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Motivation 1: Dynamic linear regression

Consider the (univariate) normal dynamic linear model (NDLM) expressed by

e = Xéﬁt + vy, Vy ~ N(0> Vt) (l)
Bt = G¢fr—1 + wr, W ~ N(Oa Wt)7 (2)

where (; is g-dimensional.

» Static regression model: G; = Iy and W; =0 for all t.

» Dynamic regression model: G; = I, for all t.
Friihwirth-Schnatter and Wagner [2010], Chan et al. [2012]

Multivariate: dim(y;) = m

» TVP-VAR(k) model: dim(y;) = m and q = dim(x;) = mk.
Koop and Korobilis [2013], Belmonte, Koop, and Korobilis [2014]

» Dynamic factor model: dim(y;) = m, 8; factors and x; loadings.
Lopes and Carvalho [2007], Lopes, Salazar, and Gamerman [2008b]



Motivation 2: Time-varying Cholesky decomposition

Let
yt = (_y].t, e ;ymt)l ~ N(O, Zt)~
Then
Zt‘ = LtDtL; and Z 1 T/D Tt;
where T, = L; ! is a unit lower triangular matrix and D; = diag(02,,...,02,).

It is easy to see that Tpy; = &; ~ N(O, D).

By assuming that the entries of T; are —fj;, it follows that yi, ~ N(0,0%,), and

Yie = Biteyie + Bioeyor + -+ Bilic1,eVi—1,e + €ir (gi=1i-1),

where g;s ~ N(0,02) and i =2,...,m

s Vit

Lopes, McCulloch, and Tsay [2008a] Cholesky stochastic volatility model.
Carvalho, Lopes, and McCulloch [2018] Long run volatility of stocks.



A few references

Lopes, McCulloch, and Tsay [2008a]
Friihwirth-Schnatter and Wagner [2010]

Chan, Koop, Leon-Gonzalez, and Strachan [2012]*
Nakajima and West [2013]

Belmonte, Koop, and Korobilis [2014]*

Kalli and Griffin [2014]*

Bitto and Friihwirth-Schnatter [2016]*

Rockova and McAlinn [2018]*

Kowal, Matteson, and Ruppert [2018]

vV VYV V. VYV VY

* Forecasting US inflation rate.
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Ridge and lasso regressions

Let us consider the static regression,

Ye = Bixie + Boxor + -+ - + ﬁqxqt + vy,

and RSS= (y — X3)'(y — XP).
> Ridge regression Hoerl and Kennard [1970] - ¢, penalty on f:

q
Bridge = argﬁmin{RSS + )\f ZﬁJ?L )\E >0,
j=1

leading to Brigge = (X'X + A21) "1 X"y.
» Lasso regression Tibshirani [1996] - ¢; penalty on f3:

q

Blasso = argmin{RSS + )\, Z 181}, A >0,
B P
Jj=1

which can be solved by a coordinate gradient descent algorithm.



Ridge and lasso estimates are posterior modes!

The posterior mode or the maximum a posteriori (MAP) is given by

Bmode = argﬁmin{—2 log p(y|B) — 2log p(3)}

The B,,-dge estimate equals the posterior mode of the normal linear model with

p(B)) o exp{—0.5\27},
which is a Gaussian distribution with location 0 and scale 1/X2, N(0,1/A2).

The mean is 0, the variance is 1/)\? and the excess kurtosis is 0.

The B,asso estimate equals the posterior mode of the normal linear model with

p(B)) o< exp{=0.5M/[5;},

which is a Laplace distribution with location 0 and scale 2/, Laplace(0,2/A)).
The mean is 0, the variance is 8//\,2 and excess kurtosis is 3.



Spike and slab model (or scale mixture of normals)

Ishwaran and Rao [2005] define a spike and slab model as a Bayesian model
specified by the following prior hierarchy:

(velxe, B,0%) ~ N(x/3,07), t=1,...,n
(Bl) ~  N(0,diag(v))

(dv)

(do?)

