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Course Schedule

Day Weekday Date Time | Topic
1 Monday June 22nd  9:00-11:00 | Bayesian inference
Monday June 22nd  11:30-13:30 | Bayesian model criticism
2 Tuesday  June 23rd  9:00-11:00 | Monte Carlo methods
Tuesday  June 23rd  11:30-13:30 | Markov chain Monte Carlo methods
3 Friday  June 26th  9:00-11:00 | Dynamic linear models
Friday  June 26th 11:30-13:30 | Nonnormal, nonlinear dynamic models
4 Monday  June 29th  9:00-11:00 | Stochastic volatility models
Monday  June 29th  11:30-13:30 | Sequential Monte Carlo (SMC)
5  Wednesday July 1st  9:00-11:00 | SMC with parameter learning
Wednesday July 1st 11:30-13:30 | SMC in stochastic volatility models

Lecture 1 - Bayesian inference

e Basic concepts such as prior, likelihood, posterior and predictive distributions are introduced.

e The intuitive sequential nature of Bayesian learning is illustrated via conjugate families of distri-
butions.

e The lecture ends with Bayesian inference for normal linear models.

Lecture 2 - Bayesian model criticism

e The lecture starts introducing prior and posterior model probabilities and Bayes factor, key ingre-
dients in assessing model uncertainty.

e Model selection as a decision problem will lead to alternative criteria, such as the posterior predictive
criterion (PPC).

e The deviance information criterion (DIC) and cross-validatory measures are also presented.

Lecture 3 - Monte Carlo (MC) methods

e Monte Carlo (MC) integration schemes are introduced to approximate both posterior expectations
as well as predictive ordinates.

e Similarly, acceptance-rejection and sampling importance resampling (SIR) algorithms, as well as
other iterative resampling schemes, are introduced as tools to approximately sample from posterior
distributions.

Lecture 4 - Markov chain Monte Carlo (MCMC) methods

e We start by reviewing basic Markov chain concepts and results that will facilitate the introduction
of more general MCMC schemes.

e A few concepts are irreducibility, reversibility, ergodicity, limiting distributions and effective sample
size.

e The two most famous MCMC schemes are then introduced: the Gibbs sampler and the Metropolis-
Hastings algorithm.



Lecture 5 - Dynamic linear models (DLM)

e The linear model of the first lecture is extended to accommodate time-varying regression coefficients,
which is one of many instances in the class of dynamic linear models.

e Sequential learning is provided in closed form by the Kalman filter and smoother.
e Inference for fixed parameters, such as observational and evolutional variances, is performed by

integrating out states.

Lecture 6 - Nonnormal, nonlinear dynamic models:

e Forward filtering, backward sampling (FFBS) algorithm and other MCMC schemes.

Lecture 7 - Stochastic volatility models as dynamic models

e FEBS and other MCMC schemes are adapted to stochastic volatility models.

e In particular, we will compare single move and block move MCMC schemes, where block move
schemes are based on mixture of normal densities approximation to the distribution of a log chi-
square random variable with one degree of freedom.

Lecture 8 - Sequential Monte Carlo (SMC) methods

e The lecture starts with standard particle filters, such as the sequential importance sampling with
resampling (SISR) filter and the auxiliary particle filter (APF), to sequentially learn about states
in nonnormal and nonlinear dynamic models.

e SMC methods assist inference for fixed parameters, such as observational and evolutional variances.

Stochastic volatility models are used to illustrate the filters.

Lecture 9 - SMIC with parameter learning

e The APF is coupled with mixture approximation to the posterior distribution of fixed parameters
to produced online estimates of both states and parameters in dynamic systems.

e The lecture concentrates on the particle learning (PL) filter and several simulated exercises are

performed to compare PL to SISR, APF and MCMC alternatives.

Lecture 10 - SMC in stochastic volatility models

e PL and other filters are compared based on stochastic volatility models.

e The lecture also list current research agenda linking, Markov chain Monte Carlo methods, sequential
Monte Carlo methods and general stochastic volatility models.



LECTURE 1

BAYESIAN INFERENCE

Example i. Sequential learning

e John claims some discomfort and goes to the doctor.
e The doctor believes John may have the disease A.

e 0 = 1: John has disease A; § = 0: he does not.

The doctor claims, based on his expertise (H), that

PO =1|H) =07

Examination X is related to 6 as follows

P(X =1|0 =0) =0.40, positive test given no disease
P(X =1|6=1)=0.95, positive test given disease

Exam’s result: X =1

POH=1X=1) «x l(0=1;X=1)PH=1)
x (0.95)(0.7) = 0.665
PO=0|X=1) x (6=0;X=1)P(#=0)
x (0.40)(0.30) = 0.120
Consequently
PO=0/X=1) = 0.120/0.785 = 0.1528662 and
PO=1X=1) = 0.665/0.785 = 0.8471338

The information X = 1 increases, for the doctor, the probability that John has the disease A from
70% to 84.71%.

2nd exam: Y

John undertakes the test Y, which relates to 6 as follows

P(Y=1=1)=099 P(X=1/=1)=0.95
P(Y=1§=0)=004 P(X =1/=0)=0.40

Predictive:
P(Y =0|X =1) =(0.96)(0.1528662) + (0.01)(0.8471338) = 0.1552229.

Suppose the observed result was Y = 0. This is a reasonably unexpected result as the doctor only
gave it roughly 15% chance.



Questions

He should at least consider rethinking the model based on this result. In particular, he might want
to ask himself

1. Did 0.7 adequately reflect his P(6 = 1|H)?
2. Is test X really so unreliable?

3. Is the sample distribution of X correct?

4. Is the test Y so powerful?

5. Have the tests been carried out properly?

What is P(|X =1,Y =0)?
Let Hy = {X =1,Y = 0} and using the Bayes theorem

PO=1H) « [(6=1;Y =0)PO=1/X=1)

x  (0.01)(0.8471338) = 0.008471338 and
PO=0/H) « L(6=0;Y =0)P0=0X=1)

x (0.96)(0.1528662) = 0.1467516

0.7000 , Hy: before X and Y
P(@=1|H;) =< 0.8446 , H;: after X=1 and before Y
0.0546 , Hs: after X=1 and Y=0

Example ii. Normal model and prior = normal posterior

Suppose X, conditional on 6, is modeled by
X0 ~ N(b,0%)
and the prior distribution of 6 is
6 ~ N(bo,75)

with 02,6y and 7¢ known.

Posterior of : (|X = x) ~ N(01,72)

01 = wh+(1—wzx

-2 -2
T = Ty t+o

where w = 752 /(752 + 02) measures the relative information contained in the prior distribution with
respect to the total information (prior plus likelihood).



Example from Box & Tiao (1973)
Prior A: Physicist A (large experience): 8 ~ N (900, (20)?)

Prior B: Physicist B (not so experienced): 8 ~ N (800, (80)?2).
Model: (X60) ~ N(8, (40)?).
Observation: X = 850

(0]X =850,H) ~ N(890,(17.9)%)
(0|X =850, Hp) ~ N(840,(35.7)%)

Information (precision)
Physicist A: from 0.002500 to 0.003120 (an increase of 25%)

Physicist B: from 0.000156 to 0.000781 (an increase of 400%)

Priors and posteriors

0.020
1

'
Physicist A: prior ,'
Physicist B: prior il
Likelihood !
Physicist A: posterior
Physicist B: posterior

0.015
1
I

0.010
1

0.005
1

0.000
1

Example iii. Simple linear regression
A simple normal linear regression relates the dependent variable y; and the the explanatory variable

x;, fori=1,...,n, by

y,|9,H ~ N(Qwi;UQ)
O|H ~ N(bo,73)

Therefore H = {02, 00,78, %1, .., Tn}.

Example iv. Simple stochastic volatility model



The simplest stochastic volatility model with first-order auregressive log-volatilities, namely SV-
AR(1), relates log-return of financial time series y; to log-volatility 6;, for t =1,...,T, via

v |0, H ~ N(0;e%)
0,/H ~ N(a+p60,_1,0%)

Therefore H = {a, 3,02,6y}.

Bayesian ingredients

e Posterior (Bayes’ Theorem)

p(0,x | H)

pz | H)

p(z |6, H)p(6 | H)
p(z | H)

p(0 |z, H)

e Predictive (or marginal) distribution

pwm=AM%Wﬂw=%MM&HH

p(x|H) is also known as normalizing constant and plays an important role in Bayesian model
criticism.

Bayesian ingredients (cont.)
e Posterior predictive
syl e = [ .0 e myao
= [ syl 0.2.1)p(0| 2. )0

- Lp@|aHWW|nHme
EO\.’I} [p(y | 07H)]

since, in general, but not always,

X,Y are independent given 6.

It might be more useful to concentrate on prediction rather than on estimation because the former
is verifiable, i.e. y is observable while 6 is not.

Sequential Bayes theorem: a rule for updating probabilities

Experimental result: & ~ pi(xz; | 0)

p(0 | x1) o< 11(0;21)p(0)



Experimental result: @y ~ pa(x2 | 0)

p(0 | x2, 1) o 12(0;x2)p(0 | x1)
o la(0;2)l1(0;21)p(0)

Experimental results: @; ~ p;(x; | 0), fori =3,--- |n

p(a | Lp, - 7151) X ln(eawn)p(a | LTp—1,""" 7:31)

Example iii. Revisited

Combining likelihood and prior

yi|l0, H ~ N(Qmi;a2)
O|H ~ N(bo,73)

leads to posterior
0|y?H ~ N<91a 7-12)

where

n n
=1y 402 fo and ) = 7} (7'0290 +o07? Z%»ﬁ)

i=1 i=1

When 75 2 0, i.e. with little prior knowledge about 6, the above moments converge to ordinary
least squares counterparts:

—_ — — 2k 2
T 202 g xf and 6, = &&17°0 5
i1 D1 T

Example v. Multiple normal linear regression

The standard Bayesian approach to multiple linear regression is
(WIX.B,0%) ~ N(XB,0%1,)
where y = (y1,...,Yn), X = (Z1,...,2y)" is the (n x ¢), design matrix and ¢ = p + 1.
The prior distribution of (3, 0?) is NIG(bg, By, ng,So), i.e.

