, .5), (1000, .01), (1000, .5)}.
400 runs: 100 replications per combination.

Priors: 81 ~ N(0,10) and V and W have inverse Gammas with
means set at true values and coefficients of variation set at 10.

Posterior inference: based on 20,000 MCMC draws.

!Gamerman, Reis and Salazar (2006) Comparison of sampling schemes
for dynamic linear models. International Statistical Review, 74, 203-214.
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Effective sample size
For a given 0, let t(") = ¢(6("), 4 = Cov,(t(", t("+h)), the
variance of (" as 62 = ~, the autocorrelation of lag k as
pk = Yk/0? and 72/n = Var,(t,). It can be shown that, as
n— oo,

n—1 n—k e}
73:(72<1—|—2Z - pk>—>o’2 <1—|—2Zpk>
k=1 k=1

inefficiency factor

The inefficiency factor measures how far t("s are from being a
random sample and how much Var;(t,) increases because of
that.

The effective sample size is defined as
n

Naff = ——————
eff 142 > ko1 Pk
or the size of a random sample with the same variance.
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Scheme I: Sampling B4, ..., 5,, V and W individually.
NDLMs Scheme II: Sampling 3, V and W from their conditionals.
Linear. Scheme I1I: Jointly sampling (5, V, W).
growt
model

Scheme n=100 n=1000

Forward

learning ” 1.7 19

Backward ”I 19 72

smoothing

The FFBS Computing times relative to scheme |. For instance, when n = 100 it

Isr;cxﬁ;;l takes almost 2 times as much to run scheme IlI.

Joint Scheme

T w n | I 1L

Esalle 0.01 1000 | 242 8933 2983

ReftaeE=E 0.01 100 | 3283 13685 12263
0.50 1000 | 409 3043 963
0.50 100 | 1694 3404 923

Sample averages (based on the 100 replications) of effective sample
size nygr based on V' (see the explanation over the next few pages).
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