~

0'2 ~

3

=

They go to say that

“Lempers [1988] and Mitchell and Beauchamp [1988] were among the
earliest to pioneer the spike and slab method. The expression ‘spike and
slab’ referred to the prior for B used in their hierarchical formulation.”



Spike and slab model (or scale mixture of normals model)

Regularization and variable selection are done by assuming independent prior
distributions from the SMN class to each coefficient f3;:

Bilwj ~ N(0,¢;)  and ¢ ~ p(iy)

o)
p(Bj) = /P(@'Wj)p(?bj)d%-
Mixing density p(¢;) | Marginal density p(8;) V(5;) Ex.kurtosis(5;)
¥ =1/X N(0,1/X7) - (ridge) 1/ 0
IG(1/2,n7°/2) t, (0, 7%) n/(n—2)7" | 6/(n—4)
G(1,)%/8) Laplace(0,2/)) - (blasso) | 8/A7 3
G(¢.1/(27%) NG(¢7°) 2¢y” 3/¢

Griffin and Brown [2010] Normal-Gamma prior:

1

p(ﬂKa ,-y2) = ﬁ2<_1/27<+1/2r(<) |B|Cil/2KC—1/2(‘/B|/7)7

where K is the modified Bessel function of the 3rd kind.



[llustration
Ridge: A2 =0.01

= Excess kurtosis=0

Student's t: 7 =5, 72 = 60 = Excess kurtosis=6

Blasso: /\,2 =0.08
NG: £ = 0.5, 42 = 100
All variances are equal to 100.
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Stochastic search variable selection (SSVS) prior
SSVS George and McCulloch [1993]: For small 7 > 0 and ¢ >> 1,

5|W,7'2, C2 ~ (1 - W) N(O,Tz) +w /V(O7 C27'2) .
—— N—_———
spike slab

SMN representation: S| ~ N(0,) and
PYlw, 72, ~ (1 — w)8r2(V) 4 wdea,2 (1)

1.5

1.0

density

0.5




Scaled SSVS prior = normal mixture of IG prior

NMIG prior of Ishwaran and Rao [2005]: For vy < v,

BIK, % ~ N(0, K72),
K|U.},’Uo,’U1 ~ (1 - w)(s’Uo(K) + wévl(K)7 (3)
7% ~ IG(ay, by).

» Large w implies non-negligible effects.
» The scale ¢ = K72 ~ (1 — w)IG(a,,vob;) + wlG(ay,v1b;).
> p(p) is a two component mixture of scaled Student's t distributions.

density
! 1 !

0.00 0.02 004 006 0.08 0.0




Other mixture priors
Frithwirth-Schnatter and Wagner [2011]: absolutely continuous priors

6 ~ (]- - w)pspike(/g) + is/ab(»’?)’

Let @ > 0 a scale parameter and

_ Vargie(P)

T Va rslab(ﬂ)

<1,

then the mixing densities for v,

11G Y ~ (1 —w)IG(v, rQ) + wiG(v, Q),
2. Exp: ¥ ~ (1 —w)Exp(1/2rQ) + wExp(1/2Q),
3. Gamma: ¢ ~ (1 —w)G(a,1/2rQ) + wG(a,1/2Q),

leads to the marginal densities for 3,

1. Scaled-t: 8 ~ (1 — w)t,(0,rQ/v) + wtr, (0, Q/v),
2. Laplace: B~ (1 —w)Lap(v/r@Q) + wLap(v/Q),
3. NG: 8~ (1 —w)NG(a,r, Q)+ wNG(a, Q).

(4)



Inverted-Gamma prior for the variance of (3
It is easy to see that, for a constant c,

Vargike(8) = cQr and  Vargp(8) = cQ.