Blo* ~ N(by,0?Bo)
o? ~ IG(ng/2,m050/2)

for known hyperparameters by, By, ng and Sy.

Example v. Conditionals and marginals
It is easy to show that (3,0%) is NIG(by, By, n1,51), i.e.

(Blo?,y, X) ~ N(b1,0°By)
(02|y,X) ~ IG(n1/2,n151/2)



where

Bi' = By'+X'X
Bi'bi = Bylbho+ X'y
ny = nNg+n
n1S1 = noSo+ (y — Xb1)'y + (bo — b1)' By 'bo.

It is also easy to derive the full conditional distributions, i.e.

Bly, X) ~ tn,(b1,51B1)
(02‘/Bay7X) ~ IG(n1/27n1511/2)

where

n1S11 = noSo + (y — XB)'(y — X1).

Example v. Ordinary least squares

It is well known that
= (X'X)'X'y
2 Se  (W-XB)'y-Xp)

o = =
n—q n—q

are the OLS estimates of 3 and o2, respectively.

The conditional and unconditional sampling distributions of B are

(B‘O’Z,y,X) ~ N(ﬁaUQ(XIX)_l)
(BL%X) ~ tn—q(ﬂvse)

respectively, with
(6%|0%) ~ IG ((n = q)/2, ((n — q)a?/2) .

Example v. Sufficient statistics recursions

Recall the multiple linear regression (y;|z;, 3,02) ~ N(z}3,0%) for t = 1,...,n, Blo? ~ N(by,%By)
and 0% ~ IG(no/2,m050/2).

Then, for y* = (y1,...,y;) and X* = (z1,...,7;)’, it follows that

(ﬂ‘02’ytaXt) ~ N(bt7‘72Bt)
(52|ytaXt) ~ IG(n¢/2,m:5:/2)

where ny = ny—1+1, By ' = B 4ax), By 'by = B bi—i+yize and ny Sy = ny—1Se—1+(ye — i) ye + (be1 — by) B bet.
The only ingredients needed are: x;2, 1,2, and 7.

These recursions will play an important role later on when deriving sequential Monte Carlo
methods for conditionally Gaussian dynamic linear models, like many stochastic volatility models.



Example v. Predictive

The predictive density can be seen as the marginal likelihood, i.e.

p61X) = [ (01X, 5,0%p(Bl0%) (o) 3o’
or, by Bayes’ theorem, as the normalizing constant, i.e.

p(ylX, 8,0%)p(Blo?)p(a?)
p(Blo?,y, X)p(a?|y, X)

p(ylX) =

which is valid for all (3, 0?).
Closed form solution is available for the multiple normal linear regression:

(Y| X) ~ tny (Xbo, So(In + X BoX")).

Unfortunately, closed form solutions are
rare.

Example iv. Revisited

The posterior distribution of 8 = (y,...,07) is given by

T
0|y 9t|9t 1, H Hp yt|9t
t=1

* I
]j { 5 (0 —a — B0, 1)}
e

1
e e |

e How to compute E(043|y) or V(011]y)?

How to compute 95% credible regions for (635, 036|y)?

How to sample from p(8|y) or p(0|y1,...,y10)?

e How to compute p(y) or p(yt|y1, ..., yt—1)7

10



LECTURE 2

BAYESIAN MODEL
CRITICISM

Outline

e Prior and posterior model probabilities
e Posterior odds

e Bayes factor

Computing normalizing constants

Savage-Dickey density ratio
e Bayesian Model Averaging
e Posterior predictive criterion

e Deviance information criterion

Prior and posterior model probabilities

Suppose that the competing models can be enumerated and are represented by the set M = {M7, Ms, .. .}.

Bayesian model comparison is commonly performed by computing posterior model probabilities,
Pr(Mjly) oc f(y|M;)Pr(M;)
where Pr(Mj;) and
flylM;) = /f(y|9j, M;)p(6;|M;)do,
are, respectively, the prior model probability and the predictive density of model Mj, for j =1,2,...

Posterior odds
Posterior odds of model M relative to My

PrOLly _ PrOL)  fiM)
Pr(Myly) Pr(My) f(y|My)
— N—— N——

posterior odds prior odds Bayes factor

The Bayes factor can be viewed as the weighted likelihood ratio of M; to Mj,.

11



Bayes factor

Jeffreys (1961) recommends the use of the following rule of thumb to decide between models j and k:

Bj > 100 : decisive evidence against k
10 < By, <100 : strong evidence against k
3< B, <10: substantial evidence against k

Posterior model probability for model j is

Pr(Mjly) = {ZBM];:((A]\?;';}
forj=1,2,....

Computing normalizing constants

A basic ingredient for model assessment is given by the predictive density

f(ylM) = / £(416. M)p(6|]M)d6

which is the normalizing constant of the posterior distribution.
The predictive density can now be viewed as the likelihood of model M.

It is sometimes referred to as predictive likelihood, because it is obtained after marginalization of
model parameters.

For any given model, the predictive density can be written as

fly) = E[f(y]0)]

where expectation is taken with respect to the prior distribution p(6).

Approximate methods (discussed more later)

Several approximations for f(y) based on Monte Carlo and Markov chain Monte Carlo methods are
routinely available. Amongst them are:

e Laplace-Metropolis estimator

Simple Monte Carlo
e Monte Carlo via importance sampling
e Harmonic mean estimator

Chib’s estimator

Reversible jump MCMC

Key references are DiCiccio, Kass, Raftery and Wasserman (1997) Han and Carlin (2001) and Lopes
and West (2004).

12



Savage-Dickey Density Ratio
= Suppose that My is described by
p(y‘wa wa M2)

and M is a restricted verison of My, ie.
p(yh[]a Ml) = p(y‘w = Wo, ¢7 MQ)

= Suppose also that
T(Ylw = wo, M2) = (| M)

= Therefore, it can be proved that the Bayes factor is

Buy m(w = woly, Ma)
m(w = wo|Ms)

where {1, ... N} ~ 7(3ly, Ms). See Verdinelli and Wasserman (1995) for further details.
Example i. Normality x Student-t
Suppose we have two competing models

My o xy~ N(p,o?)
My :L'iwt)\(u,az)

Letting w = 1/, M is a particular case of My when w = wy = 0.0, with v = (u, 0%).
Let w ~ U(0,1), with w = 1 corresponding to a Cauchy distribution. Assuming that
7, 2| My) = 7(p, 0%, w|Ms) o< o2
the Savage-Dickey formula holds and the Bayes factor is
Bz = m(wolz, Ma2)

the marginal posterior of w evaluated at 0.

Results

Because 7 (1, 0%, w|x, M3) has no closed form solution, they use a Metropolis algorithm.

When n = 100 from N (0, 1), then
By =3.79

with standard error of 0.145.

When n = 100 from Cauchy(0, 1), then
B2 = 0.000405

with standard error of 0.000240.

13



Bayesian model averaging
Let M denote the set that indexes all entertained models.

Assume that A is an outcome of interest, such as the future value ¥y, or an elasticity well defined
across models, etc.

The posterior distribution for A is

p(Aly) = > p(Alm,y)Pr(mly)
meM

for data y and posterior model probability

plylm)Pr(m)

Primy) = =00

where Pr(m) is the prior probability model.
See Hoeting, Madigan, Raftery and Volinsky (1999) for more details.
Posterior predictive criterion
Gelfand and Ghosh (1998) introduced a posterior predictive criterion that, under squared error loss,

favors the model M; which minimizes
DS = PP +GS

where
n
PjG = Zv(gt|y7M])
t=1
GS = Yy — Eiily, M;)
t=1
and (g1, ...,¥n) are predictions/replicates of y.

The first term, P, is a penalty term for model complexity.

The second term, G, accounts for goodness of fit.

More general losses

Gelfand and Ghosh (1998) also derived the criteria for more general error loss functions.

Expectations E(3.|y, M;) and variances V (§:|y, M;) are computed under posterior predictive densi-
ties, ie.

Elh(G)ly, M;] = / / B(Ge) £ Gl 05, My ) (6;1M; )63
for h(g:) = g and h(g:) = gf.

The above integral can be approximated via Monte Carlo.

14



Deviance information criterion

Inspired by Dempster’s (1997) suggestion to compute the posterior distribution of the log-likelihood,
D(6;) = —2log f(y|6;, M;), Spiegelhalter et al. (2002) introduced the deviance information criterion
(DIC)

S _ pS S

where

PS = E[D(6;)|y, M;] — DIE(6;]y, M;)]
G} = E[D())ly, M;].

The DIC is decomposed into two important components:
e One responsible for goodness of fit: (G7)

e One responsible for model complexity: (P]S )

Pjs is also currently referred to as the effective number of parameters of model Mj.

DIC and WinBUGS

The DIC has become very popular in the applied Bayesian community due to its computational
simplicity and, consequently, its availability in WinBUGS.

Further applications appear, amongst many others, in

e Berg, Meyer and Yu (2002): stochastic volatility models.

Celeux et al. (2005): mixture models, random effects models and several missing data models.

Nobre, Schmidt and Lopes (2005): space-time hierarchical models.

van der Linde (2005): variable selection.

Lopes and Salazar (2006): nonlinear time series models.

Silva and Lopes (2008): mixture of copulas models.

15



LECTURE 3

MONTE CARLO METHODS

Basic Bayesian computation

Main ingredients:

f(z|0)p(6)
f

(z)
Predictive : f(x):/f(ac|9)p(9)d9

Posterior : () =

Bayesian Agenda:

e Posterior modes: maxy 7(6);

e Posterior moments: E.[g(0)];

e Density estimation: 7(g(0));

e Bayes factors: f(x|My)/f(x|My);
e Decision: maxg [ U(d,8)r(6)d6.

