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Abstract. In this paper, we propose a fully Bayesian approach to the special class of
nonlinear time-series models called the logistic smooth transition autoregressive (LSTAR)
model. Initially, a Gibbs sampler is proposed for the LSTAR where the lag length, k, is
kept fixed. Then, uncertainty about k is taken into account and a novel reversible jump
Markov Chain Monte Carlo (RJMCMC) algorithm is proposed. We compared our
RJMCMC algorithm with well-known information criteria, such as the Akaikes�
information criteria, the Bayesian information criteria (BIC) and the deviance information
criteria. Our methodology is extensively studied against simulated and real-time series.

Keywords. Markov Chain Monte Carlo; nonlinear time-series model; model selection;
reversible jump MCMC; deviance information criterion.

1. INTRODUCTION

Even though regime switching models can be traced back to Bacon and Watts�
(1971) seminal work on estimating the transition between two intersecting straight
lines, a rejuvenated and steady interest on nonlinear time-series models have
emerged approximately over the last 15 years. Special attention has been directed
towards measuring, testing and forecasting regime-switching models, such as
Chan and Tong’s (1986) threshold autoregressive models (TAR), Hamilton’s
(1989) Markov switching-regime models and Teräsvirta’s (1994) smooth
transition autoregressive models (STAR).

In this paper, we concentrate our attention on STAR models. STAR models
generalize TAR models [Tong (1978), Tong and Lim (1980), Tsay (1989) and
Tong (1990)] and self-exciting autoregressions (SETAR, Petruccelli and
Woolford, 1984; Chen and Tsay, 1991; Wong and Li, 1998), by replacing the
step transition functions by a smooth transition function. More explicitly, let yt be
an univariate time-series and xt ¼ (yt)1, . . . , yt)k)

0 intercept plus the k most recent
values of the series, then standard versions of TAR(k) and SETAR(k, d) models
are, respectively,

TAR : yt ¼ x0th1 þ I ½st > c�x0th2 þ et;

SETAR : yt ¼ x0th1 þ I ½yt�d > c�x0th2 þ et;
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where c is a location or �threshold� parameter and d is the �delay� parameter.
Therefore, a STAR model is obtained by replacing the step function, I [st > c],
by a smooth transition function, p(c, c, st), with smoothness parameter c
(explicit functional form is presented in Section 2). A STAR(k) model can be
viewed as a continuous mixture of AR(k) models, with the smooth transition
function mimicking the degree of nonlinearity. STAR models were initially
proposed, in its univariate form, by Chan and Tong (1986) and further
developed by Luukkonen et al. (1988) and Teräsvirta (1994). van Dijk et al.
(2002) make an extensive review of recent developments related to the STAR
model and its variants.

In this article, we focus on the full Bayesian analysis of an important subclass of
the STAR model, the logistic STAR model of order k [hereafter, LSTAR(k)
model], where the smooth transition function has the form of a logistic function.
We focus our attention to the logistic transition function for two main reasons.
First, it can be observed as a natural extension of TAR models where the
smoothness of the transition between regimes is controlled by one parameter.
Second, several of the current research on STAR models focus on the logistic
transition function (e.g. see Teräsvirta, 1994; van Dijk et al., 2002). Nonetheless,
the algorithms we develop here apply to other transition functions such as the
exponential, the second-order logistic functions, or any other continuous
transition function taking values in [0, 1].

Several Bayesian approaches in modelling TAR, STAR and their variants have
appeared recently. Geweke and Terui (1993) and Chen and Lee (1995) are among
the first to propose Bayesian estimation of SETAR models. Chen (1998) proposes
the generalized TAR model by incorporating exogenous variables, which Koop
and Potter (1999, 2003) compared, Markov-switching and Endogenous Delay
TAR models with SETAR models through Bayes factors. So and Chen (2003)
developed an Markov Chain Monte Carlo (MCMC) algorithm for SETAR
models based on stochastic search ideas, and Campbell (2004) develops a
reversible jump MCMC (RJMCMC, Green, 1995) algorithm for SETAR models
with different orders in each one of multiple regimes. As for STAR models,
Lubrano (2000) uses a sampling importance resampling algorithm (Gelfand and
Smith, 1990).

Our main contribution is to propose an MCMC algorithm that fully
accounts for model order uncertainty in STAR(k) models, i.e. we assume that
k is one of the parameters of the model. To this end, a customized RJMCMC
algorithm is proposed. As an important by-product, we devise an MCMC
algorithm for fixed-k LSTAR(k) models. The rest of the article is discussed as
follows. In Section 2 the general LSTAR(k) model is defined, while Section 3
discusses prior specification and lays down a MCMC algorithm for posterior
inference when the model order, k, is kept fixed. Uncertainty about k is
explained in Section 4, where our novel RJMCMC algorithm is introduced.
Finally, Section 5 includes several simulated and real-time series to
substantiate our methods, with final thoughts and perspectives listed in
Section 6.
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2. THE LOGISTIC STAR MODEL

Recalling the notation from Section 1, let yt be the observed value of a time-series
at time t and xt ¼ (1, yt)1, . . . , yt)k)

0 the vector of regressors corresponding to the
intercept plus k lagged values, for t ¼ 1, . . . , n. The logistic smooth transition
autoregressive model of order k, or simply LSTAR(k), is defined as follows,

yt ¼ x0th1 þ pðc; c; stÞx0th2 þ et et � Nð0; r2Þ ð1Þ

with p playing the role of a smooth transition continuous function bounded
between 0 and 1. In this paper, we focus on the logistic transition, i.e.

pðc; c; stÞ ¼ f1þ expð�cðst � cÞÞg�1:

The parameter c > 0 is responsible for the smoothness of p, while c is a
location or threshold parameter and d is the delay parameter. When c ! 1, the
LSTAR model reduces to the TAR model (or, SETAR model when st ¼ yt)d)
(Tong, 1990) and when c ¼ 0 the standard AR(k) model arises. Finally, st is called
the transition variable, with st ¼ yt)d commonly used (Teräsvirta, 1994). Even
though we use yt)d as the transition variable throughout this paper, it is worth
emphasizing that any other linear/nonlinear functions of exogenous/endogenous
variables can be easily included with minor changes in the algorithms presented
and studied in this paper. We will also assume throughout this paper, without loss
of generality, that d � k and that y)kþ1, . . . , y0 are known and fixed quantities.
This is common in the time-series literature and would only marginally increase
the complexity of our computation and could easily be performed by introducing
a prior distribution for those missing values. Also, several other functions could
be easily accommodated, such as the exponential or the second-order logistic
function (van Dijk et al., 2002). Finally, we will denote by LSTAR(k, d) a
LSTAR(k) model that uses yt)d as smoothing variable.

The LSTAR(k, d) model can be observed as a model that allows smooth and
continuous shifts between two extreme regimes. More specifically, if d ¼ h1 þ h2,
then xt

0h1 and xt
0d represent the conditional means under the two extreme

regimes,

yt ¼ ð1� pðc; c; yt�dÞÞx0th1 þ pðc; c; yt�dÞx0tdþ et ð2Þ

or,

yt ¼
x0th1 þ et if p ¼ 0
ð1� pÞx0th1 þ px0tdþ et if 0 < p < 1
x0tdþ et if p ¼ 1

8<
: :

Therefore, the model (2) can be expressed as (1) with h2 ¼ d ) h1 being the
contribution to the regression of considering a second regime. We consider
the following parameterization that will be very useful in the computation of the
posterior distributions:
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yt ¼ z0thþ et; ð3Þ

where h0 ¼ ðh01; h
0
2Þ represent the linear parameters, (c, c) are the nonlinear

parameters, Q ¼ (h, c, c) and z0t ¼ ðx0t; pðc; c; yt�dÞx0tÞ. The dependence of zt on
c, c and yt)d will be made explicit whenever necessary.

3. INFERENCE

Wederive anMCMCalgorithm for posterior assessment based on twodistinct prior
specifications: (i) standard conditionally conjugate prior distribution, and (ii)
Lubrano’s prior. We develop inferential procedures for both linear and nonlinear
parameters and for the observable variance, r2, so that the number of parameters to
be estimated is 2k þ 6, since we also consider the estimation of the delay parameter
d. Fully Bayesian inference, including k, is delayed until the Section 4.

3.1. Prior distribution

We investigate posterior sensitivity to two functional forms for the prior
distribution. In the first case, we adopt the following conditionally conjugate
priors: h � Nðmh; r2hI2kþ2Þ, c � G(a, b), c � Nðmc; r2cÞ and r2 � IG(v/2, vs2/2),
with hyperparameters mh; r2h; a; b, mc; r2c ; v and s2 chosen to represent relatively
little prior information. In the second case, we adopt Lubrano’s (2000) prior
distributions where (h2|r

2, c) � N(0, r2ecIkþ1) and p(h1, c, r
2, c) / (1 þ c2))1r)2

for h1 2 <kþ1, c, r2 > 0 and c 2 [ca, cb], such that the conditional prior for h2
becomes more informative as c approaches zero, relatively noninformative prior
about h1 and c, noninformative prior about r2 and relatively noninformative prior
about c, with ca ¼ F̂

�1ð0:15Þ, cb ¼ F̂
�1ð0:85Þ, and F̂ the data’s empirical cumulative

distribution function. In both cases, a discrete prior is set for d 2 fd1, d2, . . . ,
dmaxg, where d1 � � � � � dmax, for dmax a large upper bound, so p(di) ¼ Pr(d ¼ di).

3.2. Posterior assessment

We assume that k is known. So, the posterior simulation for h, c, c and r2 was
carried out using the MCMC algorithm. More specifically, the full conditional
posterior of h and r2 (not depending on the form of the prior: subjective or
objective) are normal and inverse gamma, respectively, in this case it is possible to
use the Gibbs sampling algorithm (Gelfand and Smith, 1990). On the contrary,
the full conditional of c and c is unknown, in this case we use the Metropolis–
Hastings algorithm (Metropolis et al., 1953; Hastings, 1970). For more details
about Gibbs sampling and Metropolis–Hastings algorithms see Gilks et al. (1996)
or the books by Gamerman (1997) and Robert and Casella (1999). Below, [n]
denotes the full conditional distribution for the parameter n conditional on all the
other parameters, and

P
is short for

Pn
t¼1.
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3.2.1. Conditionally conjugate prior specifications
The full conditional distributions when the conditionally conjugate prior
distribution is used are:

[h] Combining yt � Nðz0th; r2Þ with h � Nðmh; r2hI2kþ2Þ, it is easy to see that
½h� � Nð~mh; ChÞ, where

~mh ¼ Ch r�2
X

ztyt þ r�2
h mh

n o
ð4Þ

and

C�1
h ¼ r�2

h I2kþ2 þ r�2
X

ztz0t ð5Þ

[r2] By noticing that et ¼ yt � z0th � Nð0; r2Þ, it can be seen that
½r2� � IG½ðn þ vÞ=2; ðvs2 þ

P
e2t Þ=2�;

[c, c] The joint full conditional distribution of c and c has no known form, so we
update them jointly by using a random-walk Metropolis step, with c� � G[(c(i))2/
Dc, c

(i)/Dc] and c� � N(c(i), Dc) the proposal densities, where c(i) and c(i) are the
current values of c and c. The pair (c�, c�) is accepted with probability a ¼
minf1, Ag, where

A ¼
Qn

t¼1 pN ðytjz0t�h; r2ÞQn
t¼1 pN ðytjz0th; r2Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
likelihood ratio

pgðc�ja; bÞpN ðc�jmc; r2cÞ
pgðcðiÞja; bÞpN ðcðiÞjmc; r2cÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

prior ratio

� pgðcðiÞjðc�Þ2=Dc; c�=DcÞ
pgðc�jðcðiÞÞ2=Dc; cðiÞ=DcÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

proposal ratio

where z0t� ¼ z0tðc�; c�; dÞ, pg and pN are the probability density functions of the
gamma and the normal respectively. Dc and Dc are chosen such that the
acceptance probability is between 10% and 50%, for instance.

[d] Inference about the delay parameter d is rather trivial. Since,
d 2 fd1, d2, . . . , dmaxg, the posterior conditional posterior distribution for d is
p(d|y, Q) / p(y|d, Q)p(d).

3.2.2. Lubrano’s prior specifications
The full conditional distributions when Lubrano’s prior distribution is used are:

[h] Combining yt � Nðz0th; r2Þ with (h2|r
2, c) � N(0, r2ecIkþ1), it is easy to view

that ½h� � Nð~m�
h; C

�
hÞ, where

~m�
h ¼ C�

h

X
ztytr�2

� �
ð6Þ

and

C�
h ¼

X
ztz0tr

�2 þ R�1
� �

ð7Þ

for R)1 ¼ diag(0, r)2e)cIkþ1).
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[r2] From model 3, et ¼ yt � z0th � Nð0; r2Þ, which combined with the
noninformative prior p(r2) / r)2, leads to

½r2� � IG
ðnþ k þ 1Þ

2
;
ðe�ch02h2 þ

P
e2t Þ

2

� �
:

[c, c] Again, c� � G[(c(i))2/Dc, c
(i)/Dc] and c� � N(c(i), Dc), truncated at the

interval [ca, cb], and c(i) and c(i) current values of c and c. The pair (c�, c�) is
accepted with probability a ¼ minf1, Ag, where

A ¼
QT

t¼1 pN ðe�t j0; r2ÞQT
t¼1 pN ðe

ðiÞ
t j0; r2Þ

pN ðh2j0; r2ec
�
Ikþ1Þ

pN ðh2j0; r2ecðiÞIkþ1Þ
pðc�Þpðc�Þ
pðcðiÞÞpðcðiÞÞ

�
U cb�cðiÞffiffiffiffi

Dc
p

� �
� U ca�cðiÞffiffiffiffi

Dc
p

� �h i
fGðcðiÞjðc�Þ2=Dc; c�=DcÞ

U cb�c�ffiffiffiffi
Dc

p
� �

� U ca�c�ffiffiffiffi
Dc

p
� �h i

fGðc�jðcðiÞÞ2=Dc; cðiÞ=DcÞ
;

where e�t ¼ yt � z0tðc�; c�; yt�dÞh, eðiÞt ¼ yt � z0tðcðiÞ; cðiÞ; yt�dÞh and U(Æ) is the
cumulative distribution function of the standard normal distribution.

[d] Similar to Section 3.2.1.

4. CHOOSING THE MODEL ORDER K

We start by introducing the traditional information criteria, Akaike information
criteria (AIC) (Akaike, 1974) and Bayesian information criteria (BIC) (Schwarz,
1978), widely used in model selection/comparison. To this toolbox we add the
deviance information criterion, (DIC) i.e. a criterion recently developed and
widely discussed in Spiegelhalter et al. (2002). In the second part of this section
we adapted the RJMCMC, proposed by Green (1995), to LSTAR(k) models,
where k is unknown. Standard MCMC algorithms cannot be used since the
dimension of the parameter vector is also a parameter.

4.1. Information Criteria

Traditionally, model order or model specification are compared through the
computation of information criteria, which are well known for penalizing
likelihood functions of overparametrized models. AIC (Akaike, 1974) and BIC
(Schwarz, 1978) are the most used ones. For data y and parameters h,
these criteria are defined as follows: AIC ¼ �2 lnðpðyjĥÞÞ þ 2d and
BIC ¼ �2 lnðpðyjĥÞÞ þ d ln n, d is the dimension of h, with d ¼ 2k þ 5 for
LSTAR(k), sample size n and maximum-likelihood estimator, ĥ. One of the
major problems with AIC/BIC is that defining k is not trivial, mainly in
Bayesian hierarchical models, where the priors act like reducers of the effective
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number of parameters through its interdependencies. To overcome this
limitation, Spiegelhalter et al. (2002) developed an information criterion that
properly defines the effective number parameter by pD ¼ �D� Dð~hÞ, where
D(h) ¼ )2 ln p(y|h) is the deviance, ~h ¼ EðhjyÞ and �D ¼ EðDðhÞjyÞ. As a
by-product, they proposed the DIC as DIC ¼ Dð~hÞ þ 2pD ¼ �D þ pD. One
could argue that the most attractive and appealing feature of the DIC is that it
combines model fit (measured by �D) with model complexity (measured by pD).
Besides, DICs are more attractive than Bayes factors since the former can be
easily incorporated into MCMC routines. For successful implementations of
DIC we refer to Zhu and Carlin (2000) (spatio-temporal hierarchical models)
and Berg et al. (2004) (stochastic volatility models), to name a few.

4.2. RJMCMC in LSTAR(k) models

Proposals to incorporate k in a fully Bayesian modelling already exist in the
literature. For example, Huerta and Lopes (2000) analysed the Brazilian
Industrial Production through AR(k) model where k ¼ 2c þ s, i.e. c pairs of
complex roots and s real roots, consider c and s, and therefore k unknown.
Troughton and Godsill (1997) suggest an RJMCMC algorithm for AR(k). Our
main contribution is to generalize the work of Troughton and Godsill (1997) by
proposing a RJMCMC (Green, 1995) that permits the incorporation of k in the
parameter vector for LSTAR(k, d) models.

In our LSTAR(k, d) model from eqn (1), h is a 2(k þ 1)-dimensional parameter
vector, whose dimension depends on k. Therefore, sampling k involves changing
the dimensionality of h. The idea behind RJMCMC is to propose a move from a
k-dimensional parameter space to a k0-dimensional one, with the additional aspect
that the vector / ¼ (c, c, r2, d) has the same interpretation under both models, k
and k0. If the current state of the Markov chain is (/, k), then one cycle of the
RJMCMC algorithm proceeds as follows. Specifically, a candidate model, k0, is
sampled from a proposal density, q(Æ|k), and conditional upon k0, candidate
parameter vector, h(k

0), is sampled from p(Æ|y, k0, /), and accepted with probability
a � af(k, h(k)) ! (k0, h(k

0))g

a ¼ min 1;
pðk0; hðk0Þjy;/Þ
pðk; hðkÞjy;/Þ

qðkjk0Þ
qðk0jkÞ

pðhðkÞjy; k;/Þ
pðhðk0Þjy; k0;/Þ

( )

