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Stochastic volatility model

The canonical stochastic volatility model (SV-AR(1),
hereafter), is

yt = eht/2εt

ht = µ+ φht−1 + τηt

where εt and ηt are N(0, 1) shocks with E (εtηt+h) = 0 for all
h and E (εtεt+l) = E (ηtηt+l) = 0 for all l 6= 0.

τ2: volatility of the log-volatility.

|φ| < 1 then ht is a stationary process.

Let yn = (y1, . . . , yn)
′, hn = (h1, . . . , hn)

′ and
ha:b = (ha, . . . , hb)

′.
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Prior information

Uncertainty about the initial log volatility is h0 ∼ N (m0,C0).

Let θ = (µ, φ)′, then the prior distribution of (θ, τ2) is
normal-inverse gamma, i.e. (θ, τ2) ∼ NIG (θ0,V0, ν0, s

2
0 ):

θ|τ2 ∼ N(θ0, τ
2V0)

τ2 ∼ IG (ν0/2, ν0s
2
0/2)

For example, if ν0 = 10 and s20 = 0.018 then

E (τ2) =
ν0s

2
0/2

ν0/2− 1
= 0.0225

Var(τ2) =
(ν0s

2
0/2)

2

(ν0/2− 1)2(ν0/2− 2)
= (0.013)2

Hyperparameters: m0, C0, θ0, V0, ν0 and s20 .
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Posterior inference

The SV-AR(1) is a dynamic model and posterior inference via
MCMC for the the latent log-volatility states ht can be
performed in at least two ways.

Let h−t = (h0:(t−1), h(t+1):n), for t = 1, . . . , n − 1 and
h−n = h1:(n−1).

• Individual moves for ht
• (θ, τ 2|hn, yn)
• (ht |h−t , θ, τ

2, yn), for t = 1, . . . , n

• Block move for hn

• (θ, τ 2|hn, yn)
• (hn|θ, τ 2, yn)
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Sampling (θ, τ 2|hn, y n)

Conditional on h0:n, the posterior distribution of (θ, τ2) is also
normal-inverse gamma:

(θ, τ2|yn, h0:n) ∼ NIG (θ1,V1, ν1, s
2
1 )

where X = (1n, h0:(n−1)), ν1 = ν0 + n

V−11 = V−10 + X ′X

V−11 θ1 = V−10 θ0 + X ′h1:n

ν1s
2
1 = ν0s

2
0

+ (y − Xθ1)
′(y − Xθ1) + (θ1 − θ0)′V−10 (θ1 − θ0)

6 / 37



SV-AR(1)
model

Prior
information

Posterior
inference

Sampling ht
via RW-
Metropolis

Example:
Simulated
data

Sampling ht
via
independent
Metropolis-
Hastings

Sampling hn -
mixtures of
normals and
FFBS

Sampling (h0|θ, τ 2, h1)

Combining
h0 ∼ N(m0,C0)

and
h1|h0 ∼ N(µ+ φh0, τ

2)

leads to (by Bayes’ theorem)

h0|h1 ∼ N(m1,C1)

where

C−11 m1 = C−10 m0 + φτ−2(h1 − µ)
C−11 = C−10 + φ2τ−2
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Conditional prior distribution of ht
Given ht−1, θ and τ2, it can be shown that, for
t = 1, . . . , n − 1,(

ht
ht+1

)
∼ N

{(
µ+ φht−1

(1 + φ)µ+ φ2ht−1

)
, τ2

(
1 φ
φ (1 + φ2)

)}
so E (ht |ht−1, ht+1, θ, τ

2) and V (ht |ht−1, ht+1, θ, τ
2) are

µt =

(
1− φ
1 + φ2

)
µ+

(
φ

1 + φ2

)
(ht−1 + ht+1)

ν2 = τ2(1 + φ2)−1

respectively. Therefore,

(ht |ht−1, ht+1, θ, τ
2) ∼ N(µt , ν

2) t = 1, . . . , n − 1

(hn|hn−1, θ, τ2) ∼ N(µn, τ
2)

where µn = µ+ φhn−1.
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Sampling ht via RW-Metropolis
Let ν2t = ν2 for t = 1, . . . , n − 1 and ν2n = τ2, then

p(ht |h−t , yn, θ, τ2) = fN(ht ;µt , ν
2
t )fN(yt ; 0, e

ht )

for t = 1, . . . , n.

