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1.1 Introduction

Dynamic models are, in a broad sense, probabilistic models that describe a
set of observable measurements conditionally on a set of (latent or hidden)
state-space variables whose time (and/or space) dynamics are driven by a set
of time-invariant quantities (or parameters). This inherently hierarchical de-
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2 Dynamic models

scription renders dynamic models to the status of one of the most popular
statistical structures in many areas of science, ranging from neuroscience to
marketing to oceanography, from financial markets to target-tracking to signal
process, and from climatology to text and sentiment analysis. Borrowing the
notation from [3], also used by [11], the general structure of a dynamic model
can be written as

Measurements model: [data | state-space, parameters]

State-space dynamics: [state-space | parameters]
Parameters prior: [parameters]

In time series analysis, dynamic models are simultaneously an alternative
to and an extension of Box&Jenkins’ ARIMA models (See, for instance, [44]
and Craigmile’s chapter). The observed process, in general, is decomposed as
the sum of different time series components such as deterministic or stochastic
trends, seasonality and covariate effects. Moreover, different from ARIMA
models, in dynamic models the parameters might change with time in order
to accommodate local structures of the temporal process under study. More
importantly, dynamic models deal rather naturally with non-stationary time
series and structural changes.

In this chapter we review various aspects of dynamic models. We start by
describing univariate normal dynamic linear models and their main proper-
ties. Dynamic models for non-normal processes are also discussed. Section 1.3
extends the univariate DLM to the multivariate and matrix-variate normal
cases. Therein, we note that multivariate DLM naturally accommodate time
series of observations made at different spatial locations. Dimension reduction
through dynamic factor models is also discussed. Finally, Section 1.4 discusses
use of the state-space framework to approximate convolution models, stochas-
tic partial differential and integro-difference equations. For further reading on
DLMs the readers are referred to [58], [44], [14], and [45].

1.2 Univariate Normal Dynamic Linear Models (NDLM)

Assume that {yt, t ∈ T} is a stochastic process observed at discrete time,
such that T = {0,±1,±2,±3, · · · }. Let Dt be the set of information avail-
able at time t. Thus Dt includes the observation yt, covariates observed at
time t (if any), and all previous information Dt−1. A normal dynamic linear
model (NDLM) decomposes an univariate time series yt as the sum of two
components, an overall time-varying trend, F ′tθt, and an error component, εt,
that follows a zero mean normal distribution with variance Vt. The (latent)
p-dimensional vector θt, is known as the state vector at time t, and it evolves
smoothly with time. More specifically, a NDLM is specified by the following



Dynamic models 3

equations:

yt = F ′tθt + εt εt ∼ N(0, Vt) (1.1)

θt = Gtθt−1 + ωt ωt ∼ N(0,W t), (1.2)

θ0 ∼ N(m0,C0) (1.3)

where θ0 is the initial information, m0 and C0 are known p-dimensional mean
vector and p×p covariance matrix, respectively. F t is a p-dimensional column
vector of covariates, Gt is a p× p matrix, known as the evolution matrix, and
W t is a p × p covariance matrix describing the covariance structure among
the components of θt. Equations (1.1) and (1.2) are known as the observation
and system, or state, equations, respectively.

It is further assumed that εt and ωt are independent and mutually in-
dependent, and independent of θ0. Note that, given θt, yt is conditionally
independent from past observations.

A NDLM is completely specified through the quadruple {F t,Gt, Vt,W t}.
If it is further assumed that Vt = V and Wt = W, ∀t ∈ T this is known as the
constant model. Classical examples are the local level and local trend models,
the trigonometric seasonal model and the time-varying parameter AR model,
all illustrated below.

Example: (First order polynomial model or time-varying level model) The
simplest NDLM is defined by the quadruple {1, 1, V,W}, such that yt = µt+εt,
and µt = µt−1 + ωt, with εt ∼ N(0, V ), and ωt ∼ N(0,W ). The ratio W/V ,
known as the signal-to-noise ratio, plays an important role in determining the
behavior of the time varying level µt. As W/V → 0, the first order model
tends to a constant mean model, and as W/V → ∞ the model reduces to a
pure random walk. This model is suitable for short term forecast as it can be
shown that the forecast function is constant.

Example: (Linear trend) A linear trend model can be defined by assuming
that yt = µt + εt, µt = µt−1 + βt−1 + ω1t and βt = βt−1 + ω2t, where βt is
the slope of the local level µt. In this case, θt = (µt, βt)

′ and the NDLM is
defined by the quadruple {F ,G, V,W }, where F ′ = (1 0),

G =

(
1 1
0 1

)
and W =

(
W11 W12

W12 W22

)
,

for some known values of W11, W12, W22 and V . If W22 = 0 the model results
in a constant trend model.

Example: (Fourier representation of seasonality) A seasonal structure can
be accommodated by a Fourier representation of seasonality. Assuming the
period of seasonality is p, then F = (1 0),

G =

(
cos 2π/p sin 2π/p
− sin 2π/p cos 2π/p

)
,
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and W = diag(W1,W2).

Example: (Time-varying auto-regressive process of order p, TV-AR(p)) As-
sume that yt = xt + εt, where xt =

∑p
j=1 φtjxt−j +ωt. The model is a NDLM

where θt = (φt1, · · · , φtp), F = (1, 0, . . . , 0)′,

Gt =


φt1 φt2 φt3 · · · φt,p−1 φtp
1 0 0 · · · 0 0
0 1 0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 1 0


and ωt = (ωt, 0, · · · , 0)′. If the components of θt are fixed across time and V =
0, the time-series xt follows a standard AR(p) process. Loosely speaking, the
whole class of well-known autoregressive integrated moving average (ARIMA)
models can be thought of as special cases of DLMs. See Prado and West (2010)
[45] for further details.

1.2.1 Forward learning: the Kalman filter

In a Bayesian NDLM, from Equations (1.1)–(1.3), the posterior distribution
of any parameters at time t is based on all available information up to time t,
Dt. One aspect of the sequential Bayesian learning dynamic models is that the
posterior distribution for the parameters at time t− 1, p(θt−1|Dt−1), must be
propagated through the systems equation (1.2) in order to become the prior
distribution of the parameters at time t, p(θt|Dt−1). This prior at time t is then
combined with the likelihood p(yt|θt) from the observation equation (1.1) to
produce both predictive p(yt|Dt−1) and posterior p(θt|Dt). Schematically, the
sequential Bayesian inference in dynamic models cycles through three main
steps: Evolution, Prediction and Updating, as follows:

p(θt−1|Dt−1)
Evolution

=⇒ p(θt|Dt−1)
Updating

=⇒ p(θt|Dt)www� Prediction

p(yt|Dt−1)

Below, following Theorem 4.3 in [58], we specify each of the distributions
for each of the steps described above. The resultant distributions for each step
depend on the distribution of the initial information θ0|D0 ∼ N(m0,C0) and
the knowledge or not of the observational variance Vt and the variance of
the evolution noise, W t. We modify slightly the definition of the NDLM in
equations (1.1) and (1.2) to accommodate the more general case when V is
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unknown but follows an inverse gamma prior distribution, and the distribution
of the noise component follows a normal distribution conditional on the value
of V , that is, ωt | V ∼ N(0, VW ∗

t ).

Define the time t = 0 normal-gamma prior distribution for p(θ0, V |D0),
i.e. θ0|D0, V ∼ N(m0, VC

∗
0) and V |D0 ∼ IG(n0/2, n0S0/2). The derivation

is done by induction, by assuming that θt−1|V,Dt−1 ∼ N(mt−1, VC
∗
t−1) and

V |Dt−1 ∼ IG(nt−1/2, nt−1St−1/2). It can be shown that the steps above are
given by [58, pages 109-110]:

• Evolving the state: The prior distribution of θt is given by θt|V,Dt−1 ∼
N(at, VR

∗
t ) where at = Gtmt−1 and R∗t = GtC

∗
t−1G

′
t +W ∗

t . Therefore,
θt|Dt−1 ∼ tnt−1

(at, St−1R
∗
t ).

