HOMEWORK 2

Due June 1st at 1pm.

Fort =1,...,n, let us consider the following version of a
local-level dynamic linear model:

Yo = T+
id
Ty = <f>$t—1 + Wy we Z"ZV N(O7 T2)7
with o ~ N(mo, Cg)
We consider two possible structures for vy, ..., v,:

M v ~7N(0,0%) + (1 — 7)N(0, K%0?),
Moo vy~ tV(O,az),
where 7 € (0,1), x > 0 and v > 0.



DATA AUGMENTATION

Notice that v; ~ 7N (0,0%) + (1 — ) N(0, x%02) can be
rewritten as

vi|Ae ~ N(0,0%,) and N o Ber(m)

where 07 = ait with 02 = 02 and o} = %02

Similarly, v; ~ t,(0, %) can be rewritten as
v\t ~ N(0,\0?) and X\ ~ IG(v/2,v/2).

Conditionally on {\:}~;, both models are standard normal
dynamic linear models (NDLMs).



PRrIOR

We will assume that
p(¢,0% 7%, 6|M1) = p(8)p(c®)p(7*)p(m)p(k)
p(¢a 02)72’V|M2) = p(¢)

where
o ~ I1G(1 /2,104 /2)

7%~ I1G(00/2, 1075 /2)
7~ U(0,1)
x* ~ IG(a,Db)
v ~ uniform on {1,2,...,m}

p(¢) x 1



MCMC

Let y™ = (y1,...,yn) and 2" = (21, ..., 2y).
Let 01 = (z0, ¢,02%,72,m, k) and 03 = (20, ¢, 02, 72, v).

Derive MCMC schemes to sample from
p(ajn791|yn7M1) and p(xn792’yn7M2)7

by taking into account that the latent variables {\:}}
facilitate the derivation of easy-to-sample full conditional
distributions.



SIMULATION EXERCISES

In order to test both algorithms, simulate two sets of
n = 200 observations, one from M and one from Ms, with
the following specifications:

M, : 6 = (0.0,0.9,1.0,1.0, 0.9, 2.0)
Ms : 65 = (0.0,0.9,1.0,1.0, 4.0)

Run your MCMC schemes for 20,000 draws and discard the
first half as burn-in. Use the true values as initial values for
the fixed parameters 67 and 6s.



SUGGESTION

First run your code assuming the fixed parameters are
known since

p(xnwaynvMi)a 1=1,2,
are the more involving full conditionals. Well, not really!
You can use the augmented latent variables (A1,...,A,) to
neatly derive quite standard FFBS schemes.
Then breaking

p(e‘xn7yn7Ml)7 Z: 1727

into univariate full conditionals should be straightforward.



PRESENTATIONS

Two of the three 3-person groups will be selected at the
beginning of the class on June 1st to present the results of
the two models (one model each group). The third group is
off the hook, but that will be known only right before the
presentations.

Be ready to describe your simulation and your code.

Each presentation will last at most 15 minutes.



SAMPLING g, ¢ AND 72

For both models M; and Ma, the full conditional distributions of g, ¢ and

72 are identical.
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SAMPLING 1, ...,%, JOINTLY

For both models M; and Ma, the full conditional distribution of x1,
is obtained by assuming that o2 (the observational variance) is replaced by
Starting with zo|Dg ~ N(mg, Cp), it follows by induction that, given
zt—1|Di—1 ~ N(m¢—1,Ct—1), then

x¢t|Ds—1  ~ N(at, Re), at = ¢mi—1, Ry = $2Crq + 72
ye|Dic1 ~ N(fi,Qu), fi=ar, Qi =Ri+o}
xzt|Dy  ~ N(my,Ct), = (1— Ap)ar + Awye, Cr = Re — A7Qq
where Ay = R¢/Q¢. Then, backward sampling is performed by first sampling

Zpn from N(my,Chr) and then, for t =n—1,n — ,3,2,1 sampling

¢* N gre  om $? -t
xtlrt+1,Dt~N{(+Ct) ( Tt; +FZ) ( +Ct)

In model My, af = (/42)1_’\to2 with At =1 or A\t = 0.
In model Mg, O‘? = A\to2, where \; > 0.
In both cases o't2 equals 02 times a function of ¢

Cy T



SAMPLING o2

Using the results from the previous slide, we can easily define

U = U and G =t
¢ (k2T t (K2) =2t

for model My, and
Gr= 2 and & = b
VAt VAt
for model Ms. Therefore, under both models, the observation equation
become
Jt = Tt +ur ug ~ N(0,0°)

whose likelihood for 62 is L(02) o (02)~"/2 exp {=30 1 (e — 20)2/20%}.

Combining this likelihood with the IG(vo/2,v903/2) prior for o2, leads to the
full conditional

vo+n vt + > (it — 5t)2>
2 2 '

211~ 16



SAMPLING T AND v

Under model M, the full conditional distribution of = is

[r|--] ~ Beta (Zn:)\t,n—zn:)\t> .
t=1 =1

Under model Mo, the full conditional distribution of v is

pre st [ 5 Y ]

t=1

11 1



SAMPLING K

Without loss of generality, assume that, under model M1, g1,...,%s and

Z1,...,Zs are the s observations and corresponding s states where Ay = 0.
Let 5 5
= Yt = Tt
Yy = — and Ty = —,
ag g

fort=1,...,s.
Therefore, the observation equation become

=& +u  ue~ N0, K?)

<n
o

whose likelihood for x? is L(k?) oc (k2)75/2 exp {— 325_, (3, — £¢)%/2K2}.

Combining this likelihood with the IG(a, b) prior for k, leads to the full
conditional _ ~
(K% ]~ IG (a+8/2,b+ (§; — 3¢)?/2) .



SAMPLING Aq,..., A\,

Under model My, it is easy to see that, for t =1,...,n,

Pra=1|---) o 7wpn(ye;xt,02)
Pr(a =0-) o (1—mpy (e, k20?),

S0
(At]+++) ~ Ber(m)
where
= mpN (yt; Tt 02)
7pN (yt; e, 02) + (1 — 7)pN (ye; 21, K202)
Similarly, under model Mg, it follows that, for t =1,... n,
PO ) o A7 Y exp{—v /200 o (e 2, Mo?),
S0

v+1 I/+(yt71‘t)2)

[)\t|---]~IG( 3 2



MCMC FOR M;

Initial values:

0 0 7 a
Ty = Y1, Ty ) = Yt, )\g ) = 1,fort=1,...,n, w0 = 1, (1)(0) = @15 and 72(0) :‘I’gl

Cycle through the following steps:

® 2]~ IG (05(1}0 +n),0.5(v072 + 0, wi(yr — xt)2)), with wy = kML,

2
® \,~B TN (Ytizg,of) )
[A¢] er (WPN(yt;It,02)+(1—7r)pN(yt;mp'12<72)

® [r] ~ Beta (X7=q At,n — Tfoq Ae)-

® (2]~ 1G (0.5(n0 +1),0.5(n07d + iy (we — $ve—1)2))-

® (2] ~ N{V ! (cglmo + r*"‘ml) Vg 1), where Vil = ot + ¢2/72.
® (6] ~ N{(S7y wews—1)sy 2 72552}, where 52 = 0 a?_,.

n _ 2
® (2]~ IG (a+ 2.b+ Zt:lw;%) with wg =1 — Ay and s = 337 wy.

s°



