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Dynamic models (DMs)
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1st order DLM

The local level model (West and Harrison, 1997) has

Observation equation:

Yer1|xes1, 0 ~ N(xet1,07)

System equation:
2
Xe41|Xe, 0 ~ N(x¢, 7°)

where
xp ~ N(mg, Co)

and
0= (02,7'2)

fixed (for now).



n-variate normal
It is worth noticing that the model can be rewritten as
ylx,0 ~ N(x,o02l,)

X|x0,0 ~ N(xo1n,7%Q)
xo ~ N(mo, G)

where
1111 1 1 1
1 2 2 2 2 2 2
1 2 3 3 3 3 3
1 2 3 4 4 4 4
Q= )
1 2 3 4 n—2 n—2 n-—2
1 2 3 4 n—1 n—1 n-—1

1 2 3 4 ... n—2 n-1 n
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Therefore, the prior of x given 6 is
x| ~ N(mol,; Col,1, + 72Q),
while its full conditional posterior distribution is
x|y,0 ~ N(mq, C1)

where
Cl_1 = (Go1,1, + 7'29)71 +0721,

and
Cl_lml = (Coln].ln + TZQ)ilmoln + ‘772)/
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The Kalman filter

Let y* = (y1,...,yt). The previous joint posterior posterior for x
given y (omitting 6 for now) can be constructed as

n
p(x|y") = pCaly™ x2) [ | p(xely™ xe41).
t=1

which is obtained from
p(x"ly")
and noticing that given y* and x;1,

» x; and x4 are independent, and

» x; and y; are independent,

for all integer h > 1.
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Therefore, we first need to derive the above joint and this is done
forward via the well-known Kalman filter recursions.

p(xely®) = p(xes1ly") = p(yes1lx:) = P(Xt+1|yt+1)

v

Posterior at t: (x¢|y*) ~ N(my, Ct)
Prior at t + 1: (xex1ly") ~ N(me, Ret1)

v

Rt+1:Ct+T2

v

Marginal likelihood: (yt41]|y*) ~ N(me, Qri1)

Qt+1 = Re1 + 02

» Posterior at t + 1: (xer1]yt) ~ N(mey1, Ceit)
M1 = (1= Aep)me + Aep1yen
Cir1 = Arp10°

where A; 1 = Rt+1/Qt+1-



The Kalman smoother

For t = n, x,|ly" ~ N(m], C), where mj = m, and C = C,.

For t < n,
xely" ~ N(m{,C/)
Xt‘XtJrlayn ~ N(aga R?)
where
m? = (1 — Bt)mt + Btmg+1
¢ = (1-B)G+ BiCly,
af = (1—=Bt)m+ Bixey1
Rl = B’
and

B: = C/(Ci +72).



Example
n =100, 62 =1.0
72 =0.5 and xg = 0.
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p(x:|y*") via Kalman filter
mo = 0.0 and Co =10.0
; 2
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p(x:|y") via Kalman smoother
mg = 0.0 and Co =10.0
given 72 and o2
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Integrating out states x”

We showed earlier that

(yt‘ytfl) ~ N(me—1, Q)

where both m;_1 and Q; were presented before and are functions
of 0 = (02,72), y*=1, mg and Go.

Therefore, by Bayes’ rule,
p(0ly") o< p(0)p(y"|0)

= p(0) H fn(ye; me—1, Q).

t=1
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Example: p(y|o?,72)p(c?)p(7?)

02 ~ IG(vo/2,11903/2), where vy =5 and o3 = 1.
72 ~ 1G(ng/2, no73 /2), where ng =5 and 78 = 0.5

0.0

0.5

1.0 15 20
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MCMC scheme

» Sample 6 from p(8]y", x")

n

p(Oly" x") o p(8) [ T p(velxe. 0)p(xelxe-1,6).

t=1

» Sample x” from p(x"|y", )

p(x"ly".0) = [ [ fw(xelat, RY)
t=1
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Example: p(x:|y")

Density

(s}



Example: Comparison

p(xe|y") versus p(x|y", 5% = 0.87,72 = 0.63).
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Lessons from the 1st order DLM

Sequential learning in non-normal and nonlinear dynamic models
p(ye+1|xe+1) and p(xe+1|x¢) in general rather difficult since

plcaly’) = [ plxesalx)p(rly Yo
plxealy™) o< p(yestlxer1)p(xe+1ly?)
are usually unavailable in closed form.