• Prediction the observation: The one-step forecast is given by yt|V,Dt−1 ∼
N(ft, V Q

∗
t ) where ft = F ′tat and Q∗t = 1+F ′tR

∗
tF t. Therefore, yt|Dt−1 ∼

tnt−1
(ft, St−1Q

∗
t ).

• Updating the variance: V |Dt ∼ Ga(nt/2, ntSt/2), where nt = nt−1 + 1,
and ntSt = nt−1St−1 + (yt − ft)2/Q∗t .

• Updating the state: The posterior distribution of θt is given by θt|V,Dt ∼
N(mt, VC

∗
t ), with mt = at+At(yt−ft) and C∗t = R∗t −AtA

′
tQ
∗
t , where

At = RtF tQ
−1
t . Therefore, θt|Dt ∼ tnt−1

(mt, StC
∗
t ).

These recursions are commonly known as Kalman recursions or simply the
Kalman filter algorithm (see, for instance, [58]). If interest lies on forecasting
the process k steps ahead, based on the information up to time Dt, the forecast
distribution, yt+k|Dt can be obtained through the Kalman filter. It can be
shown that yt+k|Dt ∼ tnt(ft(k), Qt(k)), with ft(k) = F ′t+kat(k), Qt(k) =
F ′t+kRt(k)F t+k + St+k, at(0) = mt, and Rt(0) = Ct.

1.2.2 Backward learning: the Kalman smoother

The Kalman filter is one of the most popular algorithms for sequential update
of hidden/latent states in dynamic systems. However, in the above form, it
only provides posterior distribution of a given state θt conditionally on the
past observations, y1, . . . , yt, p(θt|Dt, V ). For simplicity, we are omitting the
dependence on the state variances W ∗

1, . . . ,W
∗
n. In many instances, however,

one may want to obtain the posterior distribution of the states given the whole
set of observations, y1, . . . , yn, i.e. p(θ1, . . . ,θn|V,Dn); for instance, to under-
stand the dynamics driving observations as opposed to simply forecasting its
future values.
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Full joint distribution of states

This joint posterior can be rewritten as

p(θ1, . . . ,θn|V,Dn) = p(θn|V,Dn)

1∏
t=n−1

p(θt|θt+1, V,Dt), (1.4)

with the simplifications given by the Markov property of Equations (1.1)–
(1.3). Bayes’ theorem leads to

p(θt|θt+1, V,Dt) ∝ fN (θt+1;Gtθt, VW
∗
t )fN (θt;mt, VC

∗
t )

∝ fN (θt+1; m̃t, V C̃
∗
t ), (1.5)

where m̃t = C̃
∗
t (G

′
tW

−1
t θt+1 +C∗−1

t mt) and C̃
∗
t = (G′tW

∗−1
t Gt+C∗−1

t )−1,
for t = n−1, n−2, . . . , 1. From the Kalman filter, V |Dn ∼ IG(nn/2, nnSn/2),

so it follows that θn|Dn ∼ tnn
(m̃n, SnC̃

∗
n) and

θt|θt+1, Dt ∼ tnn
(m̃t, SnC̃

∗
t ), (1.6)

for t = n− 1, n− 2, . . . , 1.

Marginal distributions of the states

Similarly, it can be shown that the marginal distribution of θt is

θt|V,Dn ∼ tnn
(mt, SnC

∗
t ) (1.7)

where mt = mt + C∗tG
′
t+1R

∗−1
t+1 (mt+1 − at+1) and C

∗
t = C∗t −

C∗tG
′
t+1R

∗−1
t+1 (R∗t+1 −C

∗
t+1)R∗−1

t+1Gt+1C
∗
t , for t = n− 1, n− 2, . . . , 1.

Full conditional distributions of the states

Let θ−t = {θ1, . . . ,θt−1,θt+1, . . . ,θn} and t = 2, . . . , n−1, it follows that the
full conditional distribution of θt is

p(θt|θ−t, V,Dn) ∝ fN (yt;F
′
tθt, V ) fN (θt+1;Gt+1θt, VW

∗
t+1)

× fN (θt;Gtθt−1, VW
∗
t ) = fN (θt; bt, VB

∗
t ) (1.8)

where bt = B∗t (F tyt +G′t+1W
∗−1
t+1 θt+1 +W ∗−1

t Gtθt−1) and B∗t = (F tF
′
t +

G′t+1W
∗−1
t+1Gt+1 + W ∗−1

t )−1. The endpoint parameters θ1 and θn also
have full conditional distributions N(b1, VB

∗
1) and N(bn, VB

∗
n), respectively,

where b1 = B∗1(F 1y1 +G′2W
∗−1
2 θ2 +R∗−1a1), B∗1 = (F 1F

′
1 +G′2W

∗−1
2 G2 +

R−1)∗−1, bn = B∗n(F nyn +W ∗−1
n Gnθn−1) and B∗n = (F nF

′
n +W ∗−1

n )−1.
Again,

θt|θ−t, Dt ∼ tnn(bt, SnB
∗
t ) for all t. (1.9)
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Full posterior inference

When the evolution variances W ∗
1, . . . ,W

∗
n are unknown, closed-form ana-

lytical full posterior inference is infeasible and numerical or Monte Carlo ap-
proximations are needed. Numerical integration, in fact, is only realistically
feasible for very low dimensional settings. Markov Chain Monte Carlo meth-
ods have become the norm over the last quarter of century for state space
modelers. In particular, the full joint of Equation (1.4) can be combined with
full conditional distributions for V and W ∗

1, . . . ,W
∗
n. This is the well known

forward filtering, backward sampling (FFBS) algorithm of [16] and [8]. The
FFBS algorithm is commonly used for posterior inference in Gaussian and
conditionally Gaussian DLMs. The main steps needed to use DLM’s using the
software R [48] are in the package dlm, detailed in [43].

1.2.3 Integrated likelihood

Another very important result of the sequential Bayesian depicted above is
the derivation of the marginal likelihood of W ∗

1, . . . ,W
∗
T given y1, . . . , yT .

Without loss of generality, assume that W t = W for all t = 1, . . . , n, where
n is the sample size, and that p(W ) denotes the prior distribution of W . In
this case,

p(y1, . . . , yn|W ) =

n∏
t=1

p(yt|Dt−1,W ) (1.10)

where yt|Dt−1 ∼ tnt−1(ft, St−1Q
∗
t ). Therefore, the posterior distribution of

W , p(W |Dn) ∝ p(Dn|W )p(W ), can be combined with p(V |W , Dn) to pro-
duce the joint posterior of (V,W ):

p(V,W |Dn) ∝ p(Dn|W )p(V |W , Dn)p(W )

=

[
n∏
t=1

p(yt; ft, St−1Q
∗
t , nt−1)

]
p(V ;nn/2, nnSn/2)p(W ).

In words, Gaussianity and linearity, leads to straightforward posterior for
V and W by integrating out all state-space vectors θ1,θ2, . . . ,θn. If M in-
dependent Monte Carlo draws {(V,W )(1), . . . , (V,W )(M)} from p(V,W |Dn)
are obtained, then M independent Monte Carlo draws from p(θ1, . . . ,θn|D)
are easily obtained by repeating the FFBS of Equation (1.4) (or Equa-
tion (1.5)) M times. This leads to M independent Monte Carlo draws from
p(θ1, . . . ,θn, V,W |D), i.e. no MCMC is needed.

1.2.4 Some properties of NDLMs

Superposition of models

More generally, in the DLM framework, time series are modeled through a
collection of components DLMs. This is possible because of a theorem proved
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in [58]. Consider m time series yit generated by NDLMs identified by the
quadruples Mi = {F it,Git, Vit,W it}, i = 1, 2, . . . ,m. Under model Mi, the
state vector θit is of dimension pi, and the observation and evolution error
series are respectively εit and ωit. The state vectors are distinct and, for all
distinct i 6= j, the series εit and ωit are mutually independent of the se-
ries εjt and ωjt. Then the series yt =

∑m
i=1 yit follows a p-dimensional DLM

{F t,Gt, Vt,W t}, where p = p1 + · · · + pm, the state vector θt is given by

θt = (θ′1t, . . . ,θ
′
mt)
′, F t =

(
F ′1t, . . . ,F

′
mt

)′
, Gt = block diag(G1t, . . . ,Gmt),

W t = block diag(W 1t, . . . ,Wmt), and Vt =
∑m
i=1 Vit.

Example: (Dynamic regression) If at each time t a pair of observations (yt, xt)
is available, and there is a local linear relationship between yt and xt, a sim-
ple dynamic regression is defined by making F ′t = (1 xt), G = I2, the 2-
dimensional identity matrix, and W = diag(W1,W2).

Example: (Time varying level plus an annual seasonal component) F ′t =
(1 1 0), W = diag(W1,W2,W3), and

G =

 1 0 0
0 cos 2π/12 sin 2π/12
0 − sin 2π/12 cos 2π/12

 .

Discounting factors

The sequential updating steps described in Section 1.2.1 follow normal or
Student-t distributions because we assume that W t are known for all time t.
In practice, this is rarely true. One way to avoid estimating the elements of the
covariance matrix W t is through the use of discounting factors. As detailed in
[58], let P t = GtCt−1G

′
t = V ar[Gtθt|Dt−1], which can be viewed as the prior

variance in a NDLM with W t = 0, that is, with no evolution error term. The
usual NDLM leads to V ar[Gtθt|Dt−1] = P t +W t. The idea of discounting
factor is introduced by making W t = P t(1− δ)/δ, for some δ ∈ (0, 1]. Then,
Rt = P t/δ, resulting in an increase in the prior variance of θt, at time t− 1.
Note that, for given values of δ and C0 the series W 1, . . . ,W n is identified.
If a NDLM has different components following the superposition theorem, a
possible strategy is to specify different values of the discount factor for the
different components. Typically, the value of δ is used in the range [0.9, 0.99]
for polynomial, regression, and seasonal components [58].

Intervention and monitoring

Because of the sequential learning structure of NDLMs (Section 1.2.1), they
naturally accommodate changes in the observed time series. For example, if
an observation is missing at time t, then Dt = Dt−1, and θt|Dt ∼ N(mt,Ct),
with mt = at and Ct = Rt. On the other hand, if a change has occurred and it
is difficult to attribute it to a particular component, the prior variance matrix
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Rt can be changed to reflect the increased uncertainty about all parameters,
without a change in the prior mean at that would anticipate the direction of
the change.

The adequacy of NDLMs can be monitored online through the compari-
son between the observed value and the one-step ahead forecast distribution.
In particular, Bayes’ factors [13] can be used, and are usually based on the
predictive densities of the forecast errors, et = yt − ft. See [58, Chapter 11]
for more details both on intervention and monitoring in NDLMs.

1.2.5 Dynamic generalized linear models (DGLM)

The DLM was extended by [59] to the case wherein observations belong to the
exponential family. Assume that observations yt are generated from a dynamic
exponential family (EF), defined as

p(yt|ηt, φ) = exp{φ[ytηt − a(ηt)]}b(yt, φ), (1.11)

where ηt is the canonical parameter, φ is a scale parameter, usually time
invariant. We denote the distribution of yt as EF (ηt, φ). Let µt = E(yt|ηt, φ)
and g(.) be a known link function, at least twice differentiable, which relates
the linear predictor with the canonical parameter, that is

g(µt) = F (ψ1)′θt, (1.12)

where F , and θt are vectors of dimension p, and ψ1 denotes unknown quan-
tities involved in the definition of F (ψ1). Following the parameterization
of the exponential family in equation (1.11) it follows that the mean and
variance of yt are, respectively, given by E(yt|ηt, φ) = µt = ȧ(ηt) and
V (yt|ηt, φ) = Vt = φ−1ä(ηt).

Usually, in practice, assuming g(.) as the identity function provides good
results [59]. Some examples, where the link function is suggested by the defini-
tion of the canonical function, include the log-linear Poisson and logistic-linear
Bernoulli models. The state parameters, θt, evolve through time via a Marko-
vian structure, that is

θt = G(ψ2)θt−1 + ωt, ωt ∼ N(0,W ). (1.13)

The hyperparameter vectorψ2 represents possible unknown quantities inG(·),
the p × p evolution matrix. Lastly, ωt is the disturbance associated with the
system evolution with covariance structure W , commonly a diagonal matrix
which can vary over time. The initial information of the model is denoted by
θ0, and its prior distribution is defined through a p-variate normal distribu-
tion, that is, θ0|D0 ∼ N(m0,C0), where D0 denotes the initial information
set. Independence is assumed among the components of θ0 and ωt, ∀ t.

Posterior inference

West, Harrison and Migon (1985) [59] specify only the first and second mo-
ments of ωt. They perform inference procedure taking advantage of conjugate
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prior and posterior distributions in the exponential family, and used linear
Bayes’ estimation to obtain estimates of the moments of θt|Dt.This approach
is appealing as no assumption is made about the shape of the distribution of
the disturbance component ωt . However, we are limited to learn only about
the first two moments of the posterior distribution of θt|Dt. The assumption
of normality of ωt allows us to write down a likelihood function for θt and
all the other parameters in the model. Inference procedure can be performed
using Markov chain Monte Carlo algorithms. However, care must be taken
when proposing an algorithm to obtain samples from the posterior distribu-
tion of the state vectors θt. [59], [30] and [15], among others, proposed different
methods to obtain approximations of the posterior distribution of parameters
belonging to DGLMs. Estimation methods based on MCMC can be seen at
[54], [17], [21], and [38].

The Poisson case

Time series of counts are often encountered in ecological and environmental
problems. It is well known that the Poisson distribution assumes that the
mean and the variance are equal, which is hardly true in practice. Usually,
the variance is much greater than the mean. When this happens it is said that
the data are overdispersed. To account for overdispersion it is quite common to
use a mixture between the Poisson and gamma distributions, which marginally
results on a negative binomial distribution. Another mixture which is quite
used is between Poisson and log-normal distributions.

Assume that yt represents the number of realizations of the process under
study, for discrete time t ∈ {0, 1, 2, . . .}. Usually, it is assumed that yt follows
a Poisson distribution with mean λt. More generally, one can assume that
yt|λt, δt ∼ Poi(λtδt) with log λt = F ′tθt and θt following the evolution in
time as in Equation (1.13). Note that, when δt = 1 ∀t, a dynamic Poisson
model arises. From the evolution equation for θt we have log λt = F ′tGtθt−1 +
F ′tωt, which is equivalent to write λt = exp{F ′tGtθt−1 +F ′tωt}, and as ωt is
normally distributed, and is assumed to be independent of θt−1, we have that
δ∗t = exp{F ′tωt} follows a log-normal distribution, whose associated normal
has zero mean and variance F ′tWF t. Therefore, this generalized dynamic
Poisson model not only accounts for the temporal structure in the time series
but is also able to capture overdispersion, as for every time t the marginal
(with respect to ωt) variance of yt is greater than its mean.

If it is believed that there is some extra variability in the data, one alter-
native is to assume a continuous mixture such that δt follows a continuous
distribution assuming positive values, and δt is independent of λt, ∀t. If δt
follows a Gamma distribution with mean α/β and variance α/β2, denoted by
δt|α, β ∼ Ga(α, β), then the distribution of yt|λt, α, β, obtained through,∫

δt

p(yt|λt, δt)p(δt|α, β) dδt = p(yt|λt, α, β), (1.14)
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follows a negative binomial distribution with mean and variance given, respec-
tively, by E(yt|λt, α, β) = λtα/β = ϕt and V (yt|λt, α, β) = ϕt + λ2

tα/β
2.

Another possibility is to consider a log-normal mixture, that is, to assume
δt|aδ, V ∼ LN(aδ, V ), where LN(aδ, V ) stands for the log-normal distribution
whose associated normal has mean aδ and variance V . By using the properties
of conditional expectation, it can be shown that E(yt|λt, aδ, V ) = λt exp{aδ +
V/2} = φt and V (yt|λt, aδ, V ) = φt + λ2

t exp{2aδ + V }(eV − 1).
Notice that both mixtures capture overdispersion as the variances in both

cases are the means plus positive quantities. It is worth mentioning that writ-
ing yt as following a Poisson distribution with mean λ∗t = λtδt is equivalent
to assume log λ∗t = log λt + log δt which is equal to F ′tµt + log δt. Therefore,
log δt can be viewed as a random effect present to capture any extra variation.
[58], page 556, discuss this model as an alternative to capture possible extra
variations.

Zero-inflated dynamic Poisson model

Another common issue with the modeling of time-varying counts might be
the presence of a great amount of zeros. In this case, one might use a zero in-
flated version of the Poisson dynamic model. Following [1],let xt be a random
variable representing the presence (xt = 1) or absence (xt = 0) of the process
being observed. Assume that xt|θ follows a Bernoulli distribution with prob-
ability of success θ. Let π(yt|λt, δt) be a model for the process being observed
given it is present (xt = 1). In particular, here π(·|λt, δt) is the probability dis-
tribution function of the Poisson distribution with mean λtδt. By definition,
P (yt|λt, δt, xt = 1) = π(yt|λt, δt) and P (xt = 0|λt, δt, xt = 0) = 1. The joint
density function of xt and yt is given by

p(yt, xt|λt, δt, θ) = {θ π(yt|λt, δt)}xt (1− θ)1−xt . (1.15)

Therefore, the marginal distribution of yt, with respect to xt, is given by
p(yt|λt, δt, θ) = θ π(yt|λt, δt) + (1 − θ)δ0(yt), where δ0(yt) is an indicator
function, such that δ0(yt) = 1 if yt = 0, and zero otherwise. Clearly,
p(yt = 0|λt, δt, θ) > π(yt = 0|λt, δt).

Notice that xt is a latent variable, its inclusion in the model results that
P (yt = 0|λt, δt, Xt = 1) = π(yt = 0|λt, δt), P (yt > 0|λt, δt, xt = 0) = 0,
P (xt = 1|yt > 0, θ, λt, δt) = 1 and,

pt = P (xt = 1|yt = 0, θ, λt, δt) =
θ π(yt = 0|λt, δt)

θ π(yt = 0|λt, δt) + (1− θ)
, (1.16)

and marginally, as previously defined, xt follows a Bernoulli distribution with
probability of success θ, denoted by xt|θ ∼ Ber(θ). Notice that pt provides
an estimate of the probability of presence of the process, at time t, given that
no cases were observed. [53] makes comparison of these class of models for
artificial datasets and weekly number of cases of dengue fever between 2001
and 2002, in the city of Rio de Janeiro, Brazil.



12 Dynamic models

1.3 Multivariate Dynamic Linear Models

The multivariate extension of the dynamic linear models introduced in Sec-
tion 1.2 leads to the broad classes of multivariate and matrix variate Gaussian
DLMs, both of which we briefly revisit here. We then focus on two quite pop-
ular and general classes of multi-dimensional DLMs: spatio-temporal models
and dynamic factor models. Here, we closely follow the notation of [58, Chap-
ter 16] and [45, Chapter 10].

1.3.1 Multivariate NDLMs

For a p-dimensional vector yt = (yt1, . . . , ytp)
′, a multivariate normal DLM

can be written as

yt = F ′tθt + εt, εt ∼ N(0,V t), (1.17)

θt = Gtθt−1 + ωt, ωt ∼ N(0,W t), (1.18)

where θ0 ∼ N(m0,C0). In what follows, for simplicity, it is assumed that
both sequences of observation and evolution covariances matrices V t and W t

are known and of dimensions (p×p) and (k×k), respectively. This assumption
is relaxed later on when dealing with the special cases. Therefore, the model is
completely specified by the quadruple {F t,Gt,V t,W t}, where F ts are (k×p)
matrices and Gts are (k × k) matrices. It follows directly from Section 1.2.1
that, for t = 1, 2, . . .,

(θt|Dt−1) ∼ N(at,Rt),

(yt|Dt−1) ∼ N(f t,Qt),

(θt|Dt) ∼ N(mt,Ct),

where at = Gtmt−1, Rt = GtCt−1G
′
t+W t, f t = F ′tat, Qt = F ′tRtF t+V t,

with mt = at +At(yt − f t) and Ct = Rt −AtQtA
′
t, with At = RtF tQ

−1
t .

On the one hand, in this parametrization the i-th time series {yti} has
its own set of regressors, represented the i-th column of the matrices F t, but
shares the dynamic regression coefficients, θt, with all other p− 1 time series.
On the other hand, [47] proposed the common components multivariate DLM,
where each time series {yti} has its own dynamic regression coefficients, θti,
but shares the set of regressors in F t.

1.3.2 Multivariate common-component NDLMs

In this case, the model is written as p component univariate DLMs,

yti = F tθti + εti, εti ∼ N(0, viivt), (1.19)

θti = Gtθt−1,i + ωti, ωti ∼ N(0, viiW t), (1.20)
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so yti follows a DLM characterized by the quadruple {F t,Gt, viivt, viiW t}.
Besides F t, the univariate component models are also linked though (poten-
tially) nonzero covariances on V , i.e. Cov(εti, εtj) = vtvij and Cov(ωti,ωtj) =
vijW t, for i 6= j.

Time-varying parameter vector autoregressions (TVP-VAR)

A quite popular special case are time-varying parameter vector autoregressive
models where F t contains several lags of all time time series in yt (See, for in-
stance, [46], [39] and [31]). More precisely, a standard time-varying parameter
VAR(k) can be written as

yt =

k∑
l=1

Bltyt−l + εt, (1.21)

where εt ∼ N(0,V t), yt is a p-dimensional vector of ecological or epidemiolog-
ical measurements, for instance, and Blt is the time t and lag l autoregressive
coefficient matrix. Let Blt = (blt,1, . . . , blt,p)

′, so b′lt,i is the p-dimensional vec-

tor corresponding to the ith row of Blt. Now let βit = (b′1t,i, b
′
2t,i, . . . , b

′
kt,i)

′

be the pk-dimensional vector of coefficients corresponding to the ith equation.
Therefore, the above TVP-VAR(k) model can be rewritten as

yt = F ′tθt + εt, (1.22)

where F ′t = (Ip⊗x′t), xt = (y′t−1,y
′
t−2, . . . ,y

′
t−k)′ is a pk-dimensional vector

of lagged observations and θt = (β′1t, . . . ,β
′
pt)
′ is a p2k-dimensional vector of

autoregressive coefficients. In other words, Equation (1.21) has been rewritten
as an observation equation for a multivariate NDLM as in Equation (1.17).

1.3.3 Matrix-variate NDLMs

The model is an extension of the previous common-component model to allow
for q × p matrices of observations yt:

yt = (Iq ⊗ F ′t)θt + εt, εt ∼ N(0,U t,V t), (1.23)

θt = (Iq ⊗Gt)θt−1 + ωt, ωt ∼ N(0,U t ⊗W t,V t), (1.24)

where the matrix-variate normal ε ∼ N(0,U ,V ) basically means that the
ith row of ε is N(0, uiiV ), while its jth column is N(0, vjjU). For matrix-
variate normal distributions see [12]. See [32] for the matrix-variate extension
of the dynamic hierarchical models of [18]. Dynamic matrix-variate graphical
models are introduced by [9]. Sequential updating, forecasting and retrospec-
tive smoothing follow directly from the previous derivations. Similarly, when
the prior for V is inverse Wishart, sequential updating follows directly from
Section 1.2.1. See [45, Chapter 10] for additional details.
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1.3.4 Hierarchical dynamic linear models (HDLM)

In certain applications, a natural hierarchical order arises in the dynamics of
time series and their interdependences. For example, monthly levels of a set of
pollutants might be contemporaneous related and their conditional expecta-
tions functions of regional characteristics, such as climate, industrial develop-
ments and other demographic aspects. A hierarchy, in this context, might arise
to connect regressions across regions by pooling their coefficients, either via a
common mean vector or through yet another set of explanatory variables.

Here we briefly review Gamerman and Migon’s (1993) [18] seminal pa-
per on dynamic hierarchical linear models (DHLM) for time series of cross-
sectional data, which generalizes the hierarchical model introduced by Lindley
and Smith (1972)[33]. See, for instance, [2] and [11] for additional examples
of hierarchical models in spatial and spatio-temporal models.

Their basic DHM is composed of three equations: observational, structural
and system, with the structural equations accounting for the levels of hierar-
chy. For example, a normal DHLM (NDHLM) with three hierarchical levels
can be written as

yt = F ′1tθ1t + ε1t ε1t ∼ N(0,V 1t) (1.25)

θ1t = F ′2tθ2t + ε2t ε2t ∼ N(0,V 2t) (1.26)

θ2t = F ′3tθ3t + ε3t ε3t ∼ N(0,V 3t) (1.27)

θ3t = Gtθ3,t−1 + ωt ωt ∼ N(0,W t). (1.28)

The model can be easily reduced to a two-level NDHLM by making F 3t = I
and V 3t = 0. If, in addition, F 2t = I and V 2t = 0, the above NDHLM reduces
to a standard NDLM. A standard normal hierarchical linear model (NHLM) is
obtained when Gt = I and W t = 0. As pointed out by Gamerman and Migon
(1993), a distinct feature of NDHLM is that dim(θ1t) > dim(θ2t) > dim(θ3t).

Example: (Cross-section of random samples of linear growing exchangeable
means) For yt = (yt1, . . . , ytn)′, θ1t = (θ1t,1, . . . , θ1t,n)′, θ2t = (µt, βt)

′ and
F ′ = (1n 0n), the model is written as a two-stage NDHLM:

yt|θ1t ∼ N(θt, σ
2In)

θ1t|θ2t ∼ N(F ′θ2t, τ
2In)

θ2t|θ2,t−1 ∼ N(Gθ2,t−1,W t),

where G follows the same structure of the linear growth introduced at the
beginning of the chapter.

1.3.5 Spatio-temporal models

Environmental and ecological processes usually vary across space and time
simultaneously. Spatio-temporal observations are naturally accommodated in
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the DLM framework. We start the discussion by considering that locations
vary continuously across the region of interest. Next we discuss the problem
where the spatial region under study is divided into a finite number of regular
or irregular subregions (areal level), resulting in observations for each sub-
region. Spatial interpolation is the main interest in the former, while in the
latter the main interest is on spatial smoothing.

Geostatistical setup: observed locations varying continously in space

Let {yt(s), s ∈ B ⊂ Rd, t ∈ T} be a spatial random field at discrete time t,
and usually, d = 1, 2 or 3. If a partial realization of the spatial random field
is available at each time t, the model specification in equation (1.17) is useful
to describe the behaviour of the spatial process for each time t.

Following [11], let the observed data yt(s), be a noisy version of the process
of interest, Zt(s), that is, assume

yt(s) = zt(s) + vt(s) (1.29)

zt(s) = F ′tθt + ε∗t (s) (1.30)

θt = Gtθt−1 + ωt, (1.31)

where ε∗t (·) is assumed to follow a zero mean Gaussian process with some
covariance matrix Σt, while vt(s) represents measurement error assumed to
follow an independent zero mean normal distribution with variance τ2. It is
assumed further that ε∗t (s) are independent across time, and independent of
vt(s) and ωt, for all t and s ∈ D.

If we substitute equation (1.30) into (1.29), we obtain yt(s) = F ′tθt +
ε∗t (s) + vt(s). If we stack the observations of the process at time t onto a
vector yt = (yt(s1), yt(s2), . . . , yt(sn))′, and assume a similar structure for
ε∗t and vt, respectively, we can write yt|F t,θt,vt, τ2 ∼ N(F ′tθt + vt, τ

2In).
In other words, conditional on vt, the elements of yt are independent across
space, for each time t. We can marginalize the distribution of yt with respect
to vt. As vt follows a zero mean multivariate normal distribution, then the dis-
tribution of p(yt|θt,F t, τ2,Σt) =

∫
vt
p(yt|F t,θt,vt, τ2) p(vt|Σt)dvt follows

a multivariate normal distribution with mean F ′tθt and covariance matrix
V t = Σt + τ2In.

Note that, if spatio-temporal covariates are present in the columns of F t
the mean of the process is also varying across space for each time t. On the
other hand, if spatio-temporal covariates are not available, then the tempo-
ral trend is fixed across space, and εt captures, at each location, deviations
from this overall temporal structure. The main issue is the specification of
the covariance matrix Σt. The simplest alternative to account for spatial cor-
relation at each time t is to model each element of the covariance matrix
Σt = Σ ∀t, as a function of a common variance times a correlation function
that depends on the Euclidean distance among the monitoring locations, that
is, Σij = σ2ρ(d,φ), where d = ||si−sj || is the Euclidean distance. The param-
eters in φ are typically scalars or low dimensional vectors. For example, φ is
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univariate when the correlation function is exponential ρ(d, φ) = exp{−d/φ}
or spherical ρ(d, φ) = (1 − 1.5(d/φ) + 0.5(d/φ)3)1{d≤φ}, and bivariate when

the correlation function it is power exponential ρ(d,φ) = exp{−(d/φ1)φ2}
or Matérn ρ(d,φ) = 21−φ2Γ(φ2)−1(d/φ1)φ2Kφ2

(d/φ1), where Kφ2
(·) is the

modified Bessel function of the second kind and order φ2. In both bivariate
cases, φ1 > 0 is a range parameter controlling the speed of correlation decay
between locations, while φ2 is a smoothness parameter that controls the differ-
entiability of the underlying process (see [2] for details). If it is believed that
the variance of vt changes with time, one alternative is to allow σ2 to vary
smoothly with time, for example, by making log σ2

t = log σ2
t−1 + ε1t, with ε1t

following a zero mean normal distribution, with possibly unknown but con-
stant variance Wσ, and initial information log σ2

0 ∼ N(0, b), for some known
constant b. This will lead to a covariance matrix V t that changes with time.
When inference procedure is performed using MCMC methods, the algorithm
must be adapted to include steps to sample from the posterior full conditional
distributions of the elements of φ, and the variances σ2

0 , σ
2
1 , . . . , σ

2
T . This can

be achieved, for example, through individual Metropolis-Hastings steps for
each of these parameters.

An alternative in the modelling of the covariance matrix is to assign an
inverse Wishart prior distribution for Σt, which results on a nonstationary
(free form) covariance matrix. The discount ideas discussed in Section 1.2.4
were extended by [34] for variance matrices discounting. [51] on the other
hand, propose to define Σt as a function of covariates. Care must be taken
when using covariate information in the covariance structure as it is necessary
to guarantee that the resultant covariance structure is positive definite.

Spatial interpolation and temporal prediction

Usually, in spatio-temporal settings the aim is to perform spatial interpolation
of the process for unmonitoring locations and temporal prediction. Initially,
assume we want to predict the process for a vector of dimension k, of ungauged
locations at observed time t ∈ T , say ỹt = (yt(s̃1), . . . , yt(s̃k))′. Assuming that
y = (y1(s1), . . . , y1(sn), . . . , yT (s1), . . . , yT (sn))′ represents the vector of the
time series observed at nmonitoring locations, we need to obtain the predictive
posterior distribution, p(ỹt|y), which is given by

p(ỹt|y) =

∫
θ

p(ỹt|y,θ)p(θ|y)dθ, (1.32)

where θ is a parameter vector comprising all the unknowns in the model.
Spatial interpolations are obtained by considering the distribution of

(yt, ỹt) conditional on the parameters, and the initial information θ0. This
distribution is given by(

yt
ỹt
|θ, V,W

)
∼ N

((
F ′tθt

F̃
′
tθt

)
;

(
Vy Vyỹ

Vỹy Vỹỹ

))
,
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where F̃ t corresponds to the regression matrix for ungauged locations. Similar
notation is used to split the covariance matrix into four blocks. We then have
that

ỹt|yt,θ ∼ N
(
µ̃t + Vỹy(Vy)−1(yt − µt), (Vỹỹ −Vỹy(Vy)−1Vỹy)

)
,

where µt = F ′tθt and µ̃t = F̃
′
tθt for all t. Once samples from the posterior

distribution of the parameter vector are available, samples from the poste-
rior predictive distribution of ỹt are easily obtained by sampling from the
conditional distribution above.

Temporal k steps ahead prediction at monitoring locations is given by the
following posterior predictive distribution

p(yT+k|DT ) =

∫ k∏
h=1

p(yT+h|F T+h,θT+h,V )p(θT+h|θT+h−1,W )

× p(θ|DT )p(W )p(V )dθ̃dθdW dV ,

where DT = {y1, . . . ,yT }, θ = (θ1, . . . ,θT ) and θ̃ = (θT+1, . . . ,θT+k). The
integral above can be approximated by

p(yT+k|DT ) ≈ 1

M

M∑
m=1

p(yT+k|F T+k,θ
(m)
T+k,V

(m)).

Here the superscript (m) denotes samples from the posterior of θT+1, . . . ,θT+k,
V . Samples from the distribution above can be obtained by propagating θT+k

following the system equation in (1.18), and through the samples from the
posterior distribution of the parameter vector.

The use of multivariate DLM to model spatio-temporal processes has been
widely used in the literature. For example, [28] propose a spatio-temporal
model for hourly ozone levels in Mexico City. The model is formulated within
the state-space framework, and allows for uncertainty on any missing values
of ozone concentrations and covariates. [19] extend the multivariate DLM
to allow the coefficients θt to vary smoothly with space. They extend this
proposal to model multivariate spatio-temporal processes. [40] extend the class
of DLM to allow the error term εt to follow autoregressive processes with
spatially varying coefficients.

Spatio-temporal models for non-normal data

For many environmental processes that vary across space and time, the as-
sumption of normality of the observations is unreasonable. The univariate
generalized dynamic model described in Section 1.2.5 is naturally extended to
accommodate spatio-temporal observations. Commonly, the spatio-temporal
process is built upon the assumption of conditional independence given the pa-
rameter vector defining the family of distribution under interest. More specif-
ically, let yt(s) denote a spatio-temporal process under study, and we assume
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that

yt(s)|ηt(s), φ ∼ EF (ηt(s), φ)

g(µt(s)) = F ′t(s)θt + εt(s), εt(s) ∼ N(0,Σt) (1.33)

θt = Gtθt−1 + ωt, ωt ∼ N(0,W )

ω0|D0 ∼ N(m0,C0),

where, again, ηt(s) is the canonical parameter of the exponential family, φ
is a scale parameter, usually time invariant, µt(s) = E(yt(s)|ηt(s), φ), g(.) is
a known link function, at least twice differentiable, which relates the linear
predictor with the canonical parameter, and F ′t(s) is a p-dimensional vector
with the covariates observed at location s.

Example: This example shows the resultant properties of the model in equa-
tions (1.33) for the Poisson case, where yt(s) | λt(s) ∼ Poisson(λt(s)). This
can be viewed as a Poisson-lognormal mixture model. Using the results based
on conditional expectation, it can be shown that marginal expectation, vari-
ance and covariance structures for yt(s) are given by:

E(yt(s)) = βt(s) = exp{F t(s)′θt + 0.5Σ(s, s)}
V (yt(s)) = βt(s) + β2

t (s)[exp{Σ(s, s)} − 1] (1.34)

C(yt(si), yt(sj)) = βt(si)βt(sj)[exp{Σ(si, sj)} − 1],

which is able to capture overdispersion, as V (yt(s)) > E(yt(s)). If F t(s) has
covariates that vary with s, regardless of the covariance structure Σ, yt(s) is
a nonstationary process in space.

Note that in the case of spatio-temporal generalized dynamic models, the
MCMC algorithm for the state vector θt can take advantage of the FFBS
algorithm to sample from the posterior full conditional of the state vectors,
because of the presence of the latent component εt(s) in equation (1.33).

A practical example of generalized spatio-temporal dynamic linear model
is proposed by [49], who propose a joint model for rainfall-runoff, two of the
most important processes in hydrology. The challenge is to account for the
different observational spatial scales of rainfall and runoff. This is done by
using generalized dynamic linear models, and the effect of rainfall on runoff
is modelled through a transfer function model [59]. Schmidt et al. (2010) [52]
explore a Poisson-lognormal mixture spatio-temporal model for outbreaks of
malaria in the state of Amazonas, Brazil. They compare models that assume
different structures for the covariance matrix Σ, including an inverse-Wishart
prior for Σ.

Areal level spatio-temporal processes

Refer to Sudipto’s chapter? Is there areal data there? In this scenario, for each
time t, spatial observations are made at a (regular or irregular) partition of the
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region of interest D. Now, both temporal and spatial indices, vary discretely.
This process is denoted as Yti for t = 1, 2, · · · and i = 1, 2, · · · , n.

Usually, for each time t, observations are available for all subregions and,
commonly, interest lies on spatial smoothing and temporal prediction. In this
set up, it is common practice to capture spatial effects through Markov random
fields. The idea of the Markov random field is to specify the joint distribution of
the spatial effects through local specifications. [5] introduced the conditionally
autoregressive (CAR) models. Let εi be a latent spatial effect at location i,
and define the conditional distribution

εi|εj , j 6= i ∼ N

∑
j

wijεj/wi+ , τ
2/wi+

 for i = 1, 2, · · · , n .

Through Brook’s Lema, it can be shown that the joint distribution of the spa-
tial effects is proportional to p(ε1, · · · , εn) ∝ exp

{
− 1

2τ2 ε
′(Dw −W )ε

}
, where

Dw is diagonal with elements (Dw)ii = wi+. The matrix W is a proximity
matrix defining the neighbourhood structure. In practice, it is common to as-
sume W as following a first order neighbouring structure, that is, Wij = 1
if locations i and j are neighobors, and 0 otherwise. The joint distribution of
ε = (ε1, · · · , εn)′ defined in this way is improper because (Dw −W )1n = 0.
For this reason, this distribution cannot be used as a model for data. One way
to make the distribution of ε proper is to introduce a parameter ρ in Dw−ρW
with ρ ∈ (1/λ(1), 1/λ(n)) where λ(1) and λ(n) are, respectively, the smallest

and biggest eigenvalues of D
−1/2
w WD

1/2
w . See [2, pages 80-84] for details.

These models are commonly used in epidemiological studies (refer to
Francesca’s chapter?). For example, [41] propose a Poisson spatio-temporal
model for the number of cases of malaria observed at municipalities of the
state of Pará, Brazil as a function of rainfall. They propose a dynamic regres-
sion model similar to equation (1.33), and compare models that assume εit
to be independent across space for each time t, vis-a-vis a CAR prior distri-
bution for εt. They also explore models that capture a temporal correlation
among the εt by allowing the logarithm of the variance of the conditional
autoregressive process to vary smoothly with time.

Vivar and Ferreira (2002) [57] extend the multivariate DLM to accom-
modate spatial structures for areal data processes. This is done by assuming
proper Gaussian Markov random fields as the distribution of the innovations
of both observational and evolution equations, that is, εt and ωt in equation
(1.33). They discuss inference procedure under the Bayesian paradigm and
they propose the forward information filter backward sampler algorithm, a
modification of the forward filter backward sampler algorithm.

1.3.6 Dynamic factor models (DFM)

Here we briefly revisit two classes of dynamic factor models. In the first case
both factor loadings, factor variances and idiosyncratic variances are all time-
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varying and follows standard dynamic linear structures. In the second case,
the unobservable factor scores themselves follow standard vector ARMA struc-
tures.

Standard normal factor analysis is the backbone of dynamic factor models.
In this context, data on p related variables are considered to arise through
random sampling from a zero-mean multivariate normal distribution where
Ω denotes an p × p non-singular variance matrix. For any specified positive
integer q ≤ p, the standard q−factor model relates each yt to an underlying
q−vector of random variables f t, the common factors, via

yt = βf t + εt, (1.35)

where (i) the factors f t are independent with f t ∼ N(0, Iq), (ii) the εt are
independent normal p−vectors with εt ∼ N(0,Σ), and Σ = diag(σ2

1 , · · · , σ2
p),

(iii) εt and fs are independent for all t and s, and (iv) β is the p × q factor
loadings matrix.

Under this model, the variance-covariance structure of the data distribu-
tion is constrained with Ω = V (yt|Ω) = V (yt|β,Σ) = Ω = ββ′ + Σ. Condi-
tional on the common factors, observable variables are uncorrelated. In other
words, the common factors explain all the dependence structure among the p
variables. For any elements yit and yjt of yt and conditionally on β and Σ, we
have the characterising moments, (i) var(yit|f) = σ2

i , (ii) cov(yit, yjt|f) = 0,
(iii) var(yit) =

∑q
l=1 β

2
il + σ2

i , and (iv) cov(yit, yjt) =
∑q
l=1 βilβjl.

In practical problems, especially with larger values of p, the number of
factors q will often be small relative to p, so most of the variance-covariance
structure is explained by a few number of common factors. The uniqueness,
or idiosyncratic variance, σ2

i , measures the residual variability in the ith com-
ponent of yt once the contribution by the factors is accounted for. Mod-
ern MCMC-based posterior inference in standard factor analysis appears in,
among others, [22] and [37]. Extensions to time-varying loadings and time-
varying idiosyncratic and factor variances can be found in Lopes and Carvalho
(2007) [35], and the references therein.

Spatial dynamic factor models

Lopes et al. (2008) [36] propose a new class of nonseparable and nonstationary
space-time models that resembles a standard dynamic factor model (see [42]):

yt = µ+ βf t + εt, εt ∼ N(0,Σ) (1.36)

f t = Γf t−1 + ωt, ωt ∼ N(0,Λ) (1.37)

where yt = (y1t, . . . , ynt)
′ is the n-dimensional vector of observations (loca-

tions s1, . . . , sn and times t = 1, . . . , T ), µ is the mean level of the space-time
process, f t is an m-dimensional vector of common factors, for m < n (m is po-
tentially several orders of magnitude smaller than n) and β = (β(1), . . . ,β(m))
is the n×m matrix of factor loadings. The matrix Γ characterizes the evolu-
tion dynamics of the common factors, while Σ and Λ are observational and
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evolutional variances. For simplicity, it is assumed that Σ = diag(σ2
1 , . . . , σ

2
n)

and Λ = diag(λ1, . . . , λm). The dynamic evolution of the factors is character-
ized by Γ = diag(γ1, . . . , γm), which can be easily extended to non-diagonal
cases.

Equations (1.36) and (1.37) define the first level of the proposed dynamic
factor model. Similar to standard factor analysis, it is assumed that the m
conditionally independent common factors f t capture all time-varying covari-
ance structure in yt. The conditional spatial dependencies are modeled by the
columns of the factor loadings matrix β. More specifically, the jth column of
β, denoted by β(j) = (β(j)(s1), . . . , β(j)(sn))′, for j = 1, . . . ,m, is modeled as
a conditionally independent, distance-based Gaussian process or a Gaussian
random field (GRF), i.e.

β(j) ∼ GRF (β0, τ
2
j ρφj

(·)) ≡ N(µβj
∗
, τ2
jRφj

), (1.38)

where β0 is a n-dimensional mean vector. The (l, k)-element of Rφj
is given

by rlk = ρ(||sl − sk||,φj), l, k = 1, . . . , N , for suitably defined correlation
functions ρ(·,φj), j = 1, . . . ,m. The proposed model could, in principle, ac-
commodate nonparametric formulations for the spatial dependence, such as
the ones introduced by [20], for instance. The spatial dynamic factor model is
defined by equations (1.36)–(1.38).

1.4 Further aspects of spatio-temporal modeling

The spatio-temporal DLM framework previously discussed can be extended
to accommodate more complex processes that result on more flexible space-
time covariance structures and/or allow to account for physical information.
In the following subsections we briefly discuss spatio-temporal models based
on process convolution approaches, stochastic partial differential (SPDE) and
integro-difference (IDE) equations. The discussion about SPDEs and IDEs
follow closely Chapters 6 and 7 of [11].

1.4.1 Process convolution based approaches

A Gaussian process can be obtained through a constructive approach by con-
volving a continuous white noise process θ(s), s ∈ D ⊂ R2 with a smoothing
kernel k(s). [26] allow the smoothing kernel to vary with location resulting
on a nonstationary Gaussian process. On the other hand, [24] extend the spa-
tial convolution approach to model spatio-temporal processes, and [25] extend
this spatio-temporal convolution approach to allow the spatial kernel to evolve
smoothly with time. This proposal is as follows. Let Zt(s) be a stochastic pro-
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cess defined in continuous space D and discrete time t, such that

Zt(s) =

∫
D

k(u− s)θ(u, t)du, (1.39)

where k(s) is a smoothing kernel. To reduce the dimension of the problem,
consider θ(·, t) to be nonzero at m spatial locations, l1, · · · , lm, and now

Zt(s) =

m∑
j=1

k(lj − s)θjt, (1.40)

where each sequence {θ}jt follow a Gaussian random walk, such that θjt =
θj t−1 + ωjt with ωjt ∼ N(0,W ). Note that L = {l1, · · · , lm} plays the role
of the spatial support that approximates the continuous process in D, and
reduces the spatial dimension of the problem. If we add an independent mea-
surement error component in equation (1.40) together with the random walk
assumption for the θjt we have a DLM:

yt = F ′θt + vt

θt = Gtθt−1 + ωt

where yt = (Zt(s1), . . . , Zt(sn))′, F ji = k(lj − si) and θt = (θ1t, . . . , θmt)
′.

Higdon (2002) [25] uses this approach to model daily concentrations of
ozone across 30 days. [55] use a similar approach by describing the mean of
the process as a locally-weighted mixture of linear regressions, with the coeffi-
cients evolving smoothly with time. [50] consider a class of models for spatio-
temporal processes based on convolving independent processes with a discrete
kernel that is represented by a lower triangular matrix. This was inspired by
coregionalization models for multivariate spatial data. [7] extend the dynamic
process convolution model to describe multivariate spatio-temporal processes.
This convolution approach can also be used to model non-normal data. For
example, [27] use the dynamic process convolution to model the location pa-
rameter of a generalized extreme value distribution to describe extreme levels
of ozone at some monitoring stations in Mexico City.

1.4.2 Models based on stochastic partial differential equa-
tions

Commonly, when modeling spatio-temporal processes, scientific theory is
available, e.g. through the specification of deterministic models, to describe a
wide class of spatio-temporal processes in ecology, environment and epidemi-
ology. This theory might serve as prior information to describe the process
under study. [64] mention that one should make use of the information in
the developed science but should also recognize that there are uncertainties
associated with that knowledge. For example, [23] uses stochastic partial dif-
ferential equations to develop general classes of covariance functions for spatial
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processes. [6] proposes a non-separable space-time covariance matrix based on
a physical dispersion model, that is suitable to describe processes that spread
or disperse over time, such as air pollution. [4] discusses the combination of
physical reasoning and observational data through the use of Bayesian hier-
archical models.

The DLM framework previously discussed can be used to accommodate the
use of partial differential equations (PDEs) to account for scientific knowledge
of the process. Moreover, it accounts for the uncertainty about the specifica-
tion of the dynamics of the process, as the PDE is substituted by a stochastic
PDE. Broadly speaking, this is done by allowing the state evolution to be
defined through a partial differential equation model (e.g. reaction-diffusion
processes), and the spatial process is approximated through a spatial grid and
partial differential equations are solved using finite-difference methods [56].
[62] mentions that focus has been given on reaction-diffusion processes mod-
eled via PDEs, integrodifference equations and discrete-time contact models.
The choice among these models depend on whether one is considering discrete
time and/or space [62].

Consider the stochastic process {Z(s, t), s ∈ Ds ⊂ R, t ∈ Dt ⊂ R}. [23]
considers models for two-dimensional processes based on the general second-
order linear SPDE which leads to three types of models: parabolic, elliptic
and hyperbolic forms. Following [11], we focus on the parabolic SPDE [23, 29]
which is governed by

∂Z(s, t)

∂t
− β ∂

2Z(s, t)

∂s2
+ αZ(s, t) = δ(s, t), (1.41)

where α > 0, β > 0, and δ(s, t) is a zero mean random error process. Although
these models are difficult to deal with analytically, [23] shows that Z(s, t) has
a stationary covariance function and derives an analytical expression for the
corresponding spatio-temporal correlation function. Equation (1.41) can be
approximated through finite differences,

Z(s; t+ ∆t) ≈ δ1Z(s, t) + δ2Z(s+ ∆s; t) + δ2Z(s−∆s; t), (1.42)

by assuming that the first-order partial derivative in time is approximated
with a forward difference, the partial second-order in one-dimensional space
is approximated with a centered difference, with δ1 = (1− α∆t − 2β∆t/∆

2
s),

δ2 = β∆t/∆
2
s, and α∆t < 1 and 2β∆t/∆

2
s < 1.

According to equation (1.42), the future value of Z at location s is related
to current values at s and neighboring spatial locations. If we discretize space
by defining Ds = {s0, · · · , sn+1}, where sj = s0 + j∆s and j = 0, 1, · · · , n+ 1,
for each k = 1, · · · , n, we can write

Z(sk; t+ ∆t) = δ1Z(sk; t) + δ2Z(sk+1; t) + δ2Z(sk−1; t).

Defining Zt = (Z(s1; t), · · · , Z(sn; t))′, and Z
(b)
t = (Z(s0; t), Z(sn+1; t))′, we

have

Zt+∆t
= G(δ)Zt +G(b)(δ2)Z

(b)
t , t = 0, 1, · · · (1.43)
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where G(δ) is a n× n, tridiagonal propagator matrix, and G(b)(δ2) is a n× 2
boundary propagator matrix. Let Dt = {0, 1, 2, . . .}, then from a given initial

condition Z0 and boundary conditions {Z(b)
t : t = 0, 1, . . . , } we can obtain

a numerical solution to the difference equation in (1.42), which in turn is an
approximation to the SPDE in (1.41). If a mean-zero, random error component
εt+1, is added to the right-hand side of equation (1.43) we obtain a stochastic
spatio-temporal difference equation corresponding to the parabolic SPDE in
equation (1.41). We assume that {εt} is i.i.d. Whittle (1986) [60] calls this
a diffusion-injection difference equation. As the boundary term is given, this
stochastic difference equation can be seen as a multivariate first-order auto-
regressive model.

The idea above can be considered to model counts that vary across space
and time. [62] proposes a Poisson-lognormal mixture model to estimate the
abundance of House Finches over the eastern USA. The proposed model is
similar to the one shown in equations (1.33) with an additional component
in the log(λt(s)) that follows a reaction-diffusion model, which is approxi-
mated through first-order forward differences in time and centered differences
in space.

1.4.3 Models based on integro-difference equations

As described in [11, Section 7.2] integro-difference equations (IDEs) might
be useful in describing spatio-temporal processes that have long-range depen-
dence, requiring a more general form of the propagator matrix G. When time
is discrete and space continuous, in the case of linear dynamics, the IDE is
given by

Zt(s) =

∫
Ds

g(s,x; δs)Zt−1(x)dx, s ∈ Ds (1.44)

where Ds is the spatial domain of interest. The function g(s,x; δ) is called a
redistribution kernel which can have a different shape for each spatial location
s, controlled by parameters δs. If we add a random noise term, ωt(s), which
is independent in time but may be correlated in space and is independent of
Zt−1(s), such that

Zt(s) =

∫
Ds

g(s,x; δs)Zt−1(x)dx + ωt(s),

a stochastic IDE results.
As proposed by [63], typically one has to discretize the integral equation

to reformulate the model. Considering a discretized grid, the kernel defined
for locations si, g(si,x, δs) corresponds to the i − th row of the propagator
matrix G(δ), such that

Zt = G(δ)Zt−1 + ωt

where ωt ∼ N(0,R).
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This discretized version of the model is suitable to achieve state-space di-
mension reduction and can be put onto a state-space framework [63, 10]. [11]
mentions that IDE dynamical models can accommodate complicated spatio-
temporal dynamics with relatively few parameters. This IDE approach is nat-
urally extented to accommodate non-normal processes. [61] assumes a condi-
tional spatio-temporal Poisson intensity process for cloud intensity data, and
uses the kernel-based integro-difference approach as a latent component in the
mean of the logarithm of the Poisson intensity process.

The processes described in the previous subsections can be incorporated
as components in hierarchical models to accommodate complex structures.
Typically, inference procedure is performed under the Bayesian paradigm.
Applications of such models can be seen in Chapters Nychka & Wikle, and M.
Berliner & C. Wikle See also [11] and, references therein, for more details.
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