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DYNAMIC LINEAR MODELS

Example i. local level model

Let us start this tutorial reviewing the most basic normal dynamic linear model, i.e. West and
Harrison’s (1997) local level model:

Yer1|2i41,0 ~ N(we41,07)
xt-‘rllxta 0 ~ N(‘rth2)

where xg ~ N(mg,Cp) and 0 = (02, 72) fixed (for now).

Yo Y Yir

Example i. Evolution, prediction and updating

Let 4" = (y1,---, yr)-

p(ly’) = p(esly’) = p(yegr|ze) = P($t+1|yt+1)

Posterior at t: (z¢|yt) ~ N(my, Cy)

Prior at t+ 1: ($t+1|yt) ~ N(mt, RtJrl)
e Marginal likelihood: (ys11|yt) ~ N(my, Qii1)

e Posterior at t + 1: (z¢11|y*T!) ~ N(mys1, Craq)

where Ryy1 = Cp + 72, Qie1 = Ry + 0%, A1 = Riy1/Qis1, Cipr = Aggr0?, and myyq =
(1= Air)me + Arr1yes-

Example i. Backward smoothing
For t = n, x,|y" ~ N(m]', CI'), where
my = My
cy, = C,
For t <mn, x|y™ ~ N(m},CJ"), where

m;’ = (]. — Bt)mt + Btm?+1
Cf = (1-B)Ci+ B{C,



and

C
By=—"t
Ot + 72
Example i. Backward sampling
For t = n, x,|y" ~ N(al, RI'), where
ay Mp,
R = C,
For t <n, xy|xi41,y" ~ N(ay, R}), where
ai = (1= By)mi + Biwiya
R} = B’
and o
By = —"t
Ct + 7'2

This is basically the Forward filtering, backward sampling algorithm used to sample from p(z™|y™)
(Carter and Kohn, 1994 and Frithwirth-Schnatter, 1994).

Example i. Simulated data
n =100, 02 = 1.0, 72 = 0.5 and 2o = 0.

time

Example i. p(z;|yt,0) versus p(z;|y",0)
mgy = 0.0 and Cy = 10.0



—— Forward filtering
—— Backward smoothing

time

Example i. p(6|y") o< p(6)p(y"(6)
We showed earlier that the sequential predictive density is

(yely' ™) ~ N(me—1,Qq)

where both m;_; and Q; were presented before and are functions of § = (02,72), y*~!, mg and Cy.

Therefore, by Bayes’ rule,

p(Oly"™) o< p(@)p(y"|0)

n

p(0) HfN(yt|mt—1,Qt)-

t=1

Example i. p(y|o?,72)

20

15

0.5 1.0 15 20

Example i. MCMC scheme



e Sample 6 from p(O|y™, x™)

n
p(0ly", z") HP (ytl|zt, O)p(w|24-1,0).
t=1

e Sample 2" from p(z"|y", )
n
n ‘y 9 H xt|at 5 Rt

where, a” = a,, and C" = C,, and, fort =1,...,n — 1, a? = (1 — By)my + Bywy11, R} = Byr? and
Bt = Ct/(Ct + 7_2).

Example i. p(o?,7%|y")

Example i. p(z:|y")

time



Example ii. Comparing sampling schemes

Based on Gamerman, Reis and Salazar (2006) Comparison of sampling schemes for dynamic linear models. International

Statistical Review, 74, 203-214.

First order DLM with 02 = 1

Yt = Tyt €, e ~ N(0,1)

T = wo1tw, w~N(0,7),
with (n,72) € {(100,.01), (100, .5), (1000, .01), (1000, .5)}.
400 runs: 100 replications per combination.

Priors: @1 ~ N(0,10) and o2 and 72 have inverse Gammas with means set at true values and
coefficients of variation set at 10.

Posterior inference: based on 20,000 MCMC draws.
Schemes
Scheme I: Sampling x1, ..., T, 0% and 72 from their conditionals.

Scheme I1: Sampling 2™, 02 and 72 from their conditionals.

Computing times relative to scheme I

Scheme n=100 n=1000
11 1.7 1.9

Sample averages (over 100 replications) of effective sample size n.g based on o2

Lopes, 2006, Chapter 4):

(see Gamerman and

Scheme

72 n I II
0.01 1000 242 8938
0.01 100 | 3283 13685
0.50 1000 409 3043
0.50 100 | 1694 3404

Lessons from Examples i. and ii.

Sequential learning in non-normal and nonlinear dynamic models p(yy1|xi+1) and p(aiiq|z:) in
general rather difficult since

paraly) = [ plecaledpledyds,
plaiy™) o< plyelee)p(@ealy’)
are usually unavailable in closed form.

Over the last 20 years:

e FFBS for conditionally Gaussian DLMs;



e Gamerman (1998) for generalized DLMs;

e Carlin, Polson and Stoffer (2002) for more general DMs.



STOCHASTIC VOLATILITY
MODELS

Stochastic volatility model
The canonical stochastic volatility model (SV-AR(1), hereafter), is

ype = "

he = p+ ¢hi—1 + 10

where ¢; and n; are N(0,1) shocks with E(einispn) = 0 for all h and E(eieryy) = E(npim4) = 0 for all
1 #£0.

72: volatility of the log-volatility.
|¢| < 1 then h; is a stationary process.

Let yn = (ylw . 'ayn)/v h" = (hlv' . '7h’n)l and ha:b = (ha7 .. '7hb)/~

Prior information

Uncertainty about the initial log volatility is hg ~ N (mg, Cp).

Let & = (u,¢)’, then the prior distribution of (6,7%) is normal-inverse gamma, ie. (6,7%) ~
NIG(0o, Vo, 10, 83):

0|72 ~ N(6o,7*Vp)
%~ IG(vo/2,182/2)

For example, if vy = 10 and s3 = 0.018 then

2
2
E(?) = VZ(}SQO/1:O‘O225

v 82 2
Var(™) = 5 (_(1)3{2/2 —gy = (0013)°

Hyperparameters: mq, Cy, 6o, Vo, vo and s3.

Posterior inference

The SV-AR(1) is a dynamic model and posterior inference via MCMC for the the latent log-volatility
states h; can be performed in at least two ways.

Let h_; = (hO:(t—l), h(t+1):n)7 fort=1,...,.n—1and h_, = hl:(nfl)-

e Individual moves for h;
- (9, TZlhn’ yn)
— (helh_s,0, 72,97, fort =1,...,n



e Block move for A"
- (05 7,2|hn’ yn)
_ (hn‘e, 7.2’ yn)
Sampling (0, 7%|h", y")
Conditional on hy.,, the posterior distribution of (6, 72) is also normal-inverse gamma:
(0, 7°y" hon) ~ NIG(01, Vi, 11, 57)

where X = (1,,, ho.(n—1)), Y1 = Vo +n

Vit = VXX
Vit = Vit + X'hin
st = vosg+ (y— X61) (y— X601)+ (61 — 00) Vy (01 — o)

Sampling (ho|0, 7%, h1)

Combining
ho ~ N(mo, Co)

and
hilho ~ N(p+ ¢ho, %)

leads to (by Bayes’ theorem)
h0|h1 ~ N(ml, Cl)

where
Crtmy = C'_lmo + o7 2 (hy — )
Cfl _ C + ¢2 -2

Conditional prior distribution of h;

Given hy_1, 6 and 72, it can be shown that, for t = 1,...,n — 1,

( f:il > ~ N {( (1 +ﬂ¢>+u¢+ht<£21ht_1 )”2 ( ; (1 +¢ %) )}

so E(h¢lhi—1,his1,0,7%) and V (h¢|hi—1, hey1,0,7%) are

¢
"o ( +¢2> () s o)
V2= 1+¢2

respectively. Therefore,

(ht|ht,1,ht+1,9,7'2) ~ N(Mt,VQ) t:].,7’l7,—1
(hp)hn—1,0,7%) ~ N(pn,7°)

where (, = p+ ¢hp—1.



Sampling h; via random walk Metropolis

Let v2 =v2fort=1,...,n— 1 and v2 = 72, then
p(ht|h7t7yn797’r2) = fN(ht;Mt7yt2)fN(yt;07ehb)
fort=1,...,n.
A simple random walk Metropolis algorithm with tuning variance v7 would work as follows:
Fort=1,...,n
1. Current state: hij )
* () 2
2. Sample h} from N(h;”’,v;)
3. Compute the acceptance probability

a—min{l fN(h:;Mt,VE)fN(yﬁO»ehr) }
- I . ()
I (B e, v2) f (ye; 0, €7

4. New state:
; hi w.p. «
h(]JFl) _ t
¢ h,(fj) w.p. 1—«

Example i. Simulated data

e Simulation setup

— n =500

— hyp=0.0

— p = —0.00645
- ¢=0.99

— 72 =0.152

e Prior distribution

— p~ N(0,100)

— ¢ ~ N(0,100)

— 12~ 1G(10/2,0.28125/2)
— ho ~ N(0,100)

e MCMC setup

— My = 1,000
— M =1,000

10



Time series of y; and exp{h;}
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Volatilities
Tuning parameter: v = 0.01

time

Sampling h; via independent Metropolis-Hastings
The full conditional distribution of h; is given by

p(ht|h7t7yn7977—2) = p(ht|h’t71aht+1a977_2)p(yt|ht)
= In(hes s v?) v (92 0,€™).

Kim, Shephard and Chib (1998) explored the fact that

1
log p(y¢|ht) = const — §ht —

12

2

2 explh

)




and that a Taylor expansion of exp(—h;) around u; leads to

1 2 _
log p(y¢|ht) = const — §ht - yé (e e —(he — pe)e Mt)
1
o) = exp {1 — st}

Proposal distribution

Let v} =v?fort =1,...,n —1and v; = 7°.

Then, by combining fn(h¢; ue, v?) and g(hy), for t = 1,...,n, leads to the following proposal distri-
bution:
Q(ht‘hfh yna 97 7-2) = N (ht; ﬁta Vt2)

where ji; = i + 0.507 (y2e Ht — 1).

Metropolis-Hastings algorithm
Fort=1,....,n

1. Current state: hgj)

[\

. Sample h} from N (fit,v7?)

w

. Compute the acceptance probability

o min S N D) I (s 0,€%) (i, o)
I (W5 o, v2) v (s 0, ey o (i s vE)

4. New state:
; hi w.p. «
h(]+1) _ 3
¢ hﬁ” w. p. 1—a

Parameters

mu

a ] o | s
g 3 3
3
4 s
4 s
g <3 g
7 4
El S b dzetnoransadracze °
S T T T T T T — T T 1 e e
0 500 1000 1500 2000 2500 3000 0 5 10 15 20 25 30 3 -003 -002 -001 000 001 002
iteration Lag
phi
r s
5 g
8
s = |
g 3
= 8
P g
4 5]
< 24 s
f g .
: . IITTANSETANITIIR
B e °
T T T T T T T — T T 1 — T
0 500 1000 1500 2000 2500 3000 0 5 10 15 20 25 30 3B 0.96 0.08 1.00 102
iteration Lag
tau2
°
g
g 5 r
s ] ® ]
4 ° 8
g . §
S &
S ] 2 3
s
. - S
g o L i i
° & T T T T T T R e e e e ° T T T T T T 1
0 500 1000 1500 2000 2500 3000 0 5 10 15 20 25 30 3 0.005 0015 0025 0035
iteration Lag

13



Autocorrelation of h;
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time

Sampling A" - normal approximation and FFBS
Let y; = logy? and ¢, = loge?.
The SV-AR(1) is a DLM with nonnormal observational errors, i.e.

ht+6t
Bt Ghy—1 + T

(™
hy

where 7 ~ N(0,1).

The distribution of ¢; is log x7, where

E(er) ~1.27
2

V(e % = 4.935

Normal approximation

Let ¢; be approximated by N(«,0?), 2 = yf — a, a = —1.27 and o2 = 72/2.

Then
zZt = ht + ovy
he = p+ohi_1+ 70

is a simple DLM where v; and n, are N(0,1).
Sampling from
p(h"™0, 7%, 0%, 2")

can be performed by the FFBS algorithm.

15




log x? and N(—1.27,72/2)
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time

Sampling A" - mixtures of normals and FFBS

The log x? distribution can be approximated by

where

log x3 and S.7_, m N (i, w?)

7
D miN (i, w7)
=1

2

{ T i Wi
1 0.00730 -11.40039 5.79596
2 0.10556 -5.24321  2.61369
3 0.00002 -9.83726  5.17950
4 0.04395 1.50746 0.16735
5 0.34001 -0.65098  0.64009
6 0.24566 0.52478  0.34023
7 0.25750 -2.35859  1.26261

18
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Mixture of normals

Using an argument from the Bayesian analysis of mixture of normal, let z,..., 2, be unobservable
(latent) indicator variables such that z; € {1,...,7} and Pr(z; =i) =m;, fori=1,...,7.

Therefore, conditional on the 2’s, y; is transformed into log y?,

logy; = hy+loge?
hy = N+¢ht—1+7'n"7t

which can be rewritten as a normal DLM:

logy; = hy+u v ~ N(#zuwi)
ht = ,u—}-d)ht,l—l—wt Wt NN(O,T%)

where p,, and wgt are provided in the previous table.

Then A™ is jointly sampled by using the the FFBS algorithm.

Parameters

19
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SEQUENTIAL MONTE CARLO
METHODS

Nonnormal/nonlinear dynamic models

Most nonnormal and nonlinear dynamic models are defined by

e Observation equation

P(Ye|xe, ¥)
e System or evolution equation
p(ze|re—1,v)
e Initial distribution
p(zolt))

The fixed parameters that drive the state space model, v, is kept known and omitted for now.

Evolution and updating

Let the information regarding x;_; at time ¢ — 1 be summarized by

plze1ly'™h)

Then Evolution and updating are represented by

plrly*™t) = /p($t|$t—1)p($t—1|yt_1)d$t—1
and

pxely’) o< plylzo)plady'™)
respectively.

These densities are usually unavailable in closed form.

The Bayesian boostrap filter

Gordon, Salmond and Smith’s (1993) seminal paper uses SIR ideas to obtain draws from p(z:|y")
based on draws from p(z;_1|y'~1).

SIR: the goal is to draw from p(z) based on draws from ¢(x).

1. Draw z7,...,z} from ¢
2. Compute (unnormalized) weights w; = p(z})/q(z])

3. Draw z1,...,zp from {7, ... 2%} with weights {w1,...,wN}

23



Sampling from the prior: If
p(z) o< m(z)l(x)

where m(x) and I(z) are prior and likelihood, respectively, then a natural (but not necessarily good,
actually usually bad!) choice is

a(x) = m(a).

Under this choice, unnormalized weights are likelihoods, i.e.

w(z) o< I(x).

Example i. Revisiting the 1st order DLM

For illustration, let us reconsider the local level model where closed form solutions are promptly
available. The model is

yt‘xt ~ N($t>(72)

Tp|lwp—1 o~ N(xtflﬁz)

Posterior at ¢ = 0: (xo|yo) ~ N(mo, Co)

Prior at t = 1: (21|yo) ~ N(mo,Co + 72)

Likelihood at time t: (x1;91) o< fa(21;91,02)

e Posterior at time ¢: (z1|y1) ~ N(mq,Cy)

where A; = (Co +T2)/(CO +72 4 0'2)7 my = (1 - Al)m() + Ajy; and Cy = A10'2.

Example i. One step update

Let {(z0,wo) W}, summarizes p(zo|yo). For example,

E(g(xo)lyo) = Zwo g(x)

Then, {(z1,wo)P}¥, summarizes p(z1]yo), where
mgi)wN(gc((f), %) 1=1,...,N.

are draws from the prior p(z1|yo).

Then, {(z1,w1) P}, summarizes p(z1]y;), where

w?):wé“fzv(yl;x?)ﬁ) i=1...,N.

24



Example i. Sequential importance sampling (SIS)

Let {(z¢_1,w;— 1)}, summarizes p(x;_1|y* ™).

Then, {(2s,w;—1)P Y| summarizes p(z:|y'~!), where

Propagation: mgi) ~ N(xgi_)l, %) i=1,...

and {(z¢,w;) DY, summarizes p(x!|y’), where

Reweighting: wﬁi) = wt(i,)lfzv(yt; :cgi),a2) i=1,...,N.

Effective sample size

Liu (1996) proposed using the following measure of degeneracy of an algorithm:

1
N = —
eff ¢ N 2
’ N %
dim1 (wt( ))
: : ; (@) _ @) No()
where w;s are normalized weights, i.e. w;”’ = w; /ijl wy'l.
If wii) = 1/N (equally balanced weights), then
Neg, =N.

If wi”) = 1 for only ome j (particle degeneracy) then

Nefﬁt =1

Example i. SIS with resampling (SISR)
SIS:

o {(z1_1,wi—1) D}, summarizes p(z;_1|yt?).

o {(Z,wi_1)W}N | summarizes p(z¢|yt~'), where :i:gi) ~ N(zzgi_)l,TQ)7 fori=1,...,N.
o {(#, @)D}, summarizes p(at|yt), where &\ = w(, fn (ys; 57, 02), for i =1,...

Resampling:

Draw xgl), e ,x,EN) from the set {:E,El), .. ,:%EN)} with weights {&)t(l), e ,&t(N)}.

Therefore, {(zt,w;) ™}, summarizes p(z¢|y'), where w; = 1/N.

25



SIS with Resampling (SISR)

{z},,xfj} ~  plzlyt) o 2 eemocmen
iy o~ p(weg]ad) XX © 00 ® @ owoo °
n
Wiy o< Pyl ) © = e ewoo
{otias s xﬁl} ~ plEealy™th) ]
Fly o~ p(megelriy) % owweoes 000 ° oo
n

wtl+'2 S p(yt+2‘j'i+2) Ll e ee ool

—Q‘A VD‘Z ﬂ‘ﬂ 0.2 0‘4 ‘

Uniform weights is the goall!

Example i. Simulated data
n =50, zg =0, 72 = 0.5 and o2 = (0.25,0.5, 1.0).

auisig=1 auisig=0707

Top: y; and x¢; bottom: m; and m; £ 24/C.
Left: 7/0 = 1.414; center: 7/ = 1.000; right: 7/0 = 0.707.

Example i. SIS, N = 1,000

26



Top: States; Bottom: N .
Left: 7/0 = 1.414; center: 7/0 = 1.000; right: 7/0 = 0.707.

Example i. SIS, N = 10,000

Top: States; Bottom: N .
Left: 7/0 = 1.414; center: 7/0 = 1.000; right: 7/0 = 0.707.

Example i. SISR, N = 10,000
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Top: States; Bottom: N .
Left: 7/0 = 1.414; center: 7/0 = 1.000; right: 7/0 = 0.707.

Example ii. Boostrap filter step by step

Model

Y = xt/(1+xt2)+vt v ~ N(0,1)
Ty = Ti—1 + Wy Wt ~ N(O, 05)

and xg ~ N(1,10).

Pr(x(1]lylo]) PY[LI=5/x[1]) Prix(1]lyl1]))
iz i
B . LI
ER s 2

g

Pr(x(2]ly[1]) py2)=-2Ix(2)) Pr(x(2)lyi2))
§ 3
P P .

Example ii. Boostrap filter Monte Carlo error

28



Auxiliary particle filter (APF)

Recall the two main steps in any dynamic model:

plady'™") = /p($t|$t71)l?($t71|yt_1)d$t71

p(adly’) o plylze)plady'™")

M . _
° {(xt_l,wt_l)(l)}izl summarizes p(zs_1|yt ).

e Approximating p(z¢|y~!) by

N
p(zely' ™) = Zp(x”x@l)wiz)l
i=1
e Approximating p(z:|y’) by
N . .
pr(ely’) = 3 plule)p(zdrl”) w?)
i=1

Pitt and Shephard’s (1999) idea

The previous mixture approximation suggests an augmentation scheme where the new target distri-
bution is

o (e, kly') = p(ydla)p(xdal™ wl*).

A natural proposal distribution is

k k k
(e, klyt) = plyelg (™))l )

where, for instance, g(z;—1) = E(xt|xi—1).
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By a simple SIR argument, the weight of the particle z; is
Wy p(yt|33(w;))
p(yelg(z"))

APF algorithm

. {(xt,l,wt,l)(i)}fv:l summarizes p(z;_1|y*~1).
eForj—1,....N
_ j : : ~(1) ~(N)y.
Draw &’ from {1,..., N} with weights {&,;”}, ..., &, _1}.

&) = W plyelg ()

— Draw ZCE 7 from p(mt|:ct )
— Compute associated weight

(9)
j p(yelzy”)
) (k7)
p(uelg(z()))
. {(xt,wt)(i)}jvzl summarizes p(x;|yt).

e Maybe add a SIR step to replenish x;s.

Smoothing
Godsill, Doucet and West (2004) proposed a smoothing scheme based on particle filter draws.

The key results are

n—1

p("|y") = p(anly”) H p(xele1,y")

t=1
and (by Bayes rule and conditional independence)

p(ze|Tipr, yt) o p(Tyq1 e, yt)p(xt‘yt)~

We can now jointly sample from p(z™|y™) by sequentially sampling from filtered particles with weights
proportional to p(z¢i1|ze, yt).

Backward sampling algorithm
Repeat the following three steps N times.

e Sample 7, from {z\)}V | with weights {w(’ 1Y
e Fort=n—-1,...,1

Sample z; from {xil ¥, with weights {wt }

a;t(“ x w,gl)p (£t+1|xtl)) i=1,...,N

e Then {i(lj), . (J)} is a draw from p(z"|y").
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Example i. smoothing
n=>50,72=0.502=1,19=0,my=0, Cy =100, N = 1000.

SISR
Forward filtering

APF
Forward filtering
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n
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w |
S
s
3
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time

SISR
Backward sampling
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.
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n
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time

APF
Backward sampling
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L

Example i. outlier
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S
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time
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Forward filtering
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SISR
Backward sampling
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APF
Backward sampling
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Example i. outlier

time

in z;
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SISR APF

Forward filtering Forward filtering
v 0
o o
w | v |
i i
o )
3 S
0 i
T T T T T T T T T T T T
0 10 20 30 40 50 0 10 20 30 40 50
time time
SISR APF
Backward sampling Backward sampling
v v
o o
s w |
i i
) )
S S
T T
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time time

Example i. outlier in z; (more particles)

SISR APE
Forward filtering Forward filtering
v - w
o - o -
w _| w |
| [}
o o
T T
T T T T T T T T T T T T
0 10 20 30 40 50 0 10 20 30 40 50
time time

SEQUENTIAL MONTE CARLO WITH
PARAMETER LEARNING

Revisiting the bootstrap and the AP filters
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Consider the following general state space model

Observation equation :  p(yst1|Tis1)

State equation :  p(xiy1|Te)

For a given time ¢
{(z, wt)(i)}fL
is a particle representation of
p(wely’)
where y' = (y1,...,Yn)-

Sample-resample

Goal: {(ze41,wi1) DL ~ p(aega|yt™h).

Algorithm

e Sample xﬁl from q(xt+1|x£i), Y1)

e Compute weights . 4 4
(3) (z’)P(ytH|$£21)P($§21|$§1))

i1 = Wy . -
Q(ﬂcgﬂﬂﬁgl)v Yir1)

Special case: bootstrap filter
In the bootstrap filter
q(@ey1|Te, yer1) = p(Tesa|ze),

i.e. the transition equation.
This proposal density has no information about y;y1, so we say that the scheme is blinded.

The weights are then proportional to the likelihoods

Wﬁgl = Wgz)p(ytﬂ |$§21)

Special case: optimal filter
In the optimal filter
q(Ter1]me, yer1) = p(@ey1|Te, Yerr)-

The weights are then ‘ ‘ .
Wt@l = Wt(l)p(yt+1|yt) X wt(Z)

S0, if wy o< 1, then wyqq1 o< 1 for all ¢.
This is a perfectly adapted filter.

33



Resample-sample

Goal: {(zp41,wis1) DIV, ~ paepr|yth).
Algorithm
e Resample i‘gi) from {xil), . ,ng)} with weights
a(@lyy)  i=1,....N

e Sample xﬁl from qg(xt+1|££i),yt+1)
e Compute weights

@ @ Paenlel) e [730)

Wit = @ ~ (i i) 1~ (i
01 (# [yes1) a2 (201170 yera)

Special case: auxiliary particle filter
In the auxiliary particle filter
a(@e|ye1) = p(yer1lg(ze))

where, for instance, g(z;) = E(xiy1|xt).

Also,
q2(Te41]2e, Y1) = p(Teg1]2e)

i.e. the transition equation, so again a blinded proposal.

The weights are then equal to _
@) _ @) p(yt+1|$§21)
O.}t+1 = w —"'(1)
P(Yet1l9(@; 7))

Special case: optimal filter

In the optimal filter both proposals ¢; and g2 depend on y:y1, i.e.

q1(ze|yer1) = p(Yea1|ze)-

and
Q2($t+1 |$t, yt+1) = P(ﬂft+1 |$t, yt+1)-

The weights are then equal to 4 4
ng)l = wt(l)

80, if wp o< 1, then wyy1 o< 1 for all ¢.

This is a perfectly adapted filter.
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Resample-sample with learning 6
The objective is to combine {(z¢, 0, w) DY ~ p(ay, O]y?) with yi, 1 to produce { (x4 1, 0py1, wir1) DI, ~

p(xtJrlv 9|yt+1)'
The index ¢ and t + 1 in 89 are used to facilitate the identification of the time at which draws are

being used.

Algorithm
e Resample (Z;,0;)® from {(xt,ﬂt)(j)}évzl with weights

Q1(($t79t)(j)|yt+l) j=1,...,N.
o Sample (zy41,0141) from gz (eq1,0[(E0,00) D, yer).

e Compute weights

W & P (@ir1, 001) D) p((@egr, 1) V| (81, 00))
1 — ~ ~ . . — ~ )
o " (@ 0) DNyer1)  q2((@esr, 1) D] (Tt ) D, yogr)

Questions:

e How to choose ¢; and ¢3?
e What is p(@s11, Ory1|me, 01)?

e Is it okay to decompose it as

p($t+1, 9t+1|$t, 9t) = p($t+1|9t» xt)p(9t+1|5€t, et)?

e If so, then what is p(0y41|zt, ;)7

Liu and West (2001)
They approximate p(f|y*) by a N-component mixture of multivariate normal distributions, i.e.

N
p(Oly") =" w” fn(0lad” + (1 — a)fy, (1 — a*)V;)
1=1
where 6, = YN w0 and V, = N w76 — 6,)(6 — 6,)".

This leads to o ' -
POz, 007) = fn(Br1]abl” + (1 — a)by, (1 — a®)V;)

They use the same decomposition for go. So the weights are

(1) _ (i)P(yt+1|($t+179t+1)(i))
t+1 = Wt — @
a1 ((Z4,04) ) |ys+1)
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Resampling step

q1(@e, Ot|ye+1) = p(Yer1lg(we), m(6:))

where
9(w¢) = E(wpy1|me, m(6:))

for instance, and

m(@t) = a@t + (1 — a)9t

The weights are then | |
@ _ @ Py |$§21, 9&)1)
+ w

Wirl = W (i AG
pyer1lg(@”), m(8"))

Choosing a
Liu and West (2001) use a discount factor argument (see West and Harrison, 1997) to set the param-

eter a:
351

“T s

For example,

e 6 = 0.50 leads to a = 0.500
e 6 =0.75 leads to a = 0.833
e § =0.95 leads to a = 0.974

e 6 = 1.00 leads to a = 1.000.

In the last case, i.e. a = 1.0, the particles of § will degenerate over time to a single particle.

The LW filter in one page
For particles {(mt,et,wt)(j)}é-vzl summarizing p(z¢,0]yt), estimates 0; = Zf\il wt(i)e,ﬁi) and V; =
SN w(i)(ﬁ(i) - ét)(ef) —0;)', and given shrinkage parameter a, the algorithm runs as follows.

i=1 Wt Uy
e Forv=1,..., N, compute

— m(0") = ab!” + (1 — a)d,.

— g(a{") = Bz |2, m(o")).

— wiy = p(yeralg (@), m6)).
e Fori=1,...,N

— Resample (7, 0;)® from {(xt,ﬁt,wt+1)(j)}§-v:1.

— Sample 0&21 ~ N(m(éﬁi)), (1—a*)Vy).
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— Sample x§21 from p(xt+1|igi),0t(i)1).

— Compute weight | |

@ _ @ p(yt+1|x§21,0£21)

t+1 = Wi 0 FOIG
p(yev1lg(z,7), m(6;7))

w

Example i. first order dynamic linear model

The revisit the first order dynamic linear model

Y = Tt VtNN(0702)

Ty = Ty_1+wy wy ~ N(0,72)
where zg = 25, 02 = 0.1, 72 = (0.2,0.1,0.05) and n = 200.
Prior setup:

O’2 ~ IG(ao,bo)
i) ~ N(mo,CO)

where ag = 5, bg = 0.4, mo = 25 and Cy = 100.

Particle filter setup:

N = 2000
§ = (0.75,0.95)

Example i. LW + optimal propagation
Liu and West’s (2001) filter with optimal resampling proposal, i.e.

p(@e1lme, 0%, Y1) = v (@ep1lmes, Cegr)
where

-1 —2 2
Ciyy = 7 °+0

2 2
Mmip1 = Cip1(0 Y1 + 7 “a4)

Example i. LW + optimal propagation + kernel for o2

Optimal propagation + with mixture approximating o2 directly, i.e.

q(0® |24, 07 yit1) o< fn (Yes1; 21, 0%) fra(o?|a(of), B(o}))

where
ale?) = {m(c?)}*
) = Tep
Blof) = m(of)a(o})
and
m(c}) = aol+(1—a)d?
v(o?) = (1-a*)S2%

with 6% and S2, the particle approximation to the mean and variance of o from p(o?|y").
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Example i. Comparing various LW filters

o LW1:
o LW2:
e LW3:
o LW4:

Example i. 7/0 = 1.
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Example i. 7/0 = 1.
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Example i. 7/0 = 0.7

LW1 with delta=0.75 LW2 with delta=0.75
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Example ii. nonlinear dynamic model

Let y¢, for t =1,...,n, be modeled as

(yt\l’tﬂﬁ)

~ N(27/20,0%)

(welwe-1,9) ~ N(G;,_ &7

T T T T T
0 50 100 150 200

time

T T T T T
0 50 100 150 200

time

where G, = (z¢,2,/(1 4 z7), cos(1.2t)), ¥ = (¢',0%,72) and £ = (o, 8, 7).

Prior distributions for g, &, 0% and 72 are

o
€ ~Y
0'2 ~
7'2 ~

N(mo, Vo)
N(eg, Co)

IG(ag, Ap)
1G(bo, Bo)

Example ii. Simulation set up

We simulated n = 200 observations based on & = (0.5,25,8)’, 02 = 10, 72 = 1 and z = 0.1.

Prior hyperparameters:

mo
€o
ag
bo

00 and VHp=5
(0.5,25,8)
3 and Ao =20
3 and Bp=2

39
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Example ii. Simulated data
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Example ii. (N,d,a) = (2000,0.90,0.94)
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Example ii. (N,d,a) = (10000,0.90,0.94)
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Posterior mean
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Example ii. Assessing MC error - «

N = 5000
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Example ii. Assessing MC error - 3
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Example ii. Assessing MC error - o
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Example ii. Assessing MC error - «
N = 10000
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Example ii. Assessing MC error - vy
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Example ii. Assessing MC error - 7
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Particle Learning (PL)

Carvalho, Johannes, Lopes and Polson (2009) introduce Particle Learning (PL) as the following
resample-sample scheme, where s; is the vector of sufficient statistics for 6.

e Posterior at t: {(xy, s¢,0) DY, ~ p(ay, s1,0]yt).
e Resampling weights: wg_)l o p(yt+1|x£j), 0U), j=1,...,N.

e Fori=1,...,N
— Resample: Draw {(Z, 5;,0)? N | from {(xt,st,ﬁ)(j),wt+1}§v:1.

— Sample: Draw xiﬁzl ~ (g1 | (Z, 0) D ygr).

— Recursive sufficient statistics: 51(521 = S(Ey),xgil, Ytt1)-

Offline sampling of fixed parameters: §() ~ p(0|s§21).

PL ingredients

Resampling distribution
p(Yes1]ze, 0)

Propagating distribution
p(it1]2e, 0, Y1)

Recursive sufficient statistics
Si41 = S(S¢, Teg1, Yet1)
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Example i. 1st order dynamic li

o p(Yis1lze, 02) is

o p(ziq1l|ry, a?, Yiy1) is

where A = 72/(7% + 02).

o p(0?|s441) is

where s;11 = (@41, bi41) is rec

1
ai41 = at+§
2
—x
bt+1 _ bt+ (yt 5 t)

Example i. learning 72 - n = 200,

tauisig=0.71

near model via PL

N(Yey1;24,0° +77)

N(ze41; Ayra + (1 — A)zy, Ac?)
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Example iii. MCMC and PL comparison
e Simulation set up: Fort =1,...,n = 300,

p(yelze,0) = fn(w;07) (1)

p(xi|Ti-1,0) = fN(Pl’t—l;Tz) (2)

where 0 = (p,0?,7%) = (1.0,1.0,0.25) and z¢ = 0.

e Model set up: Equations (1) and (2) above plus

I (s, Wo) fra(o?; ao, bo)
fra (725 co, do) f (w03 mo, Vo)

(0, x0)

X

where ro =0, Wy =3, a0 =3, by =2, cg =3, dy = 0.5, mg =0 and V = 3.

e MCMC set up: My = 100K, L =100 and M = 20K. A total of 2100K draws.

e SMC set up: M = 20K particles.

Example iii. MCMC algorithms

e Gibbs sampler (GIBBS)

Sample z from p(z|y, ) - FFBS

Sample o2 from p(o?|z,y)

Sample p from p(p|z, 72)

Sample 72 from p(72|z, p)
e Random-walk Metropolis (RW)
— Sample z from p(z|y,0) - FFBS

— Sample 6* from
q(a* |9) = qp(pa Vp)qu (Uv Vﬂz)qu (7—27 V‘rz)v
with V, = 0.01, V2 = 0.01 and V2 = 0.01, and accept with probability

p(yl0*)p(6*)q(6*16) }
p(yl0)p(0)q(016%)

« = min {1,
Note : Since p(y|0) = [ p(y|z,0)p(z|0)dx can be analytically derived, 2 and 6 are jointly sampled.

Example iii. Simulated y; and z;
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Example iii. MCMC trace plots
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Example iii. MCMC autocorrelation plots

Example iii. MCMC marginal posteriors

o1
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Posterior medians and 95% credibility intervals.

Example iii. PL and MCMC quantiles

TOP: True and PL estimate of percentiles of p(8]y?) for all t. Percentiles are 2.5%,50% and 97.5%.

BOTTOM: True, GIBBS and PL estimates of F(8|y™).

Example iii. PL and GIBBS quantiles
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@

TOP: True, Gibbs and PL estimate of p(6]y™).

BOTTOM: True, Gibbs and PL estimates of F(0|y").

Example iii. PL and MCMC quantiles

McMC PL

LEFT: Posterior medians and 95% credibility intervals of p(z¢|y™).

RIGHT: Posterior medians and 95% credibility intervals of p(z|y").

Example iii. Effective sample sizes

ESS, :M(1+ V(“’t))_l and ESS=M(1+25°, pp) "
¢ E2(wy) k=1Pk) -
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PL

5000 20000
5000 20000

ESS
1000

ESS
1000

100
100

wy are particle weights.

pr = covy () R Jpar, (¢M)) and ) = t(p(™).
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STOCHASTIC VOLATILITY via
SEQUENTIAL MONTE CARLO

METHODS

Example i: Stochastic volatility
Let y;, for t =1,...,n, be modeled as

yelry ~ N(0,e™)
(we]wi1,0) ~ N(a+ fri1,7°)

where 0 = (a, ¢, 72).

Simulation setup: n = 500, a = —0.0031, 8 = 0.9951 and 72 = 0.0074 and z; = /(1 — 3) =
—0.632653 (13% of annualized standard deviation).

Prior setup:

rg ~ N(mg,Cp) a~ N(ap, Va)
B~ N(Bo,Vs) 7% ~ IG(no /2,073 /2)

where mg = 0.0, Co = 0.1, ap = —0.0031, V,, = 0.01, By = 0.9951, Vi3 = 0.01, ng = 3 and 72 = 0.0074.
LW filter with shrinkage factor «
Particles t: { (x4, 9)(j),w§j)}jle ~ p(xs, 0|yt).
Summary of p(A|yt): § =~ E(f)y') and V =~ V (6y?).
Resample quantities: For j =1,..., M
e Compute mU) = af) + (1 —a)f
e Compute g) = o) + ¢(j)x§j)
Algorithm: Forl=1,... M
o Draw k' € {1,..., M}, with P(k' = j) x w p(yis1|gD)
e Sample () from N(m(’“l)7 (1—a?)V)
e Sample 5U§ZJZ1 from p(zt+1|x§kl), oW)

. l 1 1
o Compute weight w(); o p(yeralzi)y)/p(yeslg™))

Particles at ¢ + 1: {(z¢41, 9)(j),wt(i)1}§w:1 ~ p(xee1, OlytHL).
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Time series y; and p(e®t|y!)
N = 5000 and 0 = (a, 3,1og(72)).
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Example ii: SV-AR(1) via sequential MCMC and LW

We simulated n = 50 observations based on o = —0.0031, # = 0.9951, 72 = 0.0074, with mg = 0.0
and C() =0.1.

Also, 1 = a/(1 — ) = —0.632653, which corresponds to annualized standard deviations around
13%.

p(x¢]y') when 6 is known

MCMC: Kim, Shephard and Chib (1994)
SMC: Liu and West (2001) with § = 0.75 and a = 0.9521743.
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MCMC: (burn,niter,lag)=(2000,2000,1)

SMC: N=2000
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p(x¢]yt) when (o, 3) is unknown
Prior: a ~ N(—0.0031,0.01) and ¢ ~ N(0.9951,0.01)



MCMC: (burn,niter,lag)=(1000,1000,1)
SMC: N=10000
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Learning z;, a, # and 72
The prior for 72 is 1G(1.5,0.0111).

Time
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MCMC: (burn,niter,lag)=(1000,1000,1)

SMC: N=10000
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Learning x;, a,

MCMC: (burn,niter,lag)=(10000,5000,1)

SMC: N=5000
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MCMC: (burn,niter,lag)=(10000,1000,10)
SMC: N=10000
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Sequential MCMC when n = 500
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MCMC: (burn,niter,lag)=(1000,1000,1)
SMC: N=1000
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Example iii: Markov switching stochastic volatility

Carvalho and Lopes (2007) adapted APF and LW filters to sequentially estimate states and param-
eters in Markov switching stochastic volatility (MSSV) models.



Jul 2nd, 97 Thailand devalues the baht by as much as 20%.

Aug 11th, 97 | IMF and Thailand set a rescue agreement.

Oct 23rd, 97 | Hong Kong’s stock index falls 10.4%. South Korea Won weakens.
Dec 2nd, 97 | IMF and South Korea set a bailout agreement.

Jun 1st, 98 Russia’s stock market crashes.

Jun 20th, 98 | IMF gives final approval to a loan package to Russia.

Aug 19th, 98 | Russia officially falls into default.

Oct 09th, 98 | IMF and World Bank joint meeting + Fed cuts interest rates.
Jan 15th, 99 | The real is allowed to float freely by lifting exchange controls.
Feb 2nd, 99 Arminio Fraga is named president of Brazil’s Central Bank.

Let the daily returns of the IBOVESPA index, y;, be modeled by a MSSV model, ie.
yelAe ~ N(0,exp(\r))
MelAem1,&,80) ~  N(as, +oAi-1,07)

where ¢ = (a,¢,0?), a = (ai,...,a;) and regime variables s; following a k-state first order Markov
process,
pij = Pr(s; = jlsi—1 = 1) fori,j=1,...,k

and P = (plla ceeyPlk—15- -5 Pkly - - - 7pk,k—1)'
Particle filter

M
e Step 0: {)\E ),SEJ), (j)}j . ~ p(A¢, 8¢,0|Dy)

Step 1: For j=1,..., M,

§£i)1 = arglenllaxk Pr(si41 =lsy = sgj))

/‘Ei)l = 0‘~j(;> +¢tj))‘

St

Step 2: Forl=1,.... M
1. Sample k! from {1,..., k}, with Pr(k!) o p(yt+1|ut+1) w®)

. Sample 0;21 from N(m, (k! (k) vV;)

2

() : ) ) b
3. Sample s,/ from 1,...,k with Pr(s;/;) = Pr(st+1|5t )
4.

Sample /\t+1 from p()\t+1|/\§k ), tl_gl, Ot(i_l)

Step 8: For l =1,..., M, compute new weights

l l k!
wi)y o< p(yet AL (e )

GENORE
Step 4: { t+1»5t+1awt+1}j:1 ~ P(At41, 8141, 0| Dig1).
Currency crisis

Carvalho and Lopes (2007) used IBOVESPA daily data from January 2nd, 1997 to January, 16th
2001 (1000 observations).
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Fitting regime shifts

The vertical lines indicate key market events.
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Particle Learning
This example was kindly prepared by my PhD student Samir Warty.
Recall the AR(1) stochastic volatility model:

. Tt+1
Yt+1 = €XP T €t+1
Tit1 = a+ Bry + Tr

where (e¢,14) ~ N(0g,13) and 6§ = («, 3, 7).

Prior distribution:

2 ng mnoSo

~ I —
T |SO g < D) 9 D) )

o, B2, 50 ~ N(mo, 7Co)
where s = (ng, So, mo, Co).
Data augmentation argument

Following Kim, Shephard and Chib’s (1998) idea:
Zip1 =10gYP = Ty +10g€r A T + U

where

7
up ~ Y wN (i 07)
i=1

Particle learning (PL) uses augments the state vector to include Ay1 € {1,
the Normal mixture approximation.

Let s; denote the set of sufficient statistics for (o, 3,72) at time t.
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Algorithm

e Resample old particles ¢; = (x4, s¢,0) with weights
7
wy o p(zpt1ler) = Z TifN (o4 i + o+ By, 0 +7°)
i=1
e Propagate new states x;41 from

7
p@erlen, ze01) = Y mifn (@eg; vio wi)

=1

where

wi = (072 4+77H7!

vi = wilo; (g — ) + 7 a+ Bry))
Algorithm (cont.)

e Update sufficient statistics si41 = (Re41, Se41, Mit1, Cet1)

ngpr = ng+1
($t+1 - Xtmt)2
Nyy1S, = S -_
t+19t+1 Ot + 1+ X,0, X,
-1 -1
+1 = Ct +Xt/Xt
C’;llmtﬂ = Ct_lmt + X;lL‘H_l

where X; = (1, ).

e Sample parameters

2 Ni+1 Mi415t+1
~ I _—
7|5t g( 5 5 >

a, 872, 8¢ ~ N(myy1, 72Cii1)

Resampling weights

t
wy o< p(zet1let, e, 27)
7
. t .
x Z/ P(ze41]2e, 56,0, N1 = 4, Mg, 27, T 1) P(Te 41124, 8¢, 0, App1 = 4, Ap)dTeyr
i=17 R
(Marginalization over data augmentation)

7
o Z/ P(Ze41|Ae+1 = 4 Teg1)P(Teg1|Te, 0)dTegr (Conditional independence)
i=1V R

7

OCZ/ Nzt i + Tet1, 02) I (@eg1; o + Brg, 70 )dae s
i=17 R
7

o meN(ZtJrl;/M +a+ Bz, 0 +77)

i=1

67



Posterior distribution for new states

7
p(Teqilee, A, 2e41) = Z T p(Teq1]Ce, Aep1 = 1, Mg, Ze41) (Marginalization over data augmentation)

=1

7 ) .
3 P(zegilwe, ¢, 0, A1 =4, A, Teq1)p(Teq1[Te, 8¢, 0, Aegr = 8, )
= i

= P(zegilTe, 6,0, Adepr =1, Ay)

o i o P(ze+1|Aer1 = 4, 1) P(@e 41|24, 0)
= i

= p(zt41l2e, 0, Aep1 = 9)
- 27:#_ SN (zeg1; i+ @egr, 07) v (2e1; @ + Bag, 72)
= N (Zegrs i + a + Bae, 0 +72)

7
=Y mifn(@et1;vi, wi)
1=1
—2 —2y—1 —2 _2
where w; = (o, " 4+ 777) and v; = wi(o; “(ze41 — pa) + 7 " (a + Bxy)).
Recursive sufficient statistics

nep1Sep1 = neSe + (@1 — Xe (O + X[X)THC Py + Xmeg1)) wega
+(me — (O + X{X)THOT me + Xwer)) O Py
=neSe + (zh w1 — @4 Xe(Cf L+ X, Xe) T HC P ma + X weq1))
+ (m(C ) my = mi(C N (O + X X)) THC e + X meq))

CiX!X,Cy .
= S+ (lames = wa Xe (O = S ) (€7 et Xize)
C X[ X:Cy

+ (e tme - ot (€ - ) (€ e+ )

1+ X,C: X]

2
(&2 C
neSe 4+ 2p 4, (1 —c+ T+e c) Typ1 — Ty (1 T c) Ximy

’ !
my X, X¢my

7m/X/<17L):c —+
t<xt t+1 1+ec

1+c

1
ny St + (m> (m;+1zt+1 — Qm;JrlXtmt +m) X, Xymy)

=nySt + ( ) (@1 — Xeme) (meg1 — Xemy)

1
1+c
where

— - Ci X[ X.C
(€7 + X/ X0) 1:(@— = f)

14 X,C: X]

when X; is a vector.
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(Conditional independence)

(where ¢ = X C: X;)
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