Therefore, when

Vs = Var(8) = (1 - w) Varypie(8) + w Varsus(8) ~ 16 (co, Go).

the implied distribution of Q is
G
~ /G e .
Q (C"’ (1 —w)r—!—w))

Spike-and-slab priors:

Prior Spike Slab p(8) Constant ¢

SSVS v =rQ P=Q (1 —w)N(0, rQ) + wN(0, Q) 1

NMIG 1G(v, rQ) 1G(v, Q) (1= w)t2(0,rQ/v) + wtr, (0, Q/v) 1/(v—1)

Laplaces Exp(1/2rQ)  Exp(1/2Q) (1 —w)Lap(v/rQ)+wlap(v/Q) 2

Normal-Gammas  G(a,1/2rQ) G(a,1/2Q) (1 —w)NG(Bjla,r, Q) +wNG(Sjla, Q) 2a

Laplace-t Exp(1/2rQ) IG(v, Q) (1 —w)Lap(v/1Q) + wtr, (0, Q/v) a=26=1/(v-1)
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Sparsity in dynamic regressions
Recall,

Ve = Buexae + Borxor + -+ + BgeXge + Vt,
for large g, say 100, 500 or 1000.

» Two main obstacles:
1. Time-varying parameters (states), and
2. A large number of predictors g.

» Two sources of sparsity:
1. Horizontal/static sparsity: 8; = 0, Vt for some coefficients j.
2. Vertical /dynamic sparsity: Bj; = 0 for several js at time t.

[llustration: g =5 and T =12

jan feb  mar apr may jun jul aug sep oct nov dec

x1|Pr1 B2 Bz Bia Bis Bie Bir Bis Bre Prio B B
X2 0 0 0 0 0 0 0 0 0 0 0 0
x3 | 831 P32 P33z Pza Bzs O 0 0 Bzo B30 B3 B312
x4 | 0 O Ba3z Pas Pas PBas Baz Pag Bao Pao Paun 0
X5 | Bs1 P52 Bs3 Psa Pss O 0 0 Bso Bsio Psi1 Bsi2




Horizontal sparsity
Belmonte, Koop, and Korobilis [2014] used a non-centered parametrization:

q
Y = Xéﬁ + Z w}/2b’jt><jt + vt

=1
Bit = Bj,t—1 + ujs,

where fj: = ;23 and u; ~ N(0,1) for j=1,...q.

> 3;: Laplace prior Park and Casella [2008]
BilT} ~ N(O,77), 77 ~ Exp(A?/2).

) o 1/2
> 3j1,...,8j7: Laplace prior on standard deviations 1/)J-/

GG~ NO.E). &~ Beln?/2)

Bitto and Friihwirth-Schnatter [2016] adopt a similar strategy by using the

Normal-Gamma prior to shrink both ; and wjl/z.



Vertical sparsity

Nakajima and West [2013] - Latent threshold DLMs
Fort=1,..., T,

Yt = X1ebie + .o+ Xue bt + €,
where, for i = 1,..., k, by = BitSit, sie = I(|Bit| > d;), and

Biel Bie—1s iy iy Vi ~ N(ui + @i(Bi—1 — 1), (1 — ©2)17).

“M H-Il."‘“H .I:.“H MH.“UI o .JUMH IH._w'Iu
Key sparsity prior parameters: Pr(b; = 0)

df|,“i7§0i7¢i ~ U(07 |,u’l| + le)



Vertical sparsity

Kalli and Griffin [2014] - NGAR process
Fort=1,..., T,
Ye = X1ef1e + -+ XueBre + €t

the normal-gamma autoregressive process models 3;; as follows:
Big ~ N ((¢jt/¢j,t71)1/2¢jﬁj,t717 (1- @f)%‘t))

)\.
Yielwjer ~ G(A-+n-, 1,J>
Jt‘ 't J J,t ’YJ(]- _ pj)

Pj>\j¢j,t1>
Rjt—1 w', -1 'D( 3
J,t | ot ’Yj(l _ pj)

where le ~ N(O,’lﬂjl) and ij ~ G()\j,)\j/’)/j).

pj: autoregressive parameter for 1)
~yj: controls the overall relevance of 3

E(wthj,t—l) = 'Yj(lfpj)JFpﬂz’j,t—l
V(Bir) = v and K(Bir) =3/



Vertical sparsity

Rockova and McAlinn [2018]
{B1,..., 87} follows a dynamic spike-and-slab (DSS) prior:

/Bt‘ﬂt—het ~ (1 - Ht) (029 exp{—|ﬁt|0.9})

1 1
- o et (a0}

where
0.02 (%2 exp{—|B:-1]0.9})

9t=
0.02 (%2 exp{—|B:-1/0.9}) + 0.98 (Wexp{*ﬁﬁgfl})

They develop an optimization approach for dynamic variable selection.



