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Dynamic models

e As opposed to observation-driven models, dynamic models or state-space
models are characterized by the hierarchical structure that links observables and
non-observables.

e For convenience, they have separate names for static non-observables
(parameters) and the dynamic non-observables (state, hidden or latent variables).

e Below y;s are the observed time series and x; are the state or latent variables:

Yo Y Y

+1

e In general y; and y;_1 are independent given x;, with temporal dependence
driven the Markovian structure of the latent variables x;s:

n

p(x0,x1, -+ xn) = P(x0) [ [ P(xelx0e—1)) = P(x0) [ [ P(xeIxt—1)-

t=1 t=1
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local level model

Let us start with the simples normal dynamic linear model, or
normal DLM, the local level model of West and Harrison (1997).

Observation equation:
Yer1Xer1, 0 ~ N(xes1,02)
System equation:
Xep1|Xe, 0 ~ /V(Xt,Tz)

where
xp ~ N(mg, Co)

and
0= (02,72)

fixed (for now).
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n-variate normal

It is worth noticing that the normal local level model can be
rewritten as a multivariate normal model with multivariate
normal prior for the states:

y|x,0 ~ N(x,o02l,)
X‘H ~ N(mo,Co)N(Xoln,Tzﬂ)

where x = (x0, x1,..., %), ¥y = (y1,...,¥n)’, and
11 1 1 ... 1 1 1
1 2 2 2 2 2 2
1 2 3 3 3 3 3
12 3 4 4 4 4
Q= .
123 4 ... n—2 n—2 n-2
123 4 ... n—1 n-1 n-1

1 23 4 ... n—2 n-1 n
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Q and Q1

The covariance matrix Q has a tridiagonal inverse:

2 -1 0 0
-1 2 -1 0
ol-]lo0o -1 2 0
~1

This sparsity is a key computational advantage in Bayesian
state-space modeling, as we illustrate in what follows.
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Sherman-Morrison-Woodbury

Sherman-Morrison-Woodbury: We can rewrite Cfl in terms of
Q=1 . Similarly, we can obtain m; without the need to invert
Cfl. Also, sampling form N(muy, C1) can be down via a smart
computation of the Cholesky decomposition of Cl_l.

Woodbury matrix identity

Given a square invertible n x n matrix A, an n x k matrix U,
and a k x n matrix V, let B be an n X n matrix such that
B=A+ UV. Then,

Bt =A"1— AUl + VATIU) VAT

as long as (I + VA1U) is invertible.


https://en.wikipedia.org/wiki/Sherman-Morrison_formula
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Kalman filter

Let y* = (y1,...,yt). The previous joint posterior posterior for
x given y (omitting 6 for now) can be constructed as

n
p(xly") = p(xly”, x2) H p(xely”s xe+1),

t=1

which is obtained from
p(x"ly")
and noticing that given y* and x; 1,
® x; and x;;p are independent, and
® x; and y; are independent,

for all integer h > 1.



LLM

Hedibert F.
Lopes

local level
model

n-variate
normal

States
posterior

Kalman filter

Kalman
smoother

Example

Integrating
out x"

MCMC
alternative

Lessons

References

Therefore, we first need to derive the above joint and this is
done forward via the well-known Kalman filter recursions.

p(xely’) = p(xes1ly’) = p(yesilxe) = p(xesaly™™)

® Posterior at t: (x¢|y") ~ N(my, C¢)
Prior at t + 1: (xer1]y®) ~ N(my, Rey1)

Rt+1: Ct+7'2

Marginal likelihood: (yet1|y®) ~ N(m¢, Qi11)
Qr41 = Rey1 + 02

® Posterior at t + 1: (x¢y1]yt) ~ N(mei1, Cert)
M1 = (1= App1)me + Acp1yer
Cir1 = Arp10°
where A1 = Req1/ Qi1
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and
Bt = Ct/(Ct + 7'2).
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Example

n =100, 02 =1.0
2=0.5and xg = 0.

T
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Example: p(y|o?,7%)p(0?)p(7?)
02 ~ 1G(v9/2,11908/2), where 1p = 5 and 03 = 1.
72 ~ 1G(no/2, no73/2), where ng =5 and 78 = 0.5

In this particular case, we can sample from the posterior of
(02, 72) via, say, SIR.
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MCMC alternative

Alternatively, we could iteratively sample from p(x|6, data) and
then from p(0|x, data).

e Sample 6 from p(0|y", x")

p(Oly", x") oc p(6) [ T p(yelxe, ) p(xelxe-1,6)-

t=1

® Sample x” from p(x"|y", )

p(x"ly".8) = [ [ fu(xelat, RY)
t=1
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Lessons from the 1st order DLM

Sequential learning in non-normal and nonlinear dynamic models
p(ye+1|xe+1) and p(xe+1]xt) in general rather difficult since

p(Xr+1\yt) = /P(Xt+1|Xt)P(Xt’yt)dXt

t+1)

p(xev1ly (&8 P(Yt+1\Xt+1)P(Xt+1’yt)

are usually unavailable in closed form.
Over the last 35+ years:
e FFBS for conditionally Gaussian DLMs;

e Gamerman (1998) for generalized DLMs;
e Carlin, Polson and Stoffer (2002) for more general DMs.
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