Over the last 20 years:

» FFBS for conditionally Gaussian DLMs;
» Gamerman (1998) for generalized DLMs;
» Carlin, Polson and Stoffer (2002) for more general DMs.
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Dynamic linear models (DLMs)

Large class of models with time-varying parameters.

Dynamic linear models are defined by a pair of equations, the
observation equation and the evolution/system equation:

vi = FBt+ e, et ~ N(0, V)
By = Gfr—1+we, wr~ N(O, W)

> y;: sequence of observations;

» F;: vector of explanatory variables;
» [3;: d-dimensional state vector;

» G;: d x d evolution matrix;

> 01~ N(a,R).
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Linear growth model

The linear growth model is slightly more elaborate by incorporation

of an extra time-varying parameter (3, representing the growth of
the level of the series:

ye = [Pre+e e~ N, V)
Bie = PBre—1+Por+wiy
Bo = Poi-1+was

where w; = (w1,¢,w2,¢)" ~ N(0, W) and

Ft = (170)/

11
&= (a1)
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Prior, updated and smoothed distributions

Prior distributions
p(Bely™) k>0

Updated/online distributions

p(Bely")

Smoothed distributions

P(ﬂt’yt+k) k>0
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Sequential inference

Let y* = {y1,..., 0t}

Posterior at time t — 1:

ﬂt—lb’til ~ N(me—1, Ce—1)

Prior at time t:

ﬁt|yt_l ~ N(at, Ry)

with dy = Gtmt 1 and Rt GtCt ]_G + W.

predictive at time t:
yely'™t ~ N(f, Q)

with f; = F/a; and Q; = F/RF; + V.
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Posterior at time t

p(Bely®) = p(Belye, y' 1) o p(velBe) p(Bely™™)

The resulting posterior distribution is

“Bt‘yt ~ N(mt, Ct)

with

mg
G
At

€t

ar + Ares

Re — AtALQ:
RtFt/Qt

ye —ft

By induction, these distributions are valid for all times.
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Smoothing

In dynamic models, the smoothed distribution 7 (/3|y") is more
commonly used:

n—1

7(Bly") = p(Baly™) [ pP(BelBrir,- - Bary™)
t=1
n—1

= p(Bnly") H p(BtlBer1,y")

t=1

Integrating with respect to (51, ..., Bt—1):

n—1
7(Bes-- - Baly™) = p(Baly™) [T P(Bk|Br11,¥")

k=t

W(ﬂn Bri1 |yn) = P(5t+1 \yn)P(5t|5t+17 yt)

fort=1,...,n—1.
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Smoothing: p(5:]y")

It can be shown that
Bt’va Wayn ~ N(m?, Ctn)

where

n / —1 n
m{ = m+ GG R(miy — ae1)

¢ = G GGLR (R — C)R G G
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Smoothing: p(5]y")

It can be shown that

(ﬁt’ﬂtﬁLla Vv W7 yn)

is normally distributed with mean
(GIW G + G ) H(GIW  Bra + G tme)

and variance (G!W~1G; + ¢, 1)L
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Forward filtering, backward sampling (FFBS)

Sampling from 7(3|y") can be performed by
» Sampling 3, from N(mj,, C,) and then
» Sampling G; from (B¢|Bts1, V, W, y?), for t=n—1,...,1.