Vertical sparsity

Kowal, Matteson, and Ruppert [2018]
As before, a given time-varying regression coefficient, (3;, is such that

Bt ~ N(Oﬂ/’t)v
with dynamic shrinkage process
log e = pu+ ¢(log 1 — p) + e, e ~ Z(e, 5,0,1),
so

pn) o {em)e{1+eny (o)
e~ inverted-Beta.

They name dynamic horseshoe process the above locally adaptive shrinkage.



Vertical sparsity: our proposal

Our contribution is defining as a spike-and-slab prior that not only shrinks
time-varying coefficients in dynamic regression problems but allows for dynamic
variable selection.

We use a non-centered parametrization:

Yt :Xéﬁt‘FVn ve ~ N(0,07)
/ét = GtBt—l + Wt, Wt ~ N(O7 Wt)7

with 81 ~ N(0,1), where

B = (2 Brer 0 Bar)

G = diag(p1,...,¢q)
Wy = diag((1—¢7),...,(1—¥2)),
1/2 1/2

Xt{ = ( 1t Xltv"'awqt th)-



Vertical sparsity: our proposal

We place independent priors for each 1, = 72k;:

(kelke—1 = v)) nd (1 — w1j)dr(vi) + wiid1(vi),

where v; € {r,1}, w1; = p (ke = Llke—1 = v;), and p(ky = v;) = 1/2.

In addition,
;= Varspike(ﬂ)
Varslab(/B)

and p(7?) is one of priors from the previous table.

<1,



Vertical sparsity: our proposal




MCMC sampling scheme |

Unsurprisingly, posterior inference is done via a customized MCMC scheme.

Full conditional distributions:

1. Draw ks using the algorithm of Gerlach, Carter, and Kohn [2000].

» They proposed an efficient sampling algorithm, for dynamic mixture models,
which samples k; from p(k|y1.7, kst) without conditioning on [1.7.

2. Draw Bl, ey BT: jointly and conditionally on ki, ..., kT, via forward
filtering backward sampling (FFBS).

3. Draw o2

l\)\n—l

T
(02|0\027y)NIG (an Zytfxtﬂt ) .



MCMC sampling scheme I

4. Draw 7'1.25:

> Assuming the NMIG prior:

2
_k1/2k 1/2@& 1)

;
) T 1 (n
(T |9\7—zay)NIG l/+§ Eg kt(l—(p)

> Assuming mixture of Laplaces or normal-gammas:

(7'2|9\Tz,y) ~ GIG(p, g, h),

where

T (B — KK 20Bs)
g=1/Q, h—z( A=) ), p=ar— T/2.

t=1




MCMC sampling scheme Il

5. Draw each ¢; using Metropolis Hastings step as its full conditional

P&\, ¥) o pjlag, by)p(Blk, 0%, 72, )

2
( 0 (ﬁt - r)wtl Sﬁjﬂt1)
ap— b<p_1 _ t—
<A e 3 Al
t=1

has no close form. We use a Beta proposal density g (¢7](™~1)) as

(m-1) (m-1) 1-¢"
o ~Bla(47)) . ¢(d7) =a <<m>> |
®j
where « is a tuning parameter and the acceptance distribution is

P50 v)a (A7l

p(e\" Do, v)a («p}‘lso(’"‘”)

A(gleim ) = min{ 1,

)



MCMC sampling scheme IV

6. Update the transition probabilities from the latent Markov process:

(w11|9\w117y) ~ B(aw + #{t U1 — U1}7 bw + #{t U1 — UO})a
(wWoolO\woes ¥) ~ Blaw + #{t : vo = vo}, by + #{t : vo — v1}),

with vg = r and v; = 1.

7. Drawing Q:
» NMIG prior: GIG(p,g,h), with p=v — co, g = 272 and h = 2[Go/s"],
» Mixture of Normal-Gammas: IG(co + a-,7°/2 + [Co/s™]),

» Mixture of Laplaces: IG(co + ar,72/2 + [GCo/s*]), with a, = 1.
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Example 1: Simulated dynamic regression

Figure 1: True B: (black); posteriors means of 3; using dynamic NMIG
(red), NG (blue) and Laplace (green) mixtures.



Example 2: Simulated Cholesky SV
We consider T = 240 and g = 10.

Figure 2: Coefficients for the last equation of the Cholesky recursive
equations using dvnamic Laplace prior.



Example 3: Inflation data

» Data: inflation data obtained from FRED database, Federal Reserve Bank
of St.Louis, University of Michigan Consumer Survey database, Federal
Reserve Bank of Philadelphia, and Institute of Supply Management with
independent variable as the US quarterly inflation measure based on the
Gross Domestic Product (GDP).

» The data includes 31 predictors, from activity and term structure variables
to survey forecasts and previous lags. The sample period is from the second
quarter of 1965 to first quarter of 2011 with T = 182 observations.

> The results (the mean of the coefficients j3; ;) were compared to results from
the NGAR process defined from Kalli and Griffin [2014] (MATLAB code).



Inflation Data

Name Description

GDP Difference in logs of real gross domestic product

PCE Difference in logs of real personal consumption expenditure

GPI Difference in logs of real gross private investment

RGEGI Difference in logs of real government consumption expenditure and gross investment
IMGS Difference in logs of imports of goods and services

NFP Difference in logs non-farm payroll

M2 Difference in logs M2 (commercial bank money)

ENERGY Difference in logs of oil price index

FOOD Difference in logs of food price index

MATERIALS Difference in logs of producer price index (PPI) industrial commodities
OUTPUT GAP Difference in logs of potential GDP level

GS10 Difference in logs of 10yr Treasury constant maturity rate

GS5 Difference in logs of 5yr Treasury constant maturity rate

GS3 Difference in logs 3yr Treasury constant maturity rate

GS1 Difference in logs 1yr Treasury constant maturity rate

PRIVATE EMPLOYMENT Log difference in total private employment

PMI MANU Log difference in PMI-manufacturing index

AHEPNSE Log difference in average hourly earnings of private non management employees
DJIA Log difference in Dow Jones Industrial Average Returns

M1 Log difference in M1 (narrow-commercial bank money)

ISM SDI Institute for Supply Management (ISM) Supplier Deliveries Inventory
CONSUMER University of Michigan consumer sentiment (level)

UNRATE Log of the unemployment rate

TBILL3 3m Treasury bill rate

TBILL SPREAD Difference between GS10 and TBILL3

HOUSING STARTS Private housing (in thousands of units)

INF EXP University of Michigan inflation expectations (level)

LAG1, LAG2, LAG3, LAG4 The first, second, third and fourth lag




NGAR vs Dynamic SSL

Figure 3: 16 most relevant predictors using dynamic NMIG prior.
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Final remarks

» Test a Gamma prior for the parameter @ instead of the Inverted-Gamma or
a Normal prior for /@, following Friihwirth-Schnatter and Wagner [2010]
which criticizes the use of the Inverse-Gamma because the posterior values
are strongly influenced by the hyperparameters.

» Construct other mixture priors such as a dynamic mixture of Student’s-t and
Laplace densities for the coefficients.

» Allow for time-varying observational variances using stochastic volatility
models.

» Allow for static coefficients besides time-varying coefficients as in Belmonte,
Koop, and Korobilis [2014] and Bitto and Friihwirth-Schnatter [2016].

» Compare predictive performance with other existing methods.
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