A simple random walk Metropolis algorithm with tuning
variance v2h would work as follows:

For t = 1, . . . , n

1 Current state: h
(j)
t

2 Sample h∗t from N(h
(j)
t , v2h )

3 Compute the acceptance probability

α = min

{
1,

fN(h
∗
t ;µt , ν

2
t )fN(yt ; 0, e

h∗t )

fN(h
(j)
t ;µt , ν2t )fN(yt ; 0, eh

(j)
t )

}
4 New state:

h
(j+1)
t =

{
h∗t w. p. α

h
(j)
t w. p. 1− α
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Example: Simulated data

• Simulation setup
• n = 500
• h0 = 0.0
• µ = −0.00645
• φ = 0.99
• τ 2 = 0.152

• Prior distribution
• µ ∼ N(0, 100)
• φ ∼ N(0, 100)
• τ 2 ∼ IG (10/2, 0.28125/2)
• h0 ∼ N(0, 100)

• MCMC setup
• M0 = 1, 000
• M = 1, 000
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Sampling ht via independent
Metropolis-Hastings

The full conditional distribution of ht is given by

p(ht |h−t , yn, θ, τ2) = p(ht |ht−1, ht+1, θ, τ
2)p(yt |ht)

= fN(ht ;µt , ν
2)fN(yt ; 0, e

ht ).

Kim, Shephard and Chib (1998) explored the fact that

log p(yt |ht) = const− 1

2
ht −

y2t
2

exp(−ht)

and that a Taylor expansion of exp(−ht) around µt leads to

log p(yt |ht) ≈ const− 1

2
ht −

y2t
2

(
e−µt − (ht − µt)e−µt

)
g(ht) = exp

{
−1

2
ht(1− y2t e

−µt )

}
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Proposal distribution

Let ν2t = ν2 for t = 1, . . . , n − 1 and ν2n = τ2.

Then, by combining fN(ht ;µt , ν
2
t ) and g(ht), for t = 1, . . . , n,

leads to the following proposal distribution:

q(ht |h−t , yn, θ, τ2) ≡ N
(
ht ; µ̃t , ν

2
t

)
where µ̃t = µt + 0.5ν2t (y

2
t e
−µt − 1).
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Metropolis-Hastings algorithm

For t = 1, . . . , n

1 Current state: h
(j)
t

2 Sample h∗t from N(µ̃t , ν
2
t )

3 Compute the acceptance probability

α = min

{
1,

fN(h
∗
t ;µt , ν

2
t )fN(yt ; 0, e

h∗t )

fN(h
(j)
t ;µt , ν2t )fN(yt ; 0, eh

(j)
t )
× fN(h

(j)
t ; µ̃t , ν

2
t )

fN(h∗t ; µ̃t , ν2t )

}

4 New state:

h
(j+1)
t =

{
h∗t w. p. α

h
(j)
t w. p. 1− α
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Sampling hn - normal
approximation and FFBS

Let y∗t = log y2t and εt = log ε2t .

The SV-AR(1) is a DLM with nonnormal observational errors,
i.e.

y∗t = ht + εt

ht = µ+ φht−1 + τηt

where ηt ∼ N(0, 1).

The distribution of εt is logχ
2
1, where

E (εt) = −1.27

V (εt) =
π2

2
= 4.935
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Normal approximation

Let εt be approximated by N(α, σ2), zt = y∗t − α, α = −1.27
and σ2 = π2/2.

Then

zt = ht + σvt

ht = µ+ φht−1 + τηt

is a simple DLM where vt and ηt are N(0, 1).

Sampling from
p(hn|θ, τ2, σ2, zn)

can be performed by the FFBS algorithm.

23 / 37



SV-AR(1)
model

Prior
information

Posterior
inference

Sampling ht
via RW-
Metropolis

Example:
Simulated
data

Sampling ht
via
independent
Metropolis-
Hastings

Sampling hn -
mixtures of
normals and
FFBS

logχ2
1 and N(−1.27, π2/2)

−20 −15 −10 −5 0 5 10

0.
00

0.
05

0.
10

0.
15

0.
20

0.
25

x

de
ns

ity

log chi^2_1
normal

24 / 37



SV-AR(1)
model

Prior
information

Posterior
inference

Sampling ht
via RW-
Metropolis

Example:
Simulated
data

Sampling ht
via
independent
Metropolis-
Hastings

Sampling hn -
mixtures of
normals and
FFBS

Parameters

0 500 1000 1500 2000 2500 3000

−
0.

04
0.

00
0.

04

mu

iteration

0 5 10 15 20 25 30 35

0.
0

0.
4

0.
8

Lag

A
C

F

−0.04 −0.02 0.00 0.02 0.04

0
20

0
40

0
60

0

0 500 1000 1500 2000 2500 3000

0.
85

0.
95

phi

iteration

0 5 10 15 20 25 30 35

0.
0

0.
4

0.
8

Lag

A
C

F
0.85 0.90 0.95 1.00

0
40

0
80

0
12

00

0 500 1000 1500 2000 2500 3000

0.
02

0.
06

0.
10

tau2

iteration

0 5 10 15 20 25 30 35

0.
0

0.
4

0.
8

Lag

A
C

F

0.00 0.02 0.04 0.06 0.08 0.10

0
40

0
80

0
12

00

25 / 37



SV-AR(1)
model

Prior
information

Posterior
inference

Sampling ht
via RW-
Metropolis

Example:
Simulated
data

Sampling ht
via
independent
Metropolis-
Hastings

Sampling hn -
mixtures of
normals and
FFBS

Autocorrelation of ht

lag

A
C

F

0 5 10 15 20 25 30 35

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

26 / 37



SV-AR(1)
model

Prior
information

Posterior
inference

Sampling ht
via RW-
Metropolis

Example:
Simulated
data

Sampling ht
via
independent
Metropolis-
Hastings

Sampling hn -
mixtures of
normals and
FFBS

Autocorrelations of ht for the
three schemes

RANDOM WALK

lag

A
C

F

0 5 10 15 20 25 30 35

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

INDEPENDENT

lag

A
C

F

0 5 10 15 20 25 30 35

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

NORMAL

lag

A
C

F

0 5 10 15 20 25 30 35

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

27 / 37



SV-AR(1)
model

Prior
information

Posterior
inference

Sampling ht
via RW-
Metropolis

Example:
Simulated
data

Sampling ht
via
independent
Metropolis-
Hastings

Sampling hn -
mixtures of
normals and
FFBS

Volatilities

0 100 200 300 400 500

0
1

2
3

4
5

time

28 / 37



SV-AR(1)
model

Prior
information

Posterior
inference

Sampling ht
via RW-
Metropolis

Example:
Simulated
data

Sampling ht
via
independent
Metropolis-
Hastings

Sampling hn -
mixtures of
normals and
FFBS

Sampling hn - mixtures of normals
and FFBS

The logχ2
1 distribution can be approximated by

7∑
i=1

πiN(µi , ω
2
i )

where

i πi µi ω2
i

1 0.00730 -11.40039 5.79596
2 0.10556 -5.24321 2.61369
3 0.00002 -9.83726 5.17950
4 0.04395 1.50746 0.16735
5 0.34001 -0.65098 0.64009
6 0.24566 0.52478 0.34023
7 0.25750 -2.35859 1.26261
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Mixture of normals

Using an argument from the Bayesian analysis of mixture of
normal, let z1, . . . , zn be unobservable (latent) indicator
variables such that zt ∈ {1, . . . , 7} and Pr(zt = i) = πi , for
i = 1, . . . , 7.

Therefore, conditional on the z ’s, yt is transformed into log y2t ,

log y2t = ht + log ε2t

ht = µ+ φht−1 + τηηt

which can be rewritten as a normal DLM:

log y2t = ht + vt vt ∼ N(µzt , ω
2
zt )

ht = µ+ φht−1 + wt wt ∼ N(0, τ2η )

where µzt and ω
2
zt are provided in the previous table.

Then hn is jointly sampled by using the the FFBS algorithm.
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