Analytic approximations
e Asymptotic approximation (Carlin&Louis, 2000)
e Laplace approximation (Tierney&Kadane, 1986)

e Gaussian quadrature (Naylor and Smith, 1982)

Stochastic approximations/simulations

e Simulated annealing (Metropolis et al, 1953)

e Metropolis-Hastings algorithm (Hastings, 1970)
e Monte Carlo integration (Geweke, 1989)

e Gibbs sampler (Gelfand and Smith, 1990)

e Rejection methods (Gilks and Wild, 1992)

e Importance Sampling (Smith and Gelfand, 1992)

Monte Carlo methods

In what follows we will introduce several Monte Carlo methods for integrating and/or sampling from
nontrivial densities.

e Simple Monte Carlo integration
e Monte Carlo integration via importance sampling
e Sampling via the rejection method

e Sampling via importance resampling (SIR)

16



Monte Carlo integration

The objective here is to compute moments

If 01,...,0, is a random sample from 7(-)

B 1 n
= hmc - E ;h(ez) - Eﬂ'[h(en

If, additionally, E,[h?(6)] < oo, then

Velline) = 1 [ (86) = Ex[n(®))y*n(6)d0

and
1
n?

Ume =

Z(h(el) - Bmc)2 - Vﬂ[ﬁmc]
i=1

Example i.

The objective here is to estimate
p= /O 1[cos(509) + 5in(200)]%dH = 0.965
by noticing that the above integral can be rewritten as
EL[h(0)] = / 1(8)(6)d6

where h(0) = [cos(500) + sin(200)]? and 7(0) = 1 is the density of a U(0,1).

Therefore
N
b= n Z h(6:)
i=1

where 61, ...,0, are ii.d. from U(0,1).

0 1 2 3 4

0.0 0.2 0.4 0.6 0.8

1.0

00 04 08 12
S I
[ ——
I
/
]
o
=
=
4

Sample size (log10)
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Monte Carlo via importance sampling

The objective is still the same, ie to compute

Ex[h(®)] = / h(0)m(6)do

by noticing that

where ¢(-) is an importance function. Therefore, if 61,...,60, is a random sample from ¢(-) then

= ll Z h(0:)7(0:)/q(6:) — Ex[h(0)]

Ideally, ¢(-) should be (i) as " close” as possible to h(-)7(:) and (ii) easy to sample from.

Example ii.

The objective here is to estimate
.00 1
= ——df
b /2 m(1+62)

Three Monte Carlo estimators of p are

o= oY e 2,000}

1ew1
o = =Y =I{6, € (—o0,—2) U (2,
o= 2 gllhe (U R)
R 1 < u;z
bs = E;%[Hu;z]

where 6y, ...,60, ~ Cauchy(0,1) and uq,...,u, ~ U(0,1/2).

’ n H Umcl ‘ Umc2 ‘ Umc3
50 || 0.051846 | 0.033941 | 0.001407
100 || 0.030000 | 0.021651 | 0.000953
700 || 0.014054 | 0.008684 | 0.000359
1000 || 0.011738 | 0.007280 | 0.000308
5000 || 0.005050 | 0.003220 | 0.000138
10000 || 0.003543 | 0.002276 | 0.000097
100000 || 0.001124 | 0.000721 | 0.000031
1000000 || 0.000355 | 0.000228 | 0.000010

If 0.0035 is the desired level of precision in the estimation, then 1 million draws would be necessary for
estimator p; while only 700 for estimator ps, i.e. roughly 3 orders of magnitude smaller.

18



X ~ CAUCHY(0,1)

P(X>2)

P(X>2)+P(X<-2)

000 005 010 015 020 025 030
L

000 005 010 015 020 025 030
L

000 005 010 015 020 025 030
L

-10 -5 0 5

-10

-5 0 5 10

Standard deviations of

Transformation Monte Carlo estimators Monte Carlo estimators
g J ] g
g | H
g s 1
| 4N A H]
ST — 27
3 | R Y i
s | 3 g
g B 8
g | s | gl
=] T T T T T T e T T T T T Bl T T T T T
00 o1 02 03 o4 05 2 3 4 s o 2 s . s s
log10(n) log10(n)

Rejection method

The objective is to draw from a target density

m(0) = c.7(0)

when only draws from an auxiliary density

q(0) = cqq(0)

is available. Here ¢, and ¢, are normalizing constants.

If there exist a constant A < oo such that

then ¢(6) becomes a blanketing density or an envelope and A the envelope

Algorithm

Under the previous conditions the following algorithm can be used to draw from 7(9).

(6)/a(e)

7(0) <

A=1.982

Aq(0) for all 6

{6)/a(e)

r — T
% -4 2 0o 2 4 &

PROPOSAL: CAUCHY(0.2.5)

1. Draw 6* from q(-);

2. Draw u from U(0,1);

2 -1 0 1 2

Acceplance rate=49.65%

T
3 % -4 2 0o 2 4

PROPOSAL: UNIFORM(-6.6)

19

constant.

A=4.787

Acceptance rale=20.85%



s T(07) .
3. Accept 0% if u < A0

4. Repeat 1, 2 and 3 until n draws are accepted.

Proof
Applying Bayes’ theorem:

p(0 | Aug(0) <7(0)) =

B 20 )
S Pr(u< 29 10) a(6)d6
 amed®) ()
i cq0)de [ 7(0)d0
= 7(0).

One does not need to known ¢, and c;.
The smaller the A is the larger the acceptance rate.

The theoretical acceptance rate is

Pr (u < Zq((ge))) = / Pr (u < :quge)) I9> q(0)do
/

- Xq((ae)) c(0)d
L [RO) e
T A [q(0)ds T Ac,

Example iii.
Enveloping the N(0,1) density

1
7(0) = —— exp{—0.56>
(0) = = exp{-050°)
by a multiple of a Cauchy density
1 921"
0) = 1+ —
1w =753 [ * 2.5]
or a multiple of a Uniform density
1
0= —  He(—
w) =35 0€(=6,6)

n = 2000 draws sampled from ¢ (-), an observed acceptance rate of 49.65% and true acceptance rate

of 1/v/1.257 = 50%.

n = 2000 draws sampled from gy (-), an observed acceptance rate of 20.85% and true acceptance rate

of V2112 = 21%.
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(6)/a(e) A=1.982 {8)/a(e)

PROPOSAL: CAUCHY(0.25) Acceptance rate=49.65% PROPOSAL: UNIFORM(-6.6)

Sampling importance resampling

No need to rely on the existance of A!
Algorithm

1. Draw 67,...,0% from g(-)

2. Compute weights
m(07)/a(67)

w; = iZl,...

> i1 m(05)/a(07)’

3. For j =1,...,m, sample
6; from {07,...,6,}
such that Pr(0; =0) =w;, i=1,...,n.
Rule of thumb: n/m = 20.

SIR in the Bayesian context

Let the target distribution is the posterior distribution

7(0) = cxp(0) f(z]0)

A natural (but not necessarily good) choice is
so the weights

are the normalized likelihoods.

Example iv.

Assume that 02/n =4.5, 2 =7, o =0 and 73 = 1.

eXp{ " (u*f)Q}

202

Normal model

f(zlp) =

1
V2mo?

21
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Cauchy prior

Posterior

0.001 0.002 0.003 0.004

0.000

p(p)

1

78 + (1 — po)?

Posterior density
based on 10000 draws

n =)2
exp {—5% (1 —2)°}
O e TR
70 = o
200 draws from the prior
PRIOR
g
o
S
LIKELIHOOD s 7]
POSTER’rVOR\,
8 |
o
8 |
o
I T T T 1 I T
-14 -5 0 5 14 -15  -10

22

-5 0 5

10

15



LECTURE 4

MARKOV CHAIN MONTE CARLO

Homogeneous Markov chain

A Markov chain is a stochastic process where given the present state, past and future states are

independent, i.e.
Pr™*) e A|g™ = 2,0V e A, 1,...,00 ¢ Ay)
equals
Pr(o" ) e Ajo™ = )
for all sets Ag,...,Ap_1,ACSandz € S.

When the above probability does not depend on n, the chain is said to be homogeneous and a
transition function, or kernel P(z, A), can be defined as:

1. for all x € S, P(x,-) is a probability distribution over S;

2. for all A C S, the function z — P(x, A) can be evaluated.

Example i. Random walk

Consider a particle moving independently left and right on the line with successive displacements
from its current position governed by a probability function f over the integers and (™) representing
its position at instant n, n € N. Initially, (9 is distributed according to some distribution 7(?). The
positions can be related as

0 = (=1 L, = wy +wy + ... +w,
where the w; are independent random variables with probability function f. So, {9(") :n € N}isa
Markov chain in Z.

The position of the chain at instant ¢ = n is described probabilistically by the distribution of w; +
oot Wy

20

10

T T T T T T
0 100 200 300 400 500

T T T T
200 400 600 800 1000

°

time time
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Pr{§™ = 9= 4} =1/2, fori = —1,1 and (0 = 0.0.

Example ii. Birth and death processes

Consider a Markov chain that from the state x can only move in the next step to one of the neighboring
states x — 1, representing a death, x or z + 1, representing a birth. The transition probabilities are given
by

P Sify=x+1

@ ,fy=z-1
Plz,y) = r, ,ify==x

0 Lifly—=z|>1

where p,, ¢, and r, are non-negative with p, + g, + 7, = 1 and ¢gop = 0.

0.0 05 1.0 1.5 2.0
T R N B
15
I

-1.0
0
I

5 10 15 20 0 20 40 60 80 100

T T T T T T T T T T T T
0 100 200 300 400 500 0 200 400 600 800 1000

time time

Pr{0™ =9=1 4 i} =1/3, for i = —1,0,1 and ) = 0.0.

Discrete state spaces

If S is finite with r elements, S = {1, x2,...,2,}, a transition matrix P with (¢, j)th element given
by P(x;,x;) can be defined as

P(.’l?]_,])l) P($1,.’Er)
P(zp,z1) ... Plxp,zx,.)

Transition probabilities from state x to state y over m steps, denoted by P™(x,y), is given by the
probability of a chain moving from state x to state y in exactly m steps. It can be obtained for m > 2 as

P™(x,y) = Pr(0"™ =y0® =)
= Z Z Pr(y,zm—1,...,z1|)
xr1 Tm—1
— Z Z Pr(y|xm,1)...PT(x1|x)
xT1 Tom—1
= Z Z P(xm_17y)~-~P(CL’,$1)
1 Tm—1
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Chapman-Kolmogorov equations

P (2, y)

S P — o) = 2,00 — )
z

Pr(0<”) = z|9(0> =)
= Y P"x,2)P"(zy)

X

and (more generally)
P'rH—m = pnpm,

Marginal distributions
Let

™ = (™) (1), ?W(n)(mr))

with the initial distribution of the chain when n = 0. Then,

W) = 3 P,y (@)

zeS

or, in matrix notation,

2 = O pn
2 — Lm-Dp

Example iii. 2-state Markov chain
Consider {#(™ : n > 0}, a Markov chain in S = {0,1} with 7(9) given by

7@ = (z(9(0), 7 (1))
[ 1-p p
P= ( g 1—¢q ) '

Pr0™ =0) = (1-p)Pr(0™ D =0)+¢Pr(0 =1)

and transition matrix

It is easy to see that

n—1
= (1-p-g"mD0)+¢> 1-p-oF
k=0

Ifp+q¢>0,

Pre™ =0)= -1 4 1—p—q"(w<0>o—i)
( ) p+aq ( ) © p+aq

If 0 < p+q < 2 then

lim Pr(6™ =0) = ——

lim Pr(6(™ =1)

p+4q

25



Stationary distributions

A fundamental problem for Markov chains is the study of the asymptotic behavior of the chain as
the number of iterations n — oo.

A key concept is that of a stationary distribution 7. A distribution 7 is said to be a stationary
distribution of a chain with transition probabilities P(xz,y) if

> w(@)P(x,y) =7(y), VyeS
zeS
or in matrix notation as 7P = .
If the marginal distribution at any given step n is 7w then the next step distribution is 7P = 7.
Once the chain reaches a stage where 7 is its distribution, all subsequent distributions are .

7 is also known as the equilibrium distribution.

Example iv. 10-state Markov chain

S5 o0 0 0 0 0 0 0 0 0.6 0.4
o -4 0 0 0 0 0 0 0.062 0.594 0.336 0.008
o - 0 0 0 0 0 0.033 0.489 0.446 0.032 0
~ - 0 0 0 0 0.019 0.357 0.547 0.077 0.001 0
§ © 4 0 0 0 0.008 0.246 0.603 0.141 0.002 0 0
<]
2
g w - 0 0 0.003 0.148 0.596 0.244 0.008 0 0 0
<+ 4 0 0 0.08 0.537 0.365 0.018 0 0 0 0
® 4 0 0.037 0.429 0.492 0.04 0.001 0 0 0 0
~N 4 0 0.328 0.567 0.104 0 0 0 0 0 0
— — 0.333 0.667 0 0 0 0 0 0 0 0
[ T T T T T T T T 1
1 2 3 4 5 6 7 8 9 10

state tomorrow

Equilibrium distribution
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Equilibrium distribution

0.35
|

0.30
|

— True
- - Estimated

0.10 0.15 0.20 0.25
| | | |

0.05
|

0.00
L

state

Ergodicity
A chain is said to be geometrically ergodic if I\ € [0,1), and a real, integrable function M (z) such
that

1P () =7 ()l < M(2)A" (1)

for all x € S.
If M(x) = M, then the ergodicity is uniform.
Uniform ergodicity implies geometric ergodicity which implies ergodicity.
The smallest A satisfying (??) is called the rate of convergence.

A very large value of M (z) may slow down convergence considerably.

Ergodic theorem

Once ergodicity of the chain is established, important limiting theorems can be stated. The first and
most important one is the ergodic theorem.

The ergodic average of a real-valued function t(0) is the average t, = (1/n)> 5 t(0W). If the chain
is ergodic and Er[t(0)] < oo for the unique limiting distribution m then

tn ©3 EL[t(0)] as n — oo

which is a Markov chain equivalent of the law of large numbers.

It states that averages of chain values also provide strongly consistent estimates of parameters of the
limiting distribution 7 despite their dependence.

There are also versions of the central limit theorem for Markov chains.

Inefficiency factor or integrated autocorrelation time

Define the autocovariance of lag k of the chain ¢ = t(0(™) as y, = Cov, (t(, (")) the variance
of t(") as o2 = vy, the autocorrelation of lag k as py = v /02 and 72/n = Vary(t,).

It can be shown that

n—1
9 9 n—k
= 1+2 2
T, =0 < + 321 - Pk) (2)
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and that

T§—>T2=U2<1+22pk> (3)
k=1

as 1 — OQ.

The term between parentheses in Equation (??) can be called inefficiency factor or integrated au-
tocorrelation time because it measures how far t(s are from being a random sample and how much
Vary(t,) increases because of that.

Effective sample size

The inefficiency factor can be used to derive the effective sample size
n
n = = 4
eff =1 +2 Zi’il Pk @
which can be thought of as the size of a random sample with the same variance since
Vary(t,) = 0 /ng-
It is important to distinguish between
2 _ 2
o =Varg[t(d)] and T
the variance of ¢£(f) under the limiting distribution 7 and the limiting sampling variance of y/nt, respec-

tively.

Note that under independent sampling they are both given by ¢2. They are both variability measures
but the first one is a characteristic of the limiting distribution m whereas the second is the uncertainty of
the averaging procedure.

Central limit theorem

If a chain is uniformly (geometrically) ergodic and t2(6) (t27¢(0)) is integrable with respect to 7 (for
some € > 0) then

En B Ew [t(&)}
T/Vn

as n — oQ.

-4 N(0,1), (5)

Just as (?7?) provides theoretical support for the use of ergodic averages as estimates, Equation (?7)
provides support for evaluation of approximate confidence intervals.

Reversible chains

Let ((™),>¢ be an homogeneous Markov chain with transition probabilities P(z,%) and stationary
distribution 7.

Assume that one wishes to study the sequence of states "), (=1 in reversed order. It can be
shown that this sequence is a Markov chain with transition probabilities are

Pi(xyy) = Pr(0™ =y |60 =)
Pr(t‘)("Jrl) =z | ) = y)PT(H(") =y)
Pr(f(nt)) = x)

7" (y) P(y, x)
m(n+1D) ()
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and in general the chain is not homogeneous.

If n — oo or alternatively, 7(9) = 7, then
Pi(z,y) = P*(z,y) = 7(y) Py, z)/7(x)

and the chain becomes homogeneous.

If P*(z,y) = P(x,y) for all z and y € S, the Markov chain is said to be reversible. The reversibility
condition is usually written as

m(z)P(x,y) = 7(y) Py, x) (6)

for all z,y € S.

It can be interpreted as saying that the rate at which the system moves from x to y when in equilib-
rium, w(z)P(x,y), is the same as the rate at which it moves from y to z, 7 (y)P(y, x).

For that reason, (??) is sometimes referred to as the detailed balance equation; balance because it
equates the rates of moves through states and detailed because it does it for every possible pair of states.

MCMC: a bit of history

Dongarra and Sullivan (2000) ! list the top 10 algorithms with the greatest influence on the develop-
ment and practice of science and engineering in the 20th century (in chronological order):

e Metropolis Algorithm for Monte Carlo

Simplex Method for Linear Programming

Krylov Subspace Iteration Methods

e The Decompositional Approach to Matrix Computations
e The Fortran Optimizing Compiler

e QR Algorithm for Computing Eigenvalues

e Quicksort Algorithm for Sorting

e Fast Fourier Transform

40s and 50s

Stan Ulam soon realized that computers could be used in this fashion to answer questions of neutron
diffusion and mathematical physics;

He contacted John Von Neumann and they developed many Monte Carlo algorithms (importance
sampling, rejection sampling, etc);

In the 1940s Nick Metropolis and Klari Von Neumann designed new controls for the state-of-the-art
computer (ENIAC);

Metropolis and Ulam (1949) The Monte Carlo method. Journal of the American Statistical Associa-
tion, 44, 335-341;

Metropolis, Rosenbluth, Rosenbluth, Teller and Teller (1953) Equations of state calculations by fast
computing machines. Journal of Chemical Physics, 21, 1087-1091.

1Guest Editors’ Introduction: The Top 10 Algorithms, Computing in Science and Engineering, 2, 22-23.
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70s

Hastings and his student Peskun showed that Metropolis and the more general Metropolis-Hastings
algorithm are particular instances of a larger family of algorithms.

Hastings (1970) Monte Carlo sampling methods using Markov chains and their applications. Biometrika,
57, 97-109.

Peskun (1973) Optimum Monte-Carlo sampling using Markov chains. Biometrika, 60, 607-612.

80s and 90s

Geman and Geman (1984) Stochastic relaxation, Gibbs distributions and the Bayesian restoration
of images. IFEE Transactions on Pattern Analysis and Machine Intelligence, 6, 721-741.

Pearl (1987) Evidential reasoning using stochastic simulation. Artificial Intelligence, 32, 245-257.

Tanner and Wong (1987) The calculation of posterior distributions by data augmentation. Journal
of the American Statistical Association, 82, 528-550.

Gelfand and Smith (1990) Sampling-based approaches to calculating marginal densities. Journal of
the American Statistical Association, 85, 398-409.

Metropolis-Hastings

A sequence {0, 01 92} is drawn from a Markov chain whose limiting equilibrium distribution
is the posterior distribution, (8).

Algorithm

1. Initial value: 0(®
2. Proposed move: 6* ~ ¢(0*|0¢—1))

3. Acceptance scheme:
9 0* com prob. «
“ 1 04D com prob. 1—a«

where

o m(0*) q(00 =Y |g*)
=i {1 D

Special cases

1. Symmetric chains: ¢(0|6*) = q(6*|9)

2. Independence chains: ¢(0]6*) = ¢(0)

where w(0*) = 7(6*)/q(0%).
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Random walk Metropolis

The most famous symmetric chain is the random walk Metropolis:

q(010") = q(10 — 67])

Hill climbing: when

oo

a value 6* with higher density w(0*) greater than 7(0) is automatically accepted.

Example v. Bivariate mixture of normals

Tthe target distribution is a two-component mixture of bivariate normal densities, ie:

7(0) = 0.7fn(0; 1, 21) + 0.3 fn (65 2, Xa).

where
wy = (4.0,5.0)
wy = (0.7,3.5)
5= (o3 10)
m o= (Gr )

Targe distribution

6,
4
L

6,

Random walk Metropolis: draws
q(0,9) = fn(¢;0,vI3) and v =tuning,.

31



tuning=0.01 tuning=1 tuning=100
5)

Initial value=(4,5) Initial value=(4,5) Initial value=(4,5)
Acceptance rate=93.8% Acceptance rate=48.5% Acceptance rate=2.4%
<«
o o o4
T T T T T T T T T T T T T T T
-2 o 2 4 6 2 0 2 4 6 -2 0 2 4 6
tuning=0.01 tuning=1 tuning=100
Initial value=(0,7) Initial value=(0,7) Initial value=(0,7)
Acceptance rate=93.3% Acceptance rate=49.3% Acceptance rate=2.4%
L T T T T T T T T T T T T T T T

Random walk Metropolis: autocorrelations

Tuning=0.01 Tuning=1 Tuning=100
Initial value=(4,5) Initial value=(4,5) Initial value=(4,5)

lag lag lag

Tuning=0.01 Tuning=1 Tuning=100
Initial value=(0,7) Initial value=(0,7) Initial value=(0,7)

AR A R AR o

Independent Metropolis
a(0,¢) = fn(¢; 3, vIz) and pz = (3.01,4.55)".
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tuning=0.5 tuning=5 tuning=50

Initial value=(4,5) Initial value=(4,5) Initial value=(4,5)
Acceptance rate=9.9% Acceptance rate=30.9% Acceptance rate=5%
® Acceptance rate=9.9% @ Acceptance rate=30.9% . @1 Acceptance rate=5%
<4
o4 o 4 o
T T T T T T T T T T T T T T T
2 o 2 4 6 2 0 2 4 6 -2 0 2 4 6
tuning=0.5 tuning=5 tuning=50
Initial value=(0,7) Initial value=(0,7) Initial value=(0,7)
Acceptance rate=29.4% Acceptance rate=32.2% Acceptance rate=4.3%
© Acceptance rate=29.4% © Acceptance rate=32.2% L @ Acceptance rate=4.3%
T T T T T T T T T T T T T T T
-2 o 2 4 6 -2 0 2 4 6 -2 0 2 4 6

Independence Metropolis: autocorrelations

Tuning=0.5 Tuning=! Tuning=50
Initial value=(4,5) Initial value=(4,5) Initial value=(4,5)
= | = |
g g

< <
S S
o - HRIGRTERREA AEGEAAMRARE)-| o il - o 5 it Al 5 - -
o - At e AR g sl iy, A
T T T T T T T T T T T T T T T
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
g lag lag
Tuning=0.5 Tuning=5 Tuning=50
Initial value=(0,7) Initial value=(0,7) Initial value=(0,7)
e |
g
< |
o il oo o bt - 5 |
S Fort e 2 2 e
T T T T T T T T T T T T T T T
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
ag Iag lag

Gibbs sampler

Technically, the Gibbs sampler is an MCMC scheme whose transition kernel is the product of the full
conditional distributions.

Algorithm

1. Start at (0 = (9%0), Héo), o)

2. Sample the components of 1) iteratively:
09~ w05V, 657Y, )
09" ~ w(620,097V,. )
09 ~ (636,05, .. )
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The Gibbs sampler opened up a new way of approaching statistical modeling by combining simpler
structures (the full conditional models) to address the more general structure (the full model).

Example vi: Poisson with a change point
Y1, ---,Yn is a sample from a Poisson distribution.
There is a suspicion of a single change point m along the observation process.
Given m, the observation distributions are

yilA ~ Poi(\), i=1,....m
yilp ~ Poi(¢), i=m+1,...,n.

Independent prior distributions

A~ Gl f)
¢ ~ G(,9)
m ~ U{l,...,n}

with «, 3,7 and 6 known hyperparameters.

Posterior distribution

Combining the prior and the likelihood
W()V(bam) X f(y17~~'7yn|)‘7¢a m)p()‘7¢7m)

= HfP(yi§/\) IT fe(wis0)

i=m-+1

% falhia,B)fa(div.6) >

n
Therefore,
7r()\7¢7 m) x ()\a+sm—1e—([3+m))\) (¢7+sn—sm—1e—(6+n—m)¢)

where s; = Zﬁ:l yi foril=1,...,n.

Full conditional distributions

The full conditional distributions for A\, ¢ and m are

7(Am) = G(a+ sm,B5+m)
m(plm) = G(y+ $n— Sm,0 +n—m)
and
2otsm—1 —(B+m)X py+sp—8m—1,—(0+n—m)e
A G) = O ‘ 7
lel)\aJrsl7167(B+Z))\¢’y+s"7517167(5+n7l)¢
for m =1,...,n, respectively.
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Coal mining disasters in Great Britain

This model was applied to the n = 112 observed counts of coal mining disasters in Great Britain by
year from 1851 to 1962.

Sample mean from 1951 to 1891 = 3.098
Sample mean from 1892 to 1962 = 0.901

< 4

~ 4

o o LI FRLRLIPO LI AL LN Y DO | PO L B JO | PO PN P N
T T T T T T

1860 1880 1900 1920 1940 1960

Counts
3

years

Markov chains
The Gibbs sampler run: 5000 iterations
Starting point: m(® = 1891
Hyperparameters: a = =+ = 4§ = 0.001

35
1895

30
1890

25
1885

r T T T 1 r T T T r T T T
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

- g

3 @ s

- [

=] o °

3 - ]

3 3

° ° 3

° ° T T T T 1 ° T T 1
25 a0 35 a0 05 08 10 12 14 080 s 190 195 1900

Exact and approximate posterior summary

Exact posterior can be obtained by analytically deriving 7(m) and using it to derive 7(A) and 7(¢).
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Mean Var 95% C.1.

3120 0.280 (2.571,3.719)
0.923 0.113 (0.684,0.963)
1890 2.423  (1886,1895)

S%V;U
=

Approximate posterior summary based on the Gibbs sampler

Par. | Mean Var 95% C.I
N | 3131 0200 (2.582,3.733)
1) 0.922 0.118 (0.703,1.167)
m | 1800 2.447  (1886,1896)

Example vii: AR(1) with normal errors

Let us assume that
Yt = PYt—1 + €t Et ~ N(0,02)

fort=1,...,n.

Prior specification

Yo ~ N(mo,Co)
p ~ N(ro, V)
o? ~ IG(ng/2,n052/2)

for known hyperparameters mg, Co, 7o, Vo, ng and s3.
Full conditional distributions

i (p|02ay07y1:n) ~ N(rh‘/l)

n
Vit = V0+072Zyt2—1
t=1
n
Vl_lrl - V0_17”0 + 0'72 Z Yt—1Yt
t=1

e (02|p,yo,Y1:m) ~ IG(n1/2,n157/2)
ny = MNg+n

n
nisi = nosg+ Z(?jt — pye1)?
t=1

e (yolp,02,y1:n) ~ N(my,Ch)

Crt = Cotoa?p?
Cl_lml = C'O_lmo—l—a_prl
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Simulated data
Set up: n = 100, yo = 0.0, p = 0.95 and ¢% = 1.0.

Yt
S S 9
ol ®
HEE T
Iy | & o
H l &,
» oo | N = e
N Ceno | nodf
° I °°ml o 0
o ; ¥ y
:\9 j );“’ S0
‘o es®
¢ 5° ?
T T T T T T T T T
0 20 40 60 80 100 -5 0 5 10
Time Y1
MCMC output
Gibbs sampler run: (My, M, L) = (1000, 1000, 1)
Starting point: true values
Prior of (p,0?): 79 = 0.9, Vo = 10, ng = 5 and s3 = 1.
Prior of y9: mg =0 and Cy = 10.
rho
. g
L I P TCIa
i R S A B A o
,,,,,,,,,
sigma2
-3 i P B E—
S N R AL LA P °

Forecasting
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100 forecasting paths 95% forecasting interval
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Example viii: AR(1) with drift and normal errors

Let us assume that
Yt = p+ pyi—1 + &t er ~ N(0,0?)

fort=1,...,n.

Prior specification

yo ~ N(mg,Co)
o~ N(uo, Wo)
P N(T07%)
2

o? ~ IG(ng/2,m055/2)
for known hyperparameters mg, Co, o, Wo, 7o, Vo, o and s3.
Full conditional distributions

e (pli, %, yo,y1.n) as before with y; replaced by y; — pu.
° (02|u7 0sY0,Y1.n) as before with y; replaced by y; — p.

o (yolp, py 2, y1.n) as before with y; replaced by y; — p.

o (ulp,0*, 90, y1:m) ~ N(p1, Wh)

Wt o= Wyt +n/o?
Witm = Wilno+ Y (g — pyi1)/o”
t=1

Simulated data
Set up: n = 100, yo = 0.0, u = 0.1, p = 0.99 and ¢? = 1.0.
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MCMC output
Gibbs sampler run: (My, M, L) = (1000, 1000, 1)
Starting point: true values

Prior of (u, p,0?): po =0, Wy = 10, 79 = 0.9, Vi = 10, ng = 5 and s = 1. Prior of yo: mo = 0 and
Cy = 10.
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Joint posterior of (u, p)
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Forecasting
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Example ix: GARCH(1,1) model with normal errors

Let us assume that

Ye ~ N(070152)

2 2 2
o; = a1+agy;_|+azo;_;

fort=1,...,n.

Prior specification

Yo ~ N(mo, Vo)
o8~ IG(ng/2,m055/2)
A; ~ N(a0i7%i) izl,...,?)

for known myg, Co, no, s3 and (a;, Vo;) for i = 1,2, 3.
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Metropolis-Hastings algorithm

None of the full conditionals for a1, as and as are of known form nor easy to sample from.

Here we implement a very simple M-H algorithm where a new vector a* = (a}, a3, a}) is generated
from

a* ~ N(aD,v?I3)

where a(%) is the current state of the chain and v is a tuning standard deviations.

Simulated data
Set up: n =300, a; = 0.1, ag = 0.4, a3 = 0.59, y2 = 02 = 0.1.
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MCMC output
Gibbs sampler run: (My, M, L) = (10000, 1000, 100).
Starting point: true values.
Prior of (i, p,0?): ap; = 0 and Cp; = 10 for i = 1,2, 3.

Metropolis-Hastings tuning variance: v = 0.012.
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LECTURE 5

DYNAMIC LINEAR MODELS

Example i. local level model

T<
~<
FF<

+1

The local level model (West and Harrison, 1997) is

Yir1|e41,0 ~ N(zep1,07)
$t+1|$t79 ~ N(.’L’t,TZ)

where xg ~ N (mq, Co) and 0 = (0%, 72) fixed (for now).

Example i. Evolution, prediction and updating

Let y' = (y1,.-.,yt)-

plely’) = p(zely’) = p(Wegrlze) = plaialy'™)

e Posterior at t: (x]y") ~ N(my, Cy)

Prior at ¢ + 1: (zer1|yt) ~ N(my, Ret1)

Marginal likelihood: (yy1|y?t) ~ N(mg, Qsy1)

o Posterior at t + 1: (z¢11|y**!) ~ N(mys1, Cryq)

where Rip1 = Cp + 72, Qup1 = Riy1 + 02, Apy1 = Rip1/Qe1, Cipr = Aypro?, and myyq =
(1= A)me + App1Yisr

Example i. Backward smoothing

For t = n, x,|y" ~ N(m},C}), where

ny~

m; = My

cro= G,
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For t <mn, x|y™ ~ N(m},CJl'), where

m? = (1 — Bt)mt —+ Btm?_H
¢ = (1-B)C + BiCYy,

and

Example i. Backward sampling
For t = n, x,|y" ~ N(a], RI'), where
n

ay My,

R" = C,

For t <m, xt|xey1,y"™ ~ N(a}, R}), where

CL? = (1 — Bt)mt + tht-‘rl
R} = B’

and
B,

This is basically the Forward filtering, backward sampling algorithm used to sample from p(z™|y™)

N Ot + T2

o Ct + 7'2

(Carter and Kohn, 1994 and Frithwirth-Schnatter, 1994).

Example i. Simulated data
n =100, 02 = 1.0, 72 = 0.5 and 2o = 0.

[ 20 40 60

time
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Example i. p(z¢|yt,0) versus p(z;|y™,0)
mo = 0.0 and Cy = 10.0

—— Forward filtering
—— Backward smoothing

time

Example i. Integrating out states z”
We showed earlier that
(yely' ™) ~ N(mi—1, Q1)
2

where both m;_; and Q; were presented before and are functions of § = (02, 72), y'~1, mg and Cp.

Therefore, by Bayes’ rule,

p(Oly™) o< p(0)p(y"10)

n

= p(0) H In(yelme—1, Qy).

t=1

Example i. p(y|o?,72)

0.5 1.0 15 20
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Example i. MCMC scheme

e Sample 6 from p(0|y™, x™)

p(0ly", x™)

e Sample 2" from p(a"|y", )

Example i. p(c?,72|y")

Example i. p(x:|y™)

p(z"|y",0)

n
Hp (Ytlze, O)p(zi|i-1,0).
t=1

n

n n
H (xi|af, RY)

time




Lessons from Example i.

Sequential learning in non-normal and nonlinear dynamic models p(y;y1|zi+1) and p(xiiq|ze) in
general rather difficult since

paraly) = [ plevaledpledyds,
plaey™) o< plye|eei)p(@ely’)
are usually unavailable in closed form.

Over the last 20 years:

e FFBS for conditionally Gaussian DLMs;
e Gamerman (1998) for generalized DLMs;

e Carlin, Polson and Stoffer (2002) for more general DMs.

Dynamic linear models

Large class of models with time-varying parameters.

Dynamic linear models are defined by a pair of equations, the observation equation and the evolu-
tion/system equation:
v = F/Bi+e, e~ N(0,V)
Bt Gifi—1+wi, wp ~ N(0,W)

e y;: sequence of observations;

e Fj: vector of explanatory variables;
e (3;: d-dimensional state vector;

e G;: d x d evolution matrix;

e (1~ N(a,R).

Example ii. Linear growth model

The linear growth model is slightly more elaborate by incorporation of an extra time-varying param-
eter Oy representing the growth of the level of the series:

w = Piit+e e~NOTV)
Bie = Bii—1+ B +wiy
Bot = Boi—1+woy

where w; = (w1 ¢,w2¢) ~ N(0,W) and
)/

)

Ft = (17

o~ o

Gt =
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Prior, updated and smoothed distributions

Prior distributions
p(Bely'™*) k>0

Updated/online distributions
p(Bely")

Smoothed distributions
p(Bely'™") k>0

Sequential inference

Let yt = {yla s ayt}'

Posterior at time t — 1:
Bio1ly'™' ~ N(my—1,Ci—1)

Prior at time ¢:
Bely™ ~ N(as, Ry)
with a; = Gymy—1 and Ry = GiCi_1 G, + W.
predictive at time ¢:

yely' ™~ N(fe, Q)

with ft = Ft’at and Qt = Ft/RtFt + V.
Posterior at time ¢
p(Bely") = p(Belye, y' =) o< p(yel Br) p(Bely' ")

The resulting posterior distribution is

J‘Bt‘yt ~ N("”te Cy)

with
my = a;+ Atet
Ct = Rt - AtA;Qt
At = RtFt/Qt
ee = y—ft

By induction, these distributions are valid for all times.
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Smoothing

In dynamic models, the smoothed distribution 7(3|y™) is more commonly used:

T(Bly") = p(Baly™) H (BelBers - -+ B y™)

p(Bnly™) H (Bl Ber1, 9"

Integrating with respect to (81,...,0:-1):

n—1

7B Baly™) = p(Baly™ [ (BelBrs1:y")
k=t
7B, Bealy™) = p(Begrly™p(Bel Brs1, y")

fort=1,...,n—1.

Marginal smoothed distributions

It can be shown that

Bely™ ~ N(mj,CJ')

where
my = my+ GG R} (miyy — aiga)
Cf = Ci— GG R (Rey1 — Cla) R Gy Gy

Individual sampling from 7(5:|5_¢,y™)
Let ﬁft = (ﬁla o aﬁt717ﬁt+17 e 7ﬁn)

Fort=2,...,n—1

(BBt y™) o< p(yelBe) p(Be+1lBe) p(Bel Be—1)
o< fn(ye FyBe, V) I (Begrs Geg1 B, W)
x  In(Bt; GiBr—1, W)
= fN(ﬂt;tht)

where

be = Bi(o*Fuy+ G£+1W_1ﬁt+1 + W'GBi-1)
By = (07FF + G W G+ W)™
fort=2,...,n—1.
Fort=1and t =n,
m(B1|B-1,y") = fn(B1; b1, Br)

and

Tr(ﬁnlﬁf’ru yn) = fN(Bta bna Bn)
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where

b1 = Bi(oy’Fiy1 +GyW '3+ R 'a)
B, = (o’FRF +GW Gy +R™1)!
by = Bu(0,2Fpyn + W rGnfn_1)

B, = (0,?F,F +w1)~!

The FFBS algorithm: sampling from 7 (5|y")

Fort=1,...,n—1, it can be shown that

(Bl Ber1, V, W, )
is normally distributed with mean
(GW G+ Cr )T GW ! By + G Py
and variance (G{W~'G, + C; 1)L
Sampling from 7(5|y™) can be performed by

e Sampling j3,, from N(m,, C,) and then

e Sampling 3; from (B¢|Bi41, V, W, yt), fort =n—1,...,1.

The above scheme is known as the forward filtering, backward sampling (FFBS) algorithm (Carter
and Kohn, 1994 and Frithwirth-Schnatter, 1994).

Sampling from #(V, W|y™, §)
Assume that
p=V"1' ~ Gamma(nys/2,m,5,/2)
=W ~ Wishart(nw/2,nwSw/2)

Full conditionals

r(010,8) o T[S LB ™) fo(6:mo/2m050/2)
s foldins /222

r(@]8.0) o [[ (Bes Goloor®) i (5 /2, S /2)
o (@i /2.y Si /2)

where n) =ns +n, njy, =nw +n—1,

nySy; = neSy+o(y: — Ft/ﬂt)2
ny Sy = nwSw + Xiee (B — Gifi—1) (Bt — GiBi—1)’
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Gibbs sampler for (3,V, W)
e Sample V! from its full conditional
fa(#ing/2,n555/2)
e Sample W~ from its full conditional
fw (@5 n3y /2, niy Sy /2)

e Sample 3 from its full conditional
m(Bly", V. W)
by the FFBS algorithm.

Likelihood for (V, W)

It is easy to see that
n
p" IV, W) =[]/~ Q)
t=1
which is the integrated likelihood of (V, W).

Jointly sampling (5,V, W)
(8,V,W) can be sampled jointly by

e Sampling (V, W) from its marginal posterior
(V. Wly"™) oc IV, Wy™)m(V, W)
by a rejection or Metropolis-Hastings step;

e Sampling § from its full conditional
m(Bly", V. W)
by the FFBS algorithm.

Jointly sampling (3, V, W) avoids MCMC convergence problems associated with the posterior corre-
lation between model parameters (Gamerman and Moreira, 2002).

Example iii. Comparing sampling schemes

Based on Gamerman, Reis and Salazar (2006) Comparison of sampling schemes for dynamic linear models. International

Statistical Review, 74, 203-214.

First order DLM with V =1

ye = Prite, e~ N(0,1)
ﬁt = ﬂtfl + Wt , Wt ~ N<O7 W)7

with (n, W) € {(100,.01), (100, .5), (1000, .01), (1000, .5)}.
400 runs: 100 replications per combination.

Priors: 81 ~ N(0,10) and V and W have inverse Gammas with means set at true values and
coefficients of variation set at 10.

Posterior inference: based on 20,000 MCMC draws.
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Schemes
Scheme I: Sampling B1,..., 8.,V and W from their conditionals.
Scheme II: Sampling 3, V and W from their conditionals.
Scheme III: Jointly sampling (8, V, W).

Scheme n=100 n=1000
I 1.7 1.9
II1 1.9 7.2

Computing times relative to scheme I. For instance, when n = 100 it takes almost 2 times as much to
run scheme III.

Scheme

W% n I 11 111
0.01 1000 | 242 8938 2983
0.01 100 | 3283 13685 12263
0.50 1000 | 409 3043 963
0.50 100 | 1694 3404 923

Sample averages (based on the 100 replications) of effective sample size nog based on V.

Example iv. Spatial dynamic factor model

Based on Lopes, Salazar and Gamerman (2008) Spatial Dynamic Factor Models. Bayesian Analysis, 3, 759-792.

Let us consider a simple version of their model

yelfr.0 ~ N(Bf,2) (1)
felfi—1,0 ~ N(Tfi-1,7) (8)

where § = (3,2, T, A),

yt = (Y1t,-..,yne) is the N-dimensional vector of observations (locations si,..., sy and times ¢ =

L...,T),

ft is an m-dimensional vector of common factors, for m < N.
B=(Bay---»Bmmy) is the N x m matrix of factor loadings.

Spatial loadings

The j** column of 3, denoted by By = (Byy(s1),--.,8)(sn)), for j = 1,...,m, is modeled as a
conditionally independent, distance-based Gaussian random field (GRF), i.e.

By ~ GRF(17ps,(-)) = N (0,7} Ry,), 9)

where the ([, k)-element of Ry is given by rix = pg,(|s; — sil), [,k = 1,..., N, for suitably defined
correlation functions pg (), j =1,...,m.

Matérn spatial aucorrelation function

po(d) = 2172 (¢2) "' (d/61)"* Ko, (d/ 1)
where Ky, (+) is the modified Bessel function of the second kind and of order ¢s.

Key references on spatial statistics are Cressie (1993) and Stein (1999).
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Forecasting

One is usually interested in learning about the h-steps ahead predictive density p(yrinly), i-e.

p(yrsnly) = / Dz snlfrom Op(Fronl fr. 00p(fr. 0y)dfrsndfrdd

where

(Yrnlfren,0) ~ N(Bfrin,2)

(frenlfr,0) ~ N(un, Vi)

and

h

pn =T"fp and Vj, =Y TFIADEY

for h > 0.

k=1

p(yr+nly) can be easily approximated by Monte Carlo integration.

Sampling the common factors

Joint distribution p(Fly) = HtTQOI p(ftl fe+1, Di)p(fr|Dr), where Dy = {y1, ...

Dy represents the initial information.

Forward filtering: Starting with f;_1|Dy—1 ~ N(m¢—1,Ci—1), it can be shown that

ft|Dt ~ N(mu Ct)

(10)

b, t=1,...,T and

where my = a; +At(yt—?3t), Cy = Rt_AtQtAft» ar =T'my_q, B1 = ]-—‘thlrl"_Aa i = ﬁata Qt = 5-’%&5""2

and A, = R,3'Q; ', fort=1,...,T.

Backward sampling: fr is sampled from p(fr|Dr). For t < T —1, f; is sampled from p(f;|fi11, Di) =

In(fe; @, Cy), where @y = mg + By(fiyr — arg1), Cr = Cp — ByRyy1 B and B, = Cy IR, ).

SO, in Eastern US
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Spatial factor loadings

Dynamic factors
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Forecasting
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LECTURE 6

NONNORMAL AND
NONLINEAR DYNAMIC
MODELS

Generalized linear models

An extension of regression models still preserving linearity and influence of covariates through the
mean response is given by generalized linear models.

The observations remain independent but now have distributions in the exponential family.

The model is

f(yil0:) a(y;) exp{y;t; + b(6;)}
E(yil0:) = —b'(0;) =
g(pi) = m
ni = zafr+...+Tiafa
for i = 1,...,n, where the link function g is differentiable.

Binomial regression

Consider y;|m; ~ bin(n;, 7;), i =1,...,n, and assume that the probabilities 7; are determined by the
values of a variable x.

The 7; lie between 0 and 1 and can be associated to a distribution function.
One possibility is the normal distribution and in this case
m=®(a+Pa;), i=1,...,n
where ® is the distribution function of the N(0,1) distribution and « and § are constants.

The binomial distribution belongs to the exponential family and the link function g; = ®! is
differentiable.

The structure of a generalized linear model is completed with the linear predictor

m=a+Px;, i=1,...,n.

Other possible links include the logistic and complementary log-log transformations

g2(mi) = logit(wi)—log< i >

1—7Ti

g3(m) = log{1°g<1—1m>}
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associated respectively to the logistic and extreme-value distributions.

Note that g1, g2 and g3 take numbers from [0,1] to the real line.

Example i. O-ring data

Christensen (1997) analyzed binary observations of O-ring failures y; (1=failure) in relation to tem-
perature ¢; (Fahrenheit).

y=(1,1,1,1,0,0,0,0,0,0,0,0,1,1,0,0,0,1,0,0,0,0,0)

t = (53,57, 58,63, 66, 67, 67, 67, 68, 69, 70, 70, 70, 70, 72, 73, 75, 75, 76, 76, 78, 79, 81)

S e . o . . .
g ,
e 84
é
£ <
o 3
~ ]
S
= e e o 00 Y ) ) .
T T T T T T
55 60 65 70 75 80
Temperature (in Fahrenheit)
e Bernoulli model: y;|m; ~ Bern(m;), fori=1,...,n=23.

Link function: g(m;) = a+ B(t; — t)

Prior: 8 ~ N(0,V3)
e Other constants: o = —1.26 and ¢ = 69.6.

Links

Logit : gi(m) =log (1 T )

Probit : go(m) = ®(r)
toetor + )~ fioe (1))

e Prior variances

- Vz=10
- V3 =10.0
— Vg =100.0

Posterior model probability (PMP)
Assume that Pr(M;) = 1/9 for all i.
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Vs Link PMP
1 Log-log 0.361

1 Logit  0.311
10 Log-log 0.115
10 Logit  0.101
100 Log-log 0.037
100 Logit  0.033
1 Probit 0.030
10 Probit 0.010
100  Probit  0.003

Priy = 1)1
Bayesian model averaging (black), logit models (red), probit models (green) and complementary
log-log models (blue).

1.0
|

0.8

O-ring failure

0.4

0.2

0.0

Temperature (in Fahrenheit)

Dynamic generalized linear model

Dynamic generalized models were introduced by West, Harrison and Migon (1985).

The model is

f(yel6:) = a(y) exp{y:0: + b(0:)}
E(yl:) =
Q(Mt) = Ftlﬂt

Br = GiBey1+wy

with wy ~ N(0,W;) and the link function g is again differentiable.
The model is completed with a prior 5; ~ N(a, R).

It combines the prior specification of normal dynamic models with the observational structure of
generalized linear models.

Dynamic binomial and Poisson regressions
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Dynamic logistic regression with a series of binomial observations y; with respective success prob-
abilities m; dynamically related to explanatory variables z = (z1,...,24)" through the logistic link

logit(m¢) = 4.

Poisson counts with means A; dynamically related through multiplicative perturbations A; = A\;_jwy.
After a logarithmic transformation, one obtains log A; = log A\;_1 + w; with w; = log wy.

Posterior inference via MCMC

Assuming that the variances of the system disturbances are constant, the model parameters are given
by the state parameters 8 = (31,...,3,)" and the system variance W = @1

The model is specified with the observation and system equations and completed with the independent
prior distributions 81 ~ N(a, R) and ® ~ W (nw /2, nw Sw/2).

The posterior distribution is given by

7(8,®) o [ ] £(welB) [] p(Bel B-1, @) p(B1)p(®) -

=2

Full conditional for ®

mo(P) o< Hp(ﬁt|ﬁt717q))p(q))

t=2

o« [T1®1"%exp {—;tr[(ﬁt — GfBi—1) (Bt — Gtﬁtl)@]}

t=2
1
« |®|[’nW*(p+1)]/2 exp {Qtr(nWSW¢)}

x 1
x I(I)|[nwf(d+1)]/2 exp{—Qtr [(H%S;V)‘I)]} )

that is the density of the W(nj, /2, n}, Sy, /2) distribution with
ny = nw+n-—1

niw Sy = nwSw+ > (B — GiBi1) (B — Gibir)

t=2

Full conditionals for
For block 3

m5(8) o [ f(welB0) H (Be|Be-1, @) p(Br)
t=1 t=2

t=1 t=1

o< exp {Z[?Jtet + b(6,)] — %Z(ﬂt — GeBi—1)'®(B: — Gtﬁtl)} .
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For block f;, t=2,...,n—1

me(Be) o< f(yelBe) p(Be|B—1, P)p(Be+1|Bt, )
o exp {yif: + b(0:)} exp {*% [(B: — GeBe—1) ®(B: — GifBi—1)
+  (Bey1r — Ge1B) ®(Beyr — GeyaBe) 1} -

Similar results follow for blocks 1 and ,,.

Sampling schemes

Knorr-Held (1997) suggested the use of independence chains with prior proposals.

Shephard and Pitt (1997) used independence chains with proposals based on both prior and a normal
approximation to the likelihood.

Ravines (2005) used independence normal proposals for the block § with moments given by the
approximation of West, Harrison and Migon (1985).

Singh and Roberts (1982) and Fahrmeir and Wagenpfeil (1997) extended to the dynamic setting the
method of mode evaluation for static regression.

An alternative previously discussed is the reparametrization in terms of the system disturbances w;
(Gamerman, 1998)

Example ii. Generalized Spatial Dynamic Factor Model

Let {s1,...,s5} be the N spatial locations in the region of study S, where S C R? and y;, =
(yt1, .-, Y:n) be the N-dimensional vector of measurements at time ¢, for t =1,...,7T.

The GSDFM of Lopes, Gamerman and Salazar (2009) is a hierarchical model with first level mea-
surement equation for conditionally independent univariate observations ¥;; in the one-parameter natural
exponential family, i.e.

P(Yti | Neis ) = exp{W[yeine — b(nei)] + c(yei, V) }

where 7; is the natural parameter and v is a dispersion parameter.

The mean and variance of yy; are, respectively, b (n;) and b (n;) /1.

The natural parameter 7;; is deterministically defined by a linear combination of spatial and temporal
components through the link function v, i.e. ny = v(6y).

The GSDFM is then completed by specifying the spatio-temporal dependence of the 6y;s.

Temporal and spatial variations

The temporal behavior of y; is modeled by two levels of hierarchy

0 = e+ Bf
fel fici ~ N(Tfi—1,A)

where p; is the mean level of the space-time process, f; contains m common factors, fo ~ N(mg,Cy) and
A is the evolutional variance.

60



The spatial variation of y; is modeled via the columns of the factor loadings matrix 3, i.e. 3; =
(Bjs- .-, Bnj) s for j =1,...,m, is modeled as
ﬂj ~ N(I’ij,TjQRj)

where x; is a N-dimensional mean vector. The (I, k)-element of R; = R(¢;) is given by 71 = pg, (|s1—5k|),
l,k=1,...,N, for suitably defined correlation functions pg,(-).

Example ii. Modeling rainfall in Minas Gerais, Brazil

T = 365 daily occurrences of rain in 2005 measured at 17 meteorological stations in the state of Minas
Gerais, Brazil.

-14
I

@ Stations
+  Left out stations
j— Study area

latitude
-16
Il

-22
I

Atlantic
Ocean

-24

longitude

The solid line contours the state. Pirapora (PI) and Caratinga (CA) states (+) were retained for a spatial
interpolation exercise.

Counts

— SF = MC
>~ AC -~ NA

20 25 30

12 3 4 5 6 7 8 9 10 11 12 12 3 4 5 6 7 8 9 10 11 12 1 2 3 4 5 6 7 8 9 10 11 12

month month month

Monthly counts of rainy days for north and northeast stations (top left), center and southeast stations
(top right) and south and southwest stations (bottom).

Posterior summary
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Mean probability maps for two typical days in 2005 (January 6th and March 2nd) for gauged stations
(dot) and ungauged stations (+).

Posterior summary
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days days

Daily posterior probability of rain for ungauged Pirapora (left) and Caratinga (right) stations in 2005.
Dots are observed rain indicators, solid lines are rain mean probabilities and dashed lines are 95% credi-
bility intervals.

Example iii: Nonlinear model

Let y¢, for t = 1,...,n, be generated by the following nonlinear dynamic model

(yelze, ) N(27/20,0%)
(e|me1,0) ~ N(Gh, ,0,7%)

Tr—1 7

zo ~ N(mg,Co)
where G, = (z¢,2,/(1 4 z7), cos(1.2t)), 0 = (a, B,7) and ¢ = (¢, 02, 7%).

i

Prior distribution

o? ~ IG(ng/2,m005/2)
0|72 ~ N(6o,7*Vp)
T2 ~ IG(Vo/Q,Vng/2)

Sampling (¢¥|zo.n, y™)
Let y™ = (y1,-..,yn) and xg., = (z0,...,2s)"

It follows that

(0,72@0:”) ~ N(91,7'2V1)IG(1/1/2,1/17'12/2)
(@®ly",2") ~ 1G(n1/2,n107/2)

where vy =vg+n,ny =ng+n

Z = (Gazm'“aGmnfl)l

Vit o= V422
‘/1_191 = V0_100 + Z/xlzn
nti = wotg + (y— Z61) (y — Z61) + (61 — 00)'Vy (61 — 0o)
noy = noag-l-Z(yt — x7/20)?
t=1
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Sampling z1,...,z,

Let x_y = (z0, ..., Tt—1,Tt41,- -

Fort =0
p(zolz—0,Y0,%) x fn (203 M0, Co) fnv (213 Gl 6, 77)

Fort=1,....,.n—1

p($t|$—t7yta¢) S8 fN(yt;x?/zovUQ)fN(xt;G/zt,lgaTz)fN(xt'Fl;Glzt077—2)

Fort=n
p(xn‘xfnv Yn, 'l/]) X fN(yn; 1'721/2(), Jz)fN(mn; Glxn_197 7—2)

Metropolis-Hastings algorithm

A simple random walk Metropolis algorithm with tuning variance v2 would work as follows.
t=0,...,n

1. Current state: :rgj )

2. Sample z} from N(x,(fj),vg)

3. Compute the acceptance probability

a:min{l, p(ﬂﬁ(z_lf—t,ytﬂf)) }
p(xt |x*t7yt7¢)

4. New state:
w. p. «

G+ _ [
i { xgj) w.p. 1—a

Simulation set up
We simulated n = 100 observations based on 6 = (0.5,25,8)", 02 = 1, 72 = 10 and x¢ = 0.1.
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xn), fort=1,...,n—1,2_0=2", 2_, = To,(n—1) and yo = 0.

For



Prior hyperparameters

® T~ N(mo, Co)
moy = 0.0 and CO =10

e 0|72 ~ N(00,7*Vp)
6 = (0.5,25,8) and Vp = diag(0.0025,0.1,0.04)

o 72~ IG(1/2,v078/2)
vo=6 and 77 =20/3

such that E(r%) = \/V(72) = 10.

e 02 ~ IG(ng/2,n90%)
nog=6 and o =2/3

such that E(0?) = \/V(c2) = 1.

MCMC setup

e Metropolis-Hastings tuning parameter

e Burn-in period, step and MCMC sample size

My=1,000 L=20 M =950 = 20,000 draws

e Initial values

— 0 =(05,25,8)
- 72=10
—o0?=1

_ .true
— Lo:n = Loy

Parameters

00 10000 15000 20000 S0 10000 15000 20000 S0 10000 15000 20000 S0 1000 15000 20000
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LECTURE 7

STOCHASTIC VOLATILITY
MODELS

Stochastic volatility model
The canonical stochastic volatility model (SV-AR(1), hereafter), is

yr = eM/%e

he = p+ ¢hi—1+ 7m0

where ¢; and n; are N(0,1) shocks with E(eim4p) = 0 for all h and E(eeryy) = E(meneqr) = 0 for all
1 #0.

72: volatility of the log-volatility.
|¢| < 1 then h; is a stationary process.

Let yn = (yl,' . 'ayn)/, h" = (hh' . 'ahn)l and ha:b = (haa c '7hb)/~

Prior information

Uncertainty about the initial log volatility is hg ~ N (mg, Cp).

Let & = (u,¢)’, then the prior distribution of (6,7%) is normal-inverse gamma, ie. (6,7%) ~
N]G(f)()eV(J,VU-,S%)Z

0|7‘2 ~ N(GO,Tz%)
2~ IG(VO/Q,I/OSE)/Q)

For example, if 1y = 10 and s3 = 0.018 then

2
2
E(r?) = %:0.@225

v 52 2
Var(™) = 5 (_(1)3{2/2 —gy = (0013)°

Hyperparameters: mq, Cy, 6y, Vo, 1o and 83.

Posterior inference

The SV-AR(1) is a dynamic model and posterior inference via MCMC for the the latent log-volatility
states h; can be performed in at least two ways.

Let hft = (h(]:(tfl), h(t+1):n)7 for t = 1, ey — 1 and h,n = hl:(nfl)'
e Individual moves for h;
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- (0’72|hn’yn)
— (h¢elh_s,0,7%,y"), fort =1,...,n

e Block move for h"
- (07" )
- (hn‘e, 7-2’ yn)

Sampling (0, 7%|h", y")

Conditional on hq.,,, the posterior distribution of (6, 72) is also normal-inverse gamma:
(0, 7°y" hon) ~ NIG(01, Vi, 11, 57)
where X = (1,,, ho:(n—1)), Y1 = Vo + 1

it o= VXX
Vit = Vi 'O+ X'hi,
visi = sy + (y— X01) (y— X601) + (61— 00)'Vy (61 — 6o)

Sampling (ho|0, 7%, h1)

Combining
ho ~ N(mo, Co)

and
hilho ~ N(p + ¢hg, 7%)

leads to (by Bayes’ theorem)
h0|h1 ~ N(ml, Cl)

where

Cilmi = Cylmo+om2(hy — p)
C;l _ C(;l +¢2T_2

Conditional prior distribution of h;

Given h;_1, 0 and 72, it can be shown that, for t =1,...,n — 1,

( h?il ) ~ N {( (1 +M¢>+u¢fta?21ht_1 )’T2 ( ; (1 f %) )}

so E(h¢lhi—1,his1,0,7%) and V (h¢|hi—1, hey1,0,7%) are

- () ()

Vo= 1+¢2)

respectively. Therefore,

(ht|ht—1aht+1a977—2) ~ N(Ntvy2) t:]-v"'vnfl
(hn,|h’n,—1:977-2) ~ N(,UanQ)

where p, = p+ ¢hy_1.
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Sampling h; via random walk Metropolis

Let v2 =v2fort=1,...,n— 1 and v2 = 72, then
p(ht|h7t7yn797’r2) = fN(ht;Mt7yt2)fN(yt;07ehb)
fort=1,...,n.
A simple random walk Metropolis algorithm with tