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Abstract: Bayesian inference in factor analytic models has received re-

newed attention in recent years, partly due to computational advances but

also partly to applied focuses generating factor structures as exemplified by

recent work in financial time series modeling. The focus of our current work

is to investigate the commonly overlooked problem of prior specification and

sensitivity in factor models. We accomplish that by implementing Pérez and

Berger’s (1999). Expected Posterior (EP) prior distributions. As opposed

to alternative objective priors, such as Jeffreys’ prior and Bernardo’s prior,

EP prior has several important theoretical and practical properties, with its

straightforward computation through MCMC methods and coherence when

comparing multiple models perhaps the most important ones.
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1 Introduction

Methodological innovations and real-world applications of factor analysis, and
latent structure models more generally, have developed rapidly in recent years,
partly due to increased access to appropriate computational tools. In particu-
lar, iterative MCMC simulation methods have very naturally opened up access to
fully Bayesian treatments of factor analytic models, as developed and applied in,
for example, Geweke and Zhou (1996) and Polasek (1997), with a historical view
presented in Lopes and West (2004). The growing range of developments and
creative applications in increasingly complex models, and with larger data sets
in higher dimensions, justifies the view that computational advances have been
critically enabling; the near future will very likely see much broader use of factor
analysis in routine applied statistical work. Formal inference on the number of
factors itself has been relatively ignored in the Bayesian literature, with most of
the studies assuming that the number of factors is a modelling choice. Applied
work typically studies sensitivity of predictions and variations/ambiguities of in-
terpretations as the number of factors is varied as a control parameter. Lopes and
West (2004), for instance, presents situations where overestimating the number of
factor causes multimodality in the posterior distributions of most of the the factor
model’s parameters.
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In Lopes and West (2004) we introduced, developed and explored MCMC
methods for factor models that treat the number of factors as unknown. Building
on prior work on MCMC methods for a given number of factors, we introduced
a customised reversible jump Markov chain Monte Carlo (RJMCMC, see Green’s
(1995) algorithm for moving between models with different numbers of factors.
We compared our sampler with alternative stochastic approximation methods.
Most of these methods are derived to compute normalizing constants, such as the
bridge sampling Meng and Wong (1996); the candidate estimator Chib (1995);
the harmonic mean estimator Newton and Raftery (1994); Gelfand and Dey’s es-
timator Gelfand and Dey (1994) and the well-know Laplace-Metropolis estimator
Lewis and Raftery (1997), which later on will be of practical computational usage.

In the present work, our main goal is to explore the sensitiviness of factor
models to prior hyperparameters. In other words, we want to study how model
selection in the factor analysis context is affected by decreasing the amount of prior
information. Is is well known that Bayesian model comparison is cumbersome
when the prior is relatively uninformative. Many solutions have been proposed in
the last two decades to overcome this problem, such as Spiegelhalter and Smith’s
(1982) imaginary samples, Berger and Pericchi’s (1996) intrinsic Bayes factors
and O’Hagan’s (1995) fractional Bayes factor, among others. We will restrict our
attention to Pérez and Berger’s (2002) expected posterior prior, which is also an
intrinsic prior Berger and Pericchi (2001), mainly due to its foundational and
computational aspects, to be discussed shortly.

Section 2 defines the basic factor model framework, notation and structure,
and briefly reviews and discusses issues of model specification and Bayesian analy-
sis of the factor model when the number of factors is specified, based on standard
Gibbs sampling. Expected posterior priors in the factor model context is intro-
duced in Section 3, while Section 4 presents some comparative studies based on
synthetic data and an application to international exchange rate markets. Section
5 concludes the paper with summary comments.

2 Factor model structure and specification

2.1 Basic model form

Data on m related variables are considered to arise through random sampling
from a zero-mean multivariate normal distribution denoted by N(0,Ω) where Ω

denotes the m × m non-singular variance matrix. A random sample of size T
is denoted by {yt, t = 1, . . . , T}. For any specified positive integer k ≤ m, the
standard k−factor model relates each yt to an underlying k−vector of random
variables f t, the common factors, via

yt = βf t + ǫt (2.1)

where (i) the factors f t are independent with f t ∼ N(0, Ik), (ii) the ǫt are
independent normal m−vectors with ǫt ∼ N(0,Σ), and Σ = diag(σ2

1 , · · · , σ2
m),
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(iii) ǫt and f s are independent for all t and s, and (iv) β is the m × k factor
loadings matrix.

Under this model, the variance-covariance structure of the data distribution
is constrained; we have Ω = V (yt|Ω) = V (yt|β,Σ) given by Ω = ββ′ + Σ.
The model implies that, conditional on the common factors, the observable vari-
ables are uncorrelated: hence the common factors explain all the dependence
structure among the m variables. For any elements yit and yjt of yt and condi-
tionally on β and Σ, we have the characterising moments, (i) var(yit|f) = σ2

i ,

(ii) cov(yit, yjt|f ) = 0, (iii) var(yit) =
∑k

l=1 β2
il + σ2

i , and (iv) cov(yit, yjt) =∑k
l=1 βilβjl.
In practical problems, especially with larger values of m, the number of fac-

tors k will often be small relative to m, so that much of the variance-covariance
structure is explained by the common factors. The uniquenesses, or idiosyncratic
variances, σ2

i measure the residual variability in each of the data variables once
that contributed by the factors is accounted for. The model (2.1) can be written
as

y = Fβ′ + ǫ (2.2)

where y = (y1, · · · , yT )′, F = (f1, · · · , fT )′ and ǫ = (ǫ1, · · · , ǫT )′ are matrices of
dimension (T ×m), (T × k) and (T ×m), respectively. The elements ǫ and F are
mutually independent matrix normal random variables, as in Dawid (1981), Press
(1982) and West and Harrison (1997), chapter 16. The notation, as in Dawid
(1981), is simply ǫ ∼ N(0, IT ,Σ). We then have densities

p(y|F , β,Σ) ∝ |Σ|−T/2etr(−0.5Σ−1ǫǫ′) (2.3)

and, marginalising over F ,

p(y|β,Σ) ∝ |Ω|−T/2etr(−0.5Ω−1y′y) (2.4)

where etr(A) = exp(trace(A)) for any matrix A. The likelihood function (2.3) will
be subsequently used in Gibbs sampling for the parameters of a factor model with
k fixed, whereas the likelihood form (2.4) is extensively used in the RJMCMC
algorithm proposed in Lopes and West (2003).

2.2 Model structure and identification issues

As is well-known, the k−factor model must be further constrained to define a
unique model free from identification problems. First we address the standard
issue that the model is invariant under transformations of the form β∗ = βP ′

and f∗
t = Pf t, where P is any orthogonal k × k matrix. There are many ways

of identifying the model by imposing constraints on β, including constraints to
orthogonal β matrices, and constraints such that β

′
Σ−1β is diagonal (see Seber,

1984, for example). The alternative preferred here is to constrain so that β is a
block lower triangular matrix, assumed to be of full rank, with diagonal elements
strictly positive. This form is used, for example, in Geweke and Zhou (1996)
and Aguilar and West (2000), and provides both identification and, often, useful
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interpretation of the factor model. In this form, the loadings matrix has r =
mk − k(k − 1)/2 free parameters. With m non-zero σi parameters, the resulting
factor form of Ω has m(k + 1)− k(k − 1)/2 parameters, compared with the total
m(m+1)/2 in an unconstrained (or k = m) model; leading to the constraint that
m(m + 1)/2 − m(k + 1) + k(k − 1)/2 ≥ 0, which provides an upper bound on k.
For example, m = 6 implies k ≤ 3, m = 12 implies k ≤ 7, m = 20 implies k ≤ 14,
m = 50 implies k ≤ 40, and so on. Even for small m, the bound will often not
matter as relevant k values will not be so large. In realistic problems, with m in
double digits or more, the resulting bound will rarely matter. Finally, note that
the number of factors can be increased beyond such bounds by setting one or more
of the residual variances σi to zero.

A question arises about the full-rank assumption for β. This was addressed
in Geweke and Singleton (1980) who shown that, if β is rank deficient, then the
model is unidentified. Specifically, if β has rank r < k there exists a matrix
Q such that βQ = 0, Q′Q = I and, for any orthogonal matrix M , such that
Ω = ββ

′+Σ = (β+MQ′)′(β+MQ′)+(Σ−MM ′). This translation invariance
of Ω under the factor model implies lack of identification and, in application,
induces symmetries and potential multimodalities in resulting likelihood functions.
This issue relates intimately to the question of uncertainty of the number of factors,
discussed further below.