¼ min 1;
pðyjk;/Þpðkj/Þ
pðyjk0;/Þpðk0j/Þ

qðkjk0Þ
qðk0jkÞ

� �
;

with the second equality following from the candidate’s identity (Besag, 1989):

pðk; hðkÞjy;/Þ
pðhðkÞjy; k;/Þ

¼ pðyjk;/Þpðkj/Þ
pðyj/Þ :
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In the particular case when p(k0|/) ¼ p(k|/), such as in uniformly discrete priors,
the acceptance probability becomes

a ¼ min 1;
pðyjk;/Þ
pðyjk0;/Þ

qðkjk0Þ
qðk0jkÞ

� �
:

Conditional on /, this step of the RJMCMC can be thought of as a Metropolis-
step algorithm that moves according to the marginal-likelihood ratio times a
correction factor, and will more often visit those models with higher marginal-
likelihood, which is an appealing and desirable property. The remaining marginal
likelihoods, p(y|k, /), are easily derived once one realizes that, conditional on k and
/, the parameters of h follows standard posterior normal distributions. More
precisely, under the standard conditionally conjugate prior distribution
(Section 3.2.1),

pðyjk;/Þ /
Z

pðyjk;/; hÞpðhjk;/Þdh

/ r�ð2kþ2Þ
hðkÞ

jChðkÞ j
1
2

� exp � 1

2
r�2y0y þ r�2

hðkÞ
m0

hðkÞ
mhðkÞ � ~mT

hðkÞ
C�1
hðkÞ

~mhðkÞ

� �� �
; ð8Þ

where ~mhðkÞ and Ch(k) were defined by eqns (4) and (5). Similarly, under Lubrano’s
prior (Section 3.2.2),

pðyjk;/Þ / ð2pÞ
kþ1
2 r2 expðcÞ
	 
�kþ1

2 jC�
hðkÞ

j
1
2

� exp � 1

2
ðr�2yT y � ~m�0

hðkÞ
C�
hðkÞ

�1 ~m�
hðkÞ

Þ
� �

ð9Þ

where ~m�
hðkÞ

and C�
hðkÞ

were defined by eqns (6) and (7). Finally, conditional on k
and y, / ¼ (c, c, r2, d) can be easily sampled from by using the MCMC steps
presented in Section 3, completing, therefore, the MCMC cycle. The following
chart schematically represents one cycle of our RJMCMC.

RJMCMC algorithm
Current state: (k, h(k), /),
Candidate model: Sample model order k0 from q(Æ|k),
Candidate parameters: Sample h(k

0) from p(h(k
0)|y, k0, /),

Model move: new state ð~k; hð~kÞÞ

ð ~k; hð~kÞÞ ¼
ðk0; hðk

0 ÞÞ w.p. a ðk; hðkÞÞ ! ðk0; hðk
0 ÞÞ

n o
ðk; hðkÞÞ w.p. 1� a ðk; hðkÞÞ ! ðk0; hðk

0 ÞÞ
n o

8<
:

Other parameters: Sample / from pð/j~k; hð~kÞ; yÞ,
Final state: ð~k; hð~kÞ; /Þ
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5. APPLICATIONS

Ourmethodology is extensively studied in this sectionagainst simulatedandreal-time
series. We start with an extensive simulation study, which is followed by the analysis
of twowell-knowndataset: (i) theCanadianLynx series,which stands for the number
of Canadian Lynx trapped in the Mackenzie River district of North-west Canada,
and (ii) the USIPI Index, which stands for the US Industrial Production Index.

5.1. A simulation study

We performed a study by simulating 50 replicates of time series with 400 and 1000
observations from the following LSTAR(2) structure:

yt ¼ 1:8yt�1 � 1:06yt�2 þ ð0:02� 0:9yt�1 þ 0:795yt�2Þpðyt�2Þ þ et;

where p(yt)2) ¼ [1 þ expf)100(yt)2)0.02)g])1 and et � N(0, 0.022). We used
Lubrano’s prior in this simulated exercise. The initial values were k ¼ 5, /1 ¼
/2 ¼ (0, 1, 1, 1, 1, 1), c ¼ 150, c ¼ �y and r2 ¼ 0.012. We replicated this study 50
times for sample sizes n ¼ 400 and n ¼ 1000. Table I summarizes the experiment
by counting number of times each one of the entertained models have the highest
posterior model probability [model Mk is an LSTAR(k, 2) model].

For each one of the 100 simulations (50 for n ¼ 400 and 50 for n ¼ 1000), we
consider 5000 MCMC runs with the first half used as burn-in. We found similar
results when running longer chains. As expected, better results are found for the
larger dataset. However, in both cases the right model is selected almost always.
We randomly picked one of the simulated series with n ¼ 1000 for further
detailed illustrations. Figure 1 exhibits the time series with AIC, BIC and DIC in
Table II. Posterior mean values and standard deviations for the model with
highest posterior model probability are shown in Table III.

5.2. Revisiting the Canadian Lynx Data

We analyse a Canadian Lynx series (see Figure 2) that represents logarithm of the
number of Canadian Lynx trapped in the Mackenzie River district of North-west
Canada over the period from 1821 to 1934. Some previous analyses of this series
can be found in Ozaki (1982), Tong (1990), Teräsvirta (1994), Medeiros and Veiga
(2000) and Xia and Li (1999).

TABLE I

Monte Carlo Experiment for 50 Simulated Series Logistic Smooth Transition

Autoregressive (LSTAR) (2, 2) of Size N ¼ 400 and N ¼ 1000

Models

M1 M2 M3 M4 M5

400 0 45 5 0 0
1000 0 49 1 0 0

Mk is an LSTAR(k, 2) model.
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Figure 1. Simulated series of 1000 observations from logistic smooth transition autoregressive (2, 2).

TABLE II

Model Comparison Using Information Criteria (Akaike Information Criteria, Bayesian

Information Criteria and Deviance Information Criteria) for the Simulated Logistic

Smooth Transition Autoregressive (2, 2) Process

k d AIC BIC DIC

1 1 )4654.6 )4620.2 )8622.2
2 )4728.6 )4694.3 )8731.2
3 )4682.7 )4648.4 )8606.8

2 1 )3912.0 )3867.9 )7434.2
2 )5038.9 )4994.8 )9023.6
3 )4761.2 )4717.0 )8643.8

3 2 )5037.0 )4983.0 )9023.3
3 )4850.4 )4796.5 )8645.9

TABLE III

Posterior Mean Values and Standard Deviations for the Parameters of the Logistic

Smooth Transition Autoregressive (2, 2) Model

Parameter True value Mean SD

h01 0 )0.0028 0.0021
h11 1.8 1.7932 0.0525
h21 )1.06 )1.0809 0.0654
c 100 100.87 4.9407
r2 0.0004 0.00037 0.000016
h02 0.02 0.023 0.0036
h12 )0.9 )0.8735 0.0637
h22 0.795 0.7861 0.0746
c 0.02 0.0169 0.0034
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We consider the objective priors and compute the posterior model probabilities
using our RJMCMC algorithm. We run our RJMCMC algorithm for 50,000
iterations and discard the first half as burn-in. The LSTAR(11) model has the
highest posterior model probability (see the histogram on Figure 3). Note that the
density of k is bimodal, which is concordant with Medeiros and Veiga estimates,
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Figure 3. Monte Carlo estimate of the marginal posterior density p(k|y) for Canadian Lynx series.
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who fit an LSTAR(2,2). Teräsvirta (1994) estimates a LSTAR(11,3). The results of
RJMCMC algorithm are shown in Table IV. The modal model is the one where
k ¼ 11 since Pr(k ¼ 11|y) ¼ 56%, but the AR(2), AR(3), AR(4), AR(12) and
AR(13) also have non-negligible posterior model probabilities (6.6%, 7.3%,
13.4%, 16.2% and 12.1% respectively). We can observe that most two-step
estimation schemes, the ones that usually estimates d and assume it is known when
estimating k, will most certainly overestimate the uncertainty about k. Therefore,
one can argue that our Bayesian estimation scheme fully accounts for all parameter
uncertainty, including the uncertainty associated with estimating d and k. The
specification of the highest posterior probability model, LSTAR(11, 3), is

ŷt ¼ 0:987
ð0:307Þ

þ 0:974yt�1

ð0:111Þ
� 0:098yt�2

ð0:151Þ
� 0:051yt�3

ð0:142Þ
� 0:155yt�4

ð0:137Þ
þ 0:045yt�5

ð0:143Þ

� 0:0702yt�6

ð0:146Þ
� 0:036yt�7

ð0:158Þ
þ 0:179yt�8

ð0:167Þ
þ 0:025yt�9

ð0:159Þ
þ 0:138yt�10

ð0:144Þ

� 0:288yt�11

ð0:096Þ
þð�3:688

ð2:04Þ
þ 1:36yt�1

ð0:431Þ
� 3:05yt�2

ð0:744Þ
þ 4:01yt�3

ð1:111Þ

� 2:001yt�4

ð0:972Þ
þ 1:481yt�5

ð0:753Þ
þ 0:406yt�6

ð0:657Þ
� 0:862yt�7

ð0:735Þ
� 0:666yt�8

ð0:684Þ

þ 0:263yt�9

ð0:539Þ
þ 0:537yt�10

ð0:486Þ
� 0:569yt�11Þ

ð0:381Þ

� ð1þ expf� 11:625ðyt�3

ð0:688Þ
� 3:504

ð0:017Þ
ÞgÞ�1

with E(r2|y) ¼ 0.025 and with posterior standard deviations in parentheses.
Figure 3 shows that our maximal model, the LSTAR(11, 3) captures the decennial
seasonality exhibited by the data. Within each decade the transition cycles
according to both extreme regimes as yt gets away from c ¼ 3.504, or the number
of trapped lynx gets away from 3191, which happens around 15% of the time.

TABLE IV

Results of the Reversible Jump Markov Chain Monte Carlo Algorithm for Canadian Lynx

Series

k d ¼ 1 d ¼ 2 d ¼ 3 d ¼ 4 p(k|y)

1 0 0 0 0 0
2 0 20 42 0 0.00124
3 6 18 3267 7 0.06596
4 0 8 3661 2 0.07342
5 0 0 658 4 0.01342
6 0 0 48 1 0.00098
7 0 0 74 6 0.00160
8 0 0 4 4 0.00016
9 0 0 34 1 0.00070
10 0 0 11 0 0.00022
11 4 0 27745 222 0.55942
12 0 0 8073 27 0.16200
13 41 0 5990 22 0.12106
p(d|y) 0.00102 0.00092 0.99214 0.00592 1.00000
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Finally, we compare our best model, LSTAR(11, 3), Teräsvirta’s (1994)
LSTAR(11, 2) model, and Tong’s (1990, pages 377 and 387) TAR(2, 2) and
TAR(7, 2) models:
	 Teräsvirtas� (1994) LSTAR(11,2)

ŷt ¼ 1:17yt�1

ð0:035Þ
þð� 0:92yt�2

ð0:20Þ
þ 1:00yt�3

ð0:31Þ
� 0:41yt�4

ð0:16Þ

þ 0:27yt�9

ð0:055Þ
� 0:21yt�11Þ

ð0:079Þ

� 1þ expf� 1:73
ð0:65Þ

�1:8ðyt�3 � 2:73
ð0:13Þ

Þg
� ��1

	 Tong’s (1990, p. 377) TAR(2,2)

ŷt ¼
0:62þ 1:25yt�1 � 0:43yt�2; yt�2 � 3:25,
2:25þ 1:52yt�1 � 1:24yt�2; yt�2 > 3:25.

�
	 Tong’s (1990, p. 387) TAR(7,2)

ŷt ¼
0:546þ 1:032yt�1 � 0:173yt�2 þ 0:171yt�3

�0:431yt�4 þ 0:332yt�5 � 0:284yt�6 þ 0:210yt�7; yt�2 � 3:116,
2:632þ 1:492yt�1 � 1:324yt�2; yt�2 > 3:116.

8<
:

Tables V and VI present, respectively, estimates of the standard deviations, r2,
and mean absolute error (MAE) and root-mean square error (RMSE) for the four
competing models. Besides being the model with the highest posterior model
probability, our LSTAR(11, 3) model exhibits the lowest variability (smallest r̂e),
and smallest MAE and RMSE (See Figure 4).

TABLE V

Canadian Lynx Data: Estimated Residual Standard Deviation

Authors Model r̂e

Lopes and Salazar LSTAR(11, 3) 0.158
Teräsvirta (1994) LSTAR(11, 2) 0.187
Tong (1990, p. 377) TAR(2, 2) 0.220
Tong (1990, p. 387) TAR(7, 2) 0.210

LSTAR, logistic smooth transition autoregressive; TAR, threshold autoregressive.

TABLE VI

Canadian Lynx Data: Mean Absolute Error (MAE) and Root Mean Squared Error (RMSE)

Authors Model MAE RMSE

Lopes and Salazar LSTAR(11, 3) 0.118 0.153
Teräsvirta (1994) LSTAR(11, 2) 0.142 0.179
Tong (1990, p. 377) TAR(2, 2) 0.160 0.206
Tong (1990, p. 387) TAR(7, 2) 0.152 0.190

LSTAR, logistic smooth transition autoregressive; TAR, threshold autoregressive.
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5.3. Analysing the US IPI

We analysed the US IPI, which can be downloaded from the internet at http://
www.economagic.com/sub-info/. The series comprises monthly observations from
1960 to 2001. Following previous analysis, we converted the original series to
quarterly by averaging, after we took the fourth difference of the series so as to
achieve stationarity and remove possible seasonality. The resulting series is shown
in Figure 5.

We use the RJMCMC algorithm with Lubrano’s priors and analyse several
LSTAR models. We consider 50,000 runs and then we discarded the values from
the first 25,000 iterations as burn-in. The histogram from Figure 6 and Table VII
show that the LSTAR(5, 3) model has the highest posterior model probability,
Pr(k ¼ 5, d ¼ 3|y) 
 55%, and is specified as follows,

yt ¼ � 0:007
ð0:005Þ

þ 0:909yt�1

ð0:182Þ
� 0:411yt�2

ð0:214Þ
þ 0:51yt�3

ð0:247Þ
� 1:265yt�4

ð0:225Þ

þ 0:541yt�5

ð0:185Þ
þð0:008

ð0:005Þ
þ 0:555yt�1

ð0:199Þ
� 0:153yt�2

ð0:261Þ

� 0:412yt�3

ð0:297Þ
þ 1:124yt�4

ð0:269Þ
� 0:488yt�5Þ

ð0:199Þ

� 1þ expf� 960:58ðyt�3

ð16:424Þ
þ 0:0076Þ

ð0:0029Þ
g

 !�1

þet; Eðr2jyÞ ¼ 0:00019

with posterior standard deviations in parentheses.
We used the LSTAR(5, 3) to check the forecast performance from the first

quarter of 2002 to the second quarter of 2004. However, as can be seen from
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Figure 4. Posterior distribution of p(yt)d, c, c) (vertical lines) for the Canadian Lynx.
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Table VII, models LSTAR(4, 3) and LSTAR(6, 3) also have relatively high
posterior model probability (18.7% and 19.1% respectively), so choosing only
one model is not as obvious as it was with the Canadian Lynx data. As far as
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Figure 5. US Industrial Production Index.

2 3 4 5 6 7 8 9 10
0.0

0.1

0.2

0.3

0.4

0.5

Figure 6. Monte Carlo estimate of the marginal posterior density p(k|y) for US Industrial Production
Index series.

113BAYESIAN APPROACH OF LSTAR MODEL

� Blackwell Publishing Ltd 2005



forecasting is concerned, a naturally Bayesian strategy is to average forecasts from
competing models with weights defined by their respective posterior model
probabilities, a procedure that has become well known as Bayesian model
averaging (BMA) (for more details see Raftery et al., 1997; Clyde, 1999; Hoeting
et al., 1999). Figure 7 shows the forecasts for our maximal model LSTAR(5, 3)
and from the BMA model. One could argue that the BMA produces more
accurate forecasting for short periods, with a possible explanation for this
improvement being that individual models are over-parameterized, so suffer the
curse of over-fitting and yielding poor predictions with larger credible intervals.

TABLE VII

Results of the Reversible Jump Markov Chain Monte Carlo Algorithm for US Industrial

Production Index Series

k d ¼ 1 d ¼ 2 d ¼ 3 d ¼ 4 p(k|y)

1 0 0 0 0 0.00000
2 0 0 1 2 0.00006
3 5 0 0 1 0.00012
4 134 1 9328 31 0.18988
5 81 7 27679 77 0.55688
6 246 3 9528 141 0.19836
7 8 1 531 50 0.01180
8 1 0 70 5 0.00152
9 19 0 422 7 0.00896
10 25 0 1591 5 0.03240
p(d|y) 0.01038 0.00024 0.98300 0.00638 1.00000
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Figure 7. Forecast values from 2002–1 to 2004–2 for US-Industrial Production Index series using
model (10) and Bayesian model averaging method. The vertical line denotes the start of forecasting.
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6. CONCLUSIONS

In this paper, we develop MCMC and RJMCMC algorithms for posterior
inference and model selection in the broad class of nonlinear time-series
models known as LSTAR. Our developments are checked against
simulated and real datasets with encouraging results in favour of our
RJMCMC scheme.

Even though we concentrated our computations and examples to the logistic
transition function, the algorithms we developed can be straightforwardly
adapted to other transition functions such as the exponential, the second-order
logistic functions, and with (virtually) any continuous function taking values in
[0, 1]. Similarly, even though we chose to work with yt)d as the transition
variable and accounted for the uncertainty about d, our findings are easily
extended to situations where yt)d is replaced by, say, s(yt)1, . . . , yt)d, a) for a
and d unknown.

Our simulation study and applications presented encouraging results. On the
one hand, our RJMCMC algorithm selected the correct model with high
posterior model probability in the simulated study. On the other hand, by
revisiting well-known datasets, such as the Canadian Lynx series and the US
IPI, we showed that our estimation scheme outperforms those currently used.
We have also showed, through the US IPI series, that mixture of model
forecasts is a natural Bayesian tool and a straightforward by-product of our
RJMCMC algorithm.

In this paper, we focused on modelling the level of nonlinear time-series. Our
current research agenda includes adapting the methods we propose here to model
both univariate and multivariate (factor) stochastic volatility problems (Lopes
and Migon, 2002; Lopes et al., 2000) and comparison of smooth transition
autoregressions with Markov switching models (Carvalho and Lopes, 2004,
Abanto-Valle et al., 2004).

All the algorithms were programmed in the student’s version of the software
Ox, which is publicly available and downloadable from Jurgen Doornik’s website
at http://www.doornik.com/download_oxcons.html.
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