The above scheme is known as the forward filtering, backward
sampling (FFBS) algorithm (Carter and Kohn, 1994 and
Frihwirth-Schnatter, 1994).
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Individual sampling from 7(3;|3_¢, y")

Let ﬁft = (ﬁl)"'7ﬁt71)/6t+17~--7/3n)-
Fort=2,...,n—1

W(6t|ﬂ—tayn) P(tht) P(5t+1’5t) P(/gt‘ﬂt—l)
fN(}/t; Ftlﬁt, V)fN(ﬁH-l; G415t W)
fN(ﬁt; GtBe-1, W)

fN(ﬁt; by, Bt)

X K R

where

by = Bt(Uith)/t + Giyq W81 + Withﬂt—l)
B: = (0 2FFl+ G WG+ W ™!

fort=2,...,n—1.
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Fort=1and t = n,

m(B118-1,y") = fn(B1; by, Br)

and
7(BnlB=n,y¥") = fn(Bt; bn, Bn)

where

by = Bi(oy%Fiy1 + GW ™13, + R71a)

Bi = (07?RF +GW1G +R1)?
bn = Bn(Urszn)/n + W_lGanfl)
Bn = (0, °Fafp+Wh)!
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Sampling from =(V, W|y", 3)
Assume that
=Vl ~ Gamma(n,/2,nsS,/2)
& =Wt ~ Wishart(ny /2, nywSw/2)

Full conditionals

o fe(din;/2,n;5,/2)

m(®18,0) o ] (B GeBeo1,971) fin(®; nw /2, nw Sw/2)

o ;';/2(43; my /2, my Sy /2)
where n = n, +n, njy, = nw +n—1,
nySy = noSe+o(ye — Fife)?
nwSw = nwSw + i o0t — Gefi-1)(Be — Gefr-1)

(B, ®) o< [ fnlye FiBe, o) f6(bing/2,nsS,/2)
t=1
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MCMC scheme to sample from p(3, V, W|y")

» Sample V! from its full conditional
fe (i /2, 1555 /2)
» Sample W~ from its full conditional
fw (®: niy /2, nw S /2)
» Sample § from its full conditional
m(Bly", V, W)

by the FFBS algorithm.
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Likelihood for (V, W)

It is easy to see that
p(y" IV, W) = []fw0xlfe. Q)
t=1

which is the integrated likelihood of (V, W).
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Jointly sampling (3, V, W)
(8, V, W) can be sampled jointly by
» Sampling (V, W) from its marginal posterior
m(V, Wly") oc I(V, W|y")m(V, W)

by a rejection or Metropolis-Hastings step;

» Sampling G from its full conditional

m(Bly", V, W)
by the FFBS algorithm.
Jointly sampling (3, V, W) avoids MCMC convergence problems

associated with the posterior correlation between model parameters
(Gamerman and Moreira, 2002).
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Example: Comparing sampling schemes?

First order DLM with V =1

ye = Brter, e+ ~ N(0,1)

B = Br1t+we, we~ N0, W),
with (n, W) € {(100,.01), (100, .5), (1000, .01), (1000, .5)}.
400 runs: 100 replications per combination.

Priors: 1 ~ N(0,10) and V and W have inverse Gammas with
means set at true values and coefficients of variation set at 10.

Posterior inference: based on 20,000 MCMC draws.

!Gamerman, Reis and Salazar (2006) Comparison of sampling schemes for

dynamic linear models. International Statistical Review, 74, 203-214. )N



Effective sample size
For a given 6, let t(") = t(6("), v = Cov(t(", t("Th)), the
variance of t{(") as 02 = 5, the autocorrelation of lag k as
pk = Yk/0? and 72/n = Var.(t,). It can be shown that, as
n— oo,

n—1 n—k 00
7,3:02<1—|—2Z p pk>—>o*2 (1—|—22pk>
k=1 k=1

N———
inefficiency factor

The inefficiency factor measures how far t("s are from being a
random sample and how much Var.(t,) increases because of that.

The effective sample size is defined as
n

Neff = — ———o——

LT S

or the size of a random sample with the same variance.
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Schemes

Scheme I: Sampling (1, .

.., Bn, V and W from their conditionals.

Scheme II: Sampling 3, V and W from their conditionals.
Scheme [l1: Jointly sampling (5, V, W).

Scheme n=100 n=1000
1.7 1.9
1.9 7.2

Computing times relative to scheme I. For instance, when n = 100
it takes almost 2 times as much to run scheme IlI.

Scheme
W n [ [l "
0.01 1000 242 8938 2983
0.01 100 | 3283 13685 12263
0.50 1000 409 3043 963
0.50 100 | 1694 3404 923

Sample averages (based on the 100 replications) of effective sample
size neff based on V' (see the explanation over the next few pages).
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Dynamic generalized linear model

Dynamic generalized models were introduced by West, Harrison
and Migon (1985).

The model is

f(ve|0:) a(yr) exp{y:0r + b(0:)}
E(yel0r) = pe
glpe) = Ft/ﬁt
Bt = Gtfrr1+we

with wy ~ N(0, W;) and the link function g is again differentiable.
The model is completed with a prior f1 ~ N(a, R).

It combines the prior specification of normal dynamic models with
the observational structure of generalized linear models.
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Dynamic binomial and Poisson regressions

Dynamic logistic regression with a series of binomial observations
¥t with respective success probabilities 7 dynamically related to
explanatory variables x = (xi, ..., xy)" through the logistic link
logit(m:) = x{z.

Poisson counts with means \; dynamically related through
multiplicative perturbations A\ = A\;_jw;. After a logarithmic
transformation, one obtains log A; = log A\;_1 + w; with

w; = log wy.
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Posterior inference via MCMC

Assuming that the variances of the system disturbances are
constant, the model parameters are given by the state parameters
B=(P1,...,53:) and the system variance W = &1,

The model is specified with the observation and system equations
and completed with the independent prior distributions
ﬂl ~ N(a, R) and ¢ ~ W(nw/Q, nWSW/2)

The posterior distribution is given by

(8, P) o H f(velBe) H P(Be|Be-1,®) p(B1)p(P) -
t=1 i=2

20 / RO



Full conditional for ®

To(P) o Hp(ﬁt|ﬁt717¢)p(¢)
t=2

o TTI0M2e {~Gel(5: ~ Gioea)(5: - Gesiay ol

t=2
1
X \<I>|[”W_(”+1)]/2 exp {—2tr(nWSW<D)}
1
o |l (d+D1/2 gy {2tr [(n5y Siy) ¢]} .
that is the density of the W(n},, /2, n},, Sy, /2) distribution with
ny = nw+n—1

mySty = nwSw+ > (Bt — GeBr1)(Bt — GeBe1)
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Full conditionals for (3

For block g

n n

75(B) o [ F(elBe) [] p(BelBezv. ) p(51)

t=1 t=2

o exp {Z[}/tet + b(6:)] — %Z(ﬂt — Gef—1)'®(B: — Gtﬂtl)} .

t=1 t=1
For block B¢, t=2,...,n—1

me(Be) o F(yelBe) p(Bel Be—1, ®)p(Br11lB:, P)
o< exp{yd: + b(6:)} exp {; (B — Gtﬂt—l)/q)(ﬂt — Gtft-1)
+ (Bey1— Gt+15t)/¢(ﬁt+1 — Ge10e) 1} -

Similar results follow for blocks 3; and (,,.
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Sampling schemes

Knorr-Held (1997) suggested the use of independence chains with
prior proposals.

Shephard and Pitt (1997) used independence chains with proposals
based on both prior and a normal approximation to the likelihood.

Ravines (2005) used independence normal proposals for the block
B with moments given by the approximation of West, Harrison and
Migon (1985).

Singh and Roberts (1982) and Fahrmeir and Wagenpfeil (1997)
extended to the dynamic setting the method of mode evaluation
for static regression.

An alternative previously discussed is the reparametrization in
terms of the system disturbances w; (Gamerman, 1998)
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Example: Advertising awareness

Samples of n; = 66 people were selected at random every week for
an opinion poll and asked whether they remembered having seen a
given advertising campaign on TV. A weekly cumulative measure
of campaign expenditure was constructed.

Following Migon and Harrison (1985), the model used for this
problem was a dynamic logistic regression

ye ~ bin(ng, )
Ht = NeTe
logit(m:) = Bt + Borxe
BelBr—1 ~ N(Bt-1, W)
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Advertising awareness: Data
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Advertising awareness: Comparing MCMC schemes

Average trajectory of 3¢ in 500 parallel chains with number of
iterations for sampling from: (a) system disturbances; (b) state
parameters.
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Advertising awareness: Expenditure coefficient (3,;
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Example: Nonlinear, normal dynamic model

Let y¢, for t =1,...,n, be generated by the following nonlinear
dynamic model

(yelxe, ) ~ N(x7/20,0%)
(xe|xe-1,%) ~ N(G_,0,7%)
X0 N(mo,C())

where G}, = (xe,xe/(1+ x2), cos(1.2t)), 6 = (a, B,7) and
= (&, 0%, 7).
Prior distribution

O’2 ~ lG(no/2,n00(2)/2)
6|72 ~ N(b, m*Vp)
2~ /G(V0/2,V0T02/2)
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Sampling (¢|x0:n, ¥")
Let y" = (y1,...,¥n) and xo:n = (X0, .., Xn)".
It follows that

(9,T2|X0;n) ~ N(@l,T2V1)/G(V1/2,V1T12/2)
(02\y",x”) ~ IG(n1/2,nla%/2)

where v1 =19+ n, np =ng+n
Z = (G-, Gx_,)
vl Vot+2'Z
Vi toy Vo H00 + Z'x1:n
V17'12 = 1/07'5 + (y — 201)'(y - 291) + (91 — 90)’ V0_1(91 — 00)

n
mot = noog + Y (ve —x¢/20)°
t=1
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Sampling x1, ..., X,

Let x_t = (X0, .-y Xt—1, Xt41,.--,Xn), for t =1,... . n—1,
x_0 = X", X_p = Xp:(n—1) and yo = 0.
Fort=0

p(xolx—0, yo, %) o fa(x0; mo, Co)fu(x1; G0, 7°)

Fort=1,...,n—1

p(xt\x_t,ynw o8 fN(Yt;X?/207UZ)fN(Xt;G)it,lesz)fN(XH-l;G!Qoﬂj)

Fort =n

p(Xn|X—m)/m7/1) X fN(Yn;Xr%/zO,OQ)fN(Xn; G)in,leﬂl)
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Metropolis-Hastings algorithm

A simple random walk Metropolis algorithm with tuning variance

v2 would work as follows. For t =0,...,n
1. Current state: Xt(J)

2. Sample x; from N(Xt(j) v2)

? X

3. Compute the acceptance probability

o = min {17 p(X(t‘fi)|X7t7yt7,(/J) }
p(Xt |X—t7ytaw)

4. New state:

(+1) x;" w. p. «
t {xf”) w. p. 1—«

RN /RO



Simulation set up

We simulated n = 100 observations based on 6 = (0.5, 25, 8)’,
0?=1,7>=10and xp =0.1.
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Prior hyperparameters
> xp ~ N(mo, Gp)
mg=0.0 and (=10
> 0|72 ~ N(6o, 7> Vo)
6o = (0.5,25,8)" and Vo = diag(0.0025,0.1,0.04)
> 72~ IG(vo/2, 1078 /2)
v=6 and 7§ =20/3

such that E(72) = /V(72) = 10.

> O'2 ~ /G(n0/2,n00'(2))
n=6 and o3 =2/3

such that E(0?) = /V(02) = 1.
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MCMC setup

» Metropolis-Hastings tuning parameter
v2 =(0.1)?
» Burn-in period, step and MCMC sample size
Mo =1,000 L=20 M =950 = 20,000 draws

» Initial values

» 6 =(0.5,25,8)
» 72=10

» g2 =1

> true

X0:n = Xo:n
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Parameters

05 00 05 10 15 20

05 08 10

00 02 o4

0 50 100 150 200 250 W0 30

aa o gomma w2 s
Ut s
o hbH s ctate s o fHEAR b e e .
P S A D At P S A
o o o
g g8
8

RA






States

ACF
0.2 0.4 0.6 0.8 1.0
1

0.0

KA / RO



Parameters

Moy = 100,000 L =50 M =1000 = 150,000 draws
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