A final question concerns the ordering of the yit variables and the connection
between a chosen ordering and the specific form of the factor loading matrix above.
The order of variables is a modelling decision that has no effect on the resulting
theoretical model nor on predictive inferences under the model. Given the k-factor
model (2.1) specified and appropriate for the y with variables in a specific order,
alternative orderings are trivially produced via Ayt for some rotation matrix A.
Model (2.1) then transforms to a similar factor model for the reordered data
Ayt with the same latent factors but transformed loadings matrix Aβ. This new
loadings matrix does not have the lower triangular structure. However, we can
always find an orthonormal matrix P such that AβP ′ is lower triangular, and
so simply recover the factor model in precisely the form (2.1) with the same
probability structure for the underlying latent factors Pf t. This result confirms
that the order of the variables in yt is theoretically irrelevant assuming that k
is properly chosen. However, when it comes to model estimation, the order of
variables has a determining effect on the choice of k, and the interaction between
variable order and model fitting can be quite subtle, as we illustrate in examples
below.

2.3 Elements of prior specification

To complete the model specification we require classes of priors for the model
parameters β and Σ. Our reported analyses are based on very diffuse but proper
priors with the following ingredients. For the factor loadings, we take independent
priors such that βij ∼ N(0, C0) when i 6= j, and βii ∼ N(0, C0)1(βii > 0) for the
upper-diagonal elements of positive loadings i = 1, · · · , k. The latter simply trun-
cates the basic normal prior to restrict the diagonal elements to positive values.
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Analysis now requires only that we specify the variance parameter C0, which we
take to be rather large in the studies below. See Table 1.

For each of the idiosyncratic variances σ2
i we assume a common inverse gamma

prior, and take the variances to be independent. Specifically, the σ2
i are indepen-

dently modelled as σ2
i ∼ IG(ν/2, νs2/2) with specified hyperparameters ν and s2.

Here s2 is the prior mode of each σ2
i and ν the prior degrees of freedom hyperpa-

rameter. Our examples below assume low values of ν to produce diffuse though
proper priors. Note that we eschew the use of standard improper reference priors
p(σ2

i ) ∝ 1/σ2
i . Such priors lead to the Bayesian analogue of the so-called Hey-

wood problem Martin and McDonald (1981), Ihara and Kano (1995). In terms
of these variance parameters, likelihood functions in factor models are bounded
below away from zero as σ2

i tends to zero, so inducing singularities in the posterior
at zero. Proper priors that decay to zero at the origin obviate this problem and
induce proper posteriors. See Table 1.

2.4 MCMC methods in a k−factor model

With a specified k−factor model, Bayesian analyses using MCMC methods are
straightforward. We simply summarise the main ingredients here, referring to
Lopes and West (2004) for further details. MCMC analysis involves iteratively
simulating from sets of conditional posterior distributions which, in this model,
are standard forms. A basic method simulates from the conditional posteriors
for each of F , β and Σ in turn, utilising the following sets of full conditional
posteriors arising from our model as specified. These are as follows.

First, the factor model in (2.2) can be seen as a standard multivariate regres-
sion model with “parameters” F when β, Σ and k are fixed (e.g., Press, 1982, Box
and Tiao, 1973, Broemeling, 1985 and Zellner, 1971). It easily follows that the
full conditional posterior for F factors into independent normal distributions for
the f t, whose mean vector and covariance matrix are (Ik + β′Σ−1β)−1β′Σ−1yt

and (Ik + β′Σ−1β)−1), respectively. Second, the full conditional posterior for β
also factors into independent margins for the non-zero elements of the rows of β,
as follows. For rows i = 1, . . . , k, write βi = (βi1, . . . , βii)

′ for just these non-zero
elements. For the remaining rows i = k + 1, . . . , m, write βi = (βi1, . . . , βik).
Similarly, for i = 1, . . . , k denote by F i the T × i matrix containing the first i
columns of F , and for all i let yi be the column i of y. Finally, it is trivially
deduced that full conditional posterior for the elements of Σ reduces to a set of
m independent inverse gammas, with σ2

i ∼ IG((ν + T )/2, (νs2 + di)/2) where
di = (yi − Fβ′

i)
′(yi − Fβ′

i). Then we have full conditionals as follows: for
i = 1, . . . , k, βi ∼ N(mi, Ci)1(βii > 0) where mi = Ci

(
C−1

0 µ01i + σ−2
i F ′

iyi

)

and C−1
i = C−1

0 Ii + σ−2
i F ′

iF i. For i = k + 1, . . . , m, βi ∼ N(mi, Ci) where

mi = Ci

(
C−1

0 µ01k + σ−2
i F ′yi

)
and C−1

i = C−1
0 Ik + σ−2

i F ′F . These distribu-
tions are easy to sample from.
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3 Expected posterior priors

In this section we explore default analysis of factor models using Expected Pos-
terior priors distributions Pérez and Berger (2002). Our main motivation is the
difficulty in assessing prior information in factor models, both because it involves
multivariate prior assessment and because of the highly nonlinear structure that
drives the parameters in a factor model. More specifically, we want to study how
sensitive the predictive distribution is to the values of the hyperparameters C0, ν
and νs2 from section 2.3, or more generally, to the prior distribution chosen for
the loadings, β, and for the idiosyncratic variances, Σ.

It is broadly known that, as far as estimation and posterior analysis is con-
cerned, the effect of the prior decreases as the sample size increases. Also, even
in the case where improper priors are used, it is most likely that the posteriors
will be proper. However, when it comes to model comparison, the prior’s weight
does not cancel out so easily and in the worst scenario, when priors are improper,
Bayes factors are as large or as small as the decision makers might please. On the
other hand, there are many situations where the investigator wants to use as little
prior information as possible, either because he does not have it or because he
wants to avoid further scrutiny from competing investigators that might suggest
that his work is subjective.

In factor analysis there might be situations where a psychologist wants, in an
exploratory factor analysis, to identify possible traits that his patients share. In
order to do so, one might want to consider factor models with different number of
factors and then pick that one with the highest posterior probability and then draw
his conclusions (eventually after trying a couple of rotations). If the researcher has
no or quite scarce prior information he will find it hard to assess prior distributions
and might be willing to use default methods, especially when the procedure is used
routinely.

Many attempts have being made in order to overcome such fallacy. Among
others, Spiegelhalter and Smith’s (1982) imaginary samples, Berger and Pericchi’s
(1996) intrinsic Bayes factors and O’Hagan’s (1995) fractional Bayes factor, are
just some examples of how important (partial) solutions for this problem might
be. In a recent article, Pérez and Berger (2002) propose what they call Expected
Posterior Priors, which are obtained as

π∗
k(θk) =

∫
πN

k (θk|y
∗)m∗(y∗)dy∗ (3.1)

where y∗ is a training sample and m∗ is a measure on the training sample space.
Here πN

k (θk|y
∗) is the posterior density for θk based on the “vague” or nonin-

formative (usually improper) prior and under model Mk. In our notation, θk

corresponds to the loading matrix and the uniquenesses variances in a i-factor
model.

The key feature of this method comes from the fact that the Bayes factor of
Mk to Mk′ is given by

B∗
kk′ (y) =

mπ∗

k
(y)

mπ∗

k′
(y)
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=

∫
pk(y|θk)π∗

k(θk)dθk∫
pk′(y|θk′)π∗

k′ (θk′)dθk′

=

∫
mN

k (y|y∗)m∗(y∗)dy∗

∫
mN

k′(y|y∗)m∗(y∗)dy∗
(3.2)

where mN
k (y|y∗) = mN

k (y, y∗)/mN
k (y∗). Notice that all multiplicative constant

factors cancel out. Additionally, it is coherent using this Bayes factor, B∗
kk′ =

1/B∗
k′k, and B∗

kk′ = B∗
klB

∗
lk′ . Besides coherence, other attractive properties of EP

priors are: (i) only one measure m∗ needs to be specified, (ii) MCMC output can
be promptly used to its computation (see equation (3.9) below), and (iii) improper
priors can be used since scaling constant cancel out (see equation (3.2) above).
Further results can be found in Pérez and Berger (2002) or Pérez (1998), for a
more detailed approach.

3.1 Computational issues

In order to compute the Bayes factor in (3.2) for the factor model at hand, we
need first to obtain an approximation for mπ∗

k
. But, firstly, let us rewrite mπ∗

k
as

a function of mN
k and m∗. Notice that

mπ∗

k
(y) =

∫
pk(y|θk)π∗

k(θk)dθk

=

∫
pk(y|θk)

[∫
πN

k (θk|y
∗)m∗(y∗)dy∗

]
dθk

=

∫ [∫
pk(y, y∗|θk)πN

k (θk)

mN
k (y∗)

dθk

]

︸ ︷︷ ︸
mN

k
(y,y∗)/mN

k
(y∗)

m∗(y∗)dy∗

= mN
k (y)

∫
mN

k (y∗|y)

mN
k (y∗)

m∗(y∗)dy∗ (3.3)

and, accordingly, the Bayes factor B∗
kk′ (y) can be written as

B∗
kk′ (y) =

mN
k (y)

mN
k′ (y)

∫ mN

k
(y∗|y)

mN

k
(y∗)

m∗(y∗)dy∗

∫ mN

k′
(y∗|y)

mN

k′
(y∗)

m∗(y∗)dy∗
(3.4)

Expression (3.3) gives us a hint of how to obtain an MCMC approximation
for mπ∗

k
(y). Usually, y∗ will be much smaller than y, because it will be based on

a minimal training sample Pérez and Berger (2002). Initially, let y∗
1, . . . , y

∗
R be

random draws taken from m∗(y∗). An approximation for the integral in (3.3) is

Î =
1

R

R∑

r=1

mN
k (y∗

r |y)

mN
k (y∗

r)
(3.5)
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and according to well established MC results, Geweke (1989), it can be shown
that

Î →

∫
mN

k (y∗|y)

mN
k (y∗)

m∗(y∗)dy∗

as R goes to infinity. Therefore,

m̂π∗

k
(y) =

mN
k (y)

R

R∑

r=1

mN
k (y∗

r |y)

mN
k (y∗

r)

approximates mπ∗

k
(y) in the same sense. The question that remains now is how

such predictive measures can be computed. Rephrasing it, the question is how
normalizing constants can be computed. In order to compute m̂π∗

k
(y), we need

first to compute mN
k (y), mN

k (y∗
r |y) and mN

k (y∗
r) for r = 1, . . . , R. Firstly, it is

easy to see that

mN
k (y∗|y) =

∫
p(y∗|θk)πN

k (θk|y)dθk (3.6)

where, having at hand draws from the posterior distribution under model i, say

θ
(1)
k , . . . , θ

(M)
k , this integral can be approximated by

m̂N
k (y∗|y) =

1

M

M∑

m=1

p(y∗|θ
(m)
k ) (3.7)

which has the same asymptotic properties as Î. On the other, to compute mN
k (y)

(or mN
k (y∗)) we need to rely on other kinds of approximations. However, now we

need an estimator that (i) is minimally reliable, (ii) is based on a sample from the
posterior distribution and (iii) is fast enough to be used many times. In Lopes and
West’s (2004) simulations and applications, the Laplace-Metropolis estimator was
shown to be considerably reliable, besides being straightforwardly implementable.

3.1.1 Laplace-Metropolis estimator

The Laplace-Metropolis estimator combines analytic posterior approximations
with MCMC output to modify traditional Laplace asymptotics, Tierney and Ka-
dane (1986). Discussed in Lewis and Raftery (1997), the resulting estimator has
the form

p̂LM = m̂N
k (y) = (2π)d/2|Ψk|

1/2pk(y|k, θ̃k)pN
k (θ̃k) (3.8)

where θ̃k maximizes p(y|k, θk)πN
k (θk) among the M posterior draws, Ψk is the

MCMC approximation to the posterior variance of θk, and d is the dimension of
θk. Variations on this method replace θ̃k by the MCMC approximation to the
posterior mean. Hence, our final approximation for mπ∗

k
(y) is

ˆ̂mπ∗

k
(y) =

|Ψ|1/2pk(y|θ̃k)πN
k (θ̃k)

RM

R∑

r=1

∑M
m=1 p(y∗

r |θ
(m)
k,r )

|Ψk,r|1/2pk(y∗
r |θ̃k,r)πN

k (θ̃k,r)
(3.9)
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where θ̃k,r and Ψk,r are analogous to θ̃k and Ψk, respectively, but based on the

sample θ
(1)
k,r, . . . , θ

(M)
k,r taken from πN

k (θ|y∗
r), for r = 1, . . . , R. Notice that πN

k (.)

appears in both the numerator and denominator of (3.9), so cancelling out any
multiplicative constant factor.

4 Applications

We investigated two distinct simulated situations, a single-factor and a three-
factor models, with the main goal of studying model selection robustness to prior
hyperparameter choice when performing the estimation with and without consid-
ering expected posterior prior distributions. As for a real data analysis, we apply
EP priors to model the exchange rates for six countries Lopes and West (2004).

4.1 A one-factor model

We simulated T = 200 observations from a k = 1-factor model for a vector y

of m = 7 variables. The factor loading matrix and the uniquenesses variances
are fixed at β1 = (0.995, 0.975, 0.949, 0.922, 0.894, 0.866, 0.837) and diag(Σ1) =
(0.01, 0.05, 0.10, 0.15, 0.20, 0.25,
0.30), respectively. We have run the Gibbs sampler for M0 = 5000 iterations,
after which every tenth draw has been stored in a sample of size 1000 for further
computation. In this model, i.e. when k = Kmax = 3, the maximum number of
parameters is 25. Therefore, we have chosen to make y∗ represent a sample with 26
observations taken from a multivariate normal distribution with zero mean. The
covariance matrix used was the sample covariance matrix based on y1, . . . , y200.
Notice that this would correspond to a factor model with no factor model at all,
which in a sense represents the basic model.

As prior hyperparameters we have tried three different sets summarized in
Table 1. With these choices we believe we can express decreasing amounts of
information present in the prior distributions.

Table 1 Prior hyperparameters. i = 1, . . . , 7 and k = 1, . . . , 3

µki Ck0 νki νkis
2
ki

I 0 1 2.2 0.1
II 0 10 2.2 0.01
III 0 100 2.2 0.0001

Finally, we have chosen R = 1000 in order to compute the predictive distribu-
tions. Table 2 summarizes our findings. It can be seen that the predictive density
varies considerably when computed with different priors, while it is more stable or
“robust” when based on expected posterior prior distributions. If the prior model

probabilities are uniform, then posterior model probabilities, P̂N
k (k) and

ˆ̂
P π∗

k
(k)
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can also be computed. From Table 2 it seems that in the context of the simulated
example either prior set up leads to the same answer. This observed robustness
to the prior reflects the propriety of the intrinsic prior generated by the expected
posterior prior setup. Additionally, it is well know that predictive densities are
computationally unstable even when the prior is proper but relatively vague.

Table 2 Comparative results (one-factor model). m̂N
k (y) and ˆ̂mπ∗

k
(y) are

given by equations (3.8) and (3.9), respectively. Also, P̂N
k (k) and

ˆ̂
Pπ∗

k
(k) are the posterior model probabilities, which are computed

from Bayes factors, Bij, by P (k) = (1 +
∑3

j=1 Bjk)−1 for k =
1, 2, 3.

Prior m̂N
k (y) ˆ̂mπ∗

k
(y)

k = 1 k = 2 k = 3 k = 1 k = 2 k = 3
(I) -933.7 -941.1 -948.6 -906.9 -908.4 -911.0
(II) -950.2 -962.4 -970.9 -907.1 -911.1 -914.3
(III) -989.4 -1009.3 -1030.4 -910.8 -916.3 -928.1

P̂N
k (k)

ˆ̂
P π∗

k
(k)

k = 1 k = 2 k = 3 k = 1 k = 2 k = 3
(I) 0.999 0.001 0.000 0.804 0.182 0.014
(II) 1.000 0.000 0.000 0.980 0.019 0.001
(III) 1.000 0.000 0.000 0.996 0.004 0.000

4.2 A three-factor model

We introduce a second but relatively unimportant factor in order to see whether or
not the EP prior captures such characteristic. We simulated T = 200 observations
from a k = 3-factor model for a vector y of m = 7 variables. The factor loading
matrix and the uniquenesses variances are fixed at β = (β1, β2, β3) and β′

1 =
(0.795, 0.0, 0.0, 0.722, 0.0, 0.0, 0.722), β′

2 = (0.0, 0.775, 0.0, 0.0, 0.794, 0.0, 0.0) and
β′

3 = (0.0, 0.0, 0.749, 0.0, 0.0, 0.766, 0.0), and diag(Σ) = (0.37, 0.40, 0.44, 0.48, 0.37,
0.41, 0.48), respectively. We ran the Gibbs sampler for M0 = 1000 iterations, after
which M = 1000 draws were stored for further computation. In this model the
maximum number of parameters is still 25 and, as before, y∗ represents a sample
of size 26 taken from a multivariate normal distribution with zero mean. The
covariance matrix was computed accordingly. We used the same three different
prior sets and R = 1000. Our findings are summarized in Table 3. The posterior
probabilities were all one hundred percent in favor of the k = 3-factor model.
Notice that, even though all methods pointed out towards the correct model,
more robust estimates were found for the various hyperparameter sets by using
the expected posterior priors regardless of the choice of the probability measure,
m∗

k.
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Table 3 Comparative results (three-factor model). m̂N
k (y) and ˆ̂mπ∗

k
(y)

are given by equations (3.8) and (3.9), respectively. Also, P̂N
k (k)

and
ˆ̂
P π∗

k
(k) are the posterior model probabilities. m∗ ∼ N(0, S),

where S is the sample covariance matrix. m∗
k ∼ N(0, Ω̂k), where

Ω̂k is the maximum likelihood estimator of βkβ′
k + Σk based on

a k-factor model.

m∗ ∼ N(0, S)

Prior m̂N
k (y) ˆ̂mπ∗

k
(y)

k = 1 k = 2 k = 3 k = 1 k = 2 k = 3
(I) -1954.4 -1915.9 -1884.5 -1923.5 -1887.2 -1853.5
(II) -1978.8 -1944.3 -1918.6 -1928.6 -1886.7 -1856.2
(III) -2022.1 -1988.2 -1970.5 -1926.3 -1874.4 -1840.5

m∗ = m∗
1

Prior m̂N
k (y) ˆ̂mπ∗

k
(y)

k = 1 k = 2 k = 3 k = 1 k = 2 k = 3
(I) -1954.4 -1915.9 -1884.5 -1929.0 -1893.0 -1862.9
(II) -1978.8 -1944.3 -1918.6 -1921.6 -1896.2 -1868.5
(III) -2022.1 -1988.2 -1970.5 -1929.6 -1880.2 -1855.7

m∗ = m∗
2

Prior m̂N
k (y) ˆ̂mπ∗

k
(y)

k = 1 k = 2 k = 3 k = 1 k = 2 k = 3
(I) -1954.4 -1915.9 -1884.5 -1922.1 -1881.5 -1858.0
(II) -1978.8 -1944.3 -1918.6 -1925.7 -1880.7 -1861.4
(III) -2022.1 -1988.2 -1970.5 -1924.9 -1874.2 -1850.5

m∗ = m∗
3

Prior m̂N
k (y) ˆ̂mπ∗

k
(y)

k = 1 k = 2 k = 3 k = 1 k = 2 k = 3
(I) -1954.4 -1915.9 -1884.5 -1924.0 -1884.0 -1850.0
(II) -1978.8 -1944.3 -1918.6 -1922.4 -1887.2 -1858.4
(III) -2022.1 -1988.2 -1970.5 -1922.6 -1874.2 -1844.8

4.3 Exchange rates

As a real situation application, in this section we explore the nuances of applying
the expected posterior prior distribution when modeling changes in monthly inter-
national exchange rate returns for six countries in British pounds. This dataset
was previously analysed in West and Harrison (1997, pp. 610–618). More re-
cently, Lopes and West (2004) revisited this dataset when comparing, empirically,
the sampling performances of various alternative ways of computing normalizing
constants.
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The currencies are the US dollar (US), Japanese yen (JAP), Canadian dollar
(CAN), French franc (FRA), Italian lira (ITA), and the (West) German (Deutsch)
mark (GER). We the application that follows, we have used the variables in this
order. The data span the period from 1/1975 to 12/1986 inclusive. Each series has
been standardised with respect to its sample mean and standard deviation over
the period for comparability. It is well known in the factor analyis literature that
such linear transformations does not affect the modeling process and factor struc-
ture analysis. According to Lopes and West’s (2004) analysis, a two factor model
is preferred, i.e. it had higher posterior probability, when the prior information
was fairly informative. There we set µk0 = 0, Ck0 = 1 and νki = 2.2, νkis

2
ki = 0.1

for i = 1, . . . , 6 and k = 1, . . . , 3. Even though we have considered a variety of
hyperparameters in that work and found out, at least empirically, that the effect
of such hyperparameters was vacuous, we are now able to compare the previous
analysis with one where little or none prior information is available and predic-
tive distributions are computed according to Pérez and Berger’s (2002) expected
posterior prior methodology. The prior distributions (I-III) are the same used
in the simulated cases. The Gibbs sampler and the computation of normalizing
constants were done in the same way, with M = 1000 and R = 1000. Table 4
summarizes our findings.

As can be seen, there is not much difference when we look at the posterior
probability for each model (here, the number of factors). However, it is clear how
unstable the predictive is when based on noninformative priors indicating, as one
would have expected, that the predictive is arbitrary in this case. On the other
hand, by using expected posterior prior distributions the predictives are fairly

robust. We have also tried m∗ ∼ N(0, Ω̂), where Ω̂ is the maximum likelihood
estimator of ββ′ +Σ based on a one factor model. Despite the fact that intuition
would suggest that such choice would rather favor a one-factor model, we have
found, at least in this simulation, that this is not the case. As a matter of fact,
the results are virtually the same as the one in Table 4.

Table 4 Comparative results for the exchange rate data

Prior m̂N
k (y) ˆ̂mπ∗

k
(y)

k = 1 k = 2 k = 3 k = 1 k = 2 k = 3
(I) -1015.5 -904.4 -910.3 -993.5 -878.4 -884.2
(II) -1039.1 -936.5 -947.9 -992.7 -880.4 -886.1
(III) -1073.2 -973.3 -989.5 -997.7 -882.2 -888.4

P̂N
k (k)

ˆ̂
P π∗

k
(k)

k = 1 k = 2 k = 3 k = 1 k = 2 k = 3
(I) 0.0 0.997 0.003 0.0 0.997 0.003
(II) 0.0 1.000 0.000 0.0 0.997 0.003
(III) 0.0 0.994 0.006 0.0 0.998 0.002
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5 Concluding comments

The main objective of this work was to investigate the extent to which the prior
information about the loading matrix parameters and the idiosyncrasies affect the
choice factor models. We accomplish that by implementing Pérez and Berger’s
(2002). Expected Posterior (EP) prior distributions. More specifically, we wanted
to study the extent to which the (lack of) prior information affects model selection
in the factor analysis context.

From the simulated examples presented in Section (3), it can be seen that Pérez
and Berger’s expected posterior prior performs considerably well in factor analysis
when the prior information is absent. In both simulation studies model selection
was robust to the various prior specifications and, perhaps more importantly, this
robustness remained regardless of the choice of the probability measure, m∗

k.
Our findings are by no means based on exhaustive scenarios. Nonetheless,

we believe that those simulations are reasonably realistic and in accordance with
previous studies in factor analysis (see, for instance, Lopes and West (2004), and
Aguilar and West (2000). Moreover, by using the Laplace-Metropolis estimator,
most of the calculations are easily performed in any modest machine and took no
more than 10 minutes overall.

Looking ahead, we note that related developments in dynamic factor modelling
Aguilar and West (2000), and more recently in Lopes and Migon (2002), in finan-
cial time series and portfolio studies are focussed almost exclusively on short-term
forecasting and the potential improvements available in forecasting moderate to
high-dimensional time series using factor structures. Here the assessment of the
number of factors and the sensitiveness to the choice of prior hyperparameters are
also live issues that are complicated by the time-varying nature of such models
that leads to the notion of time-variation in the number of (practically relevant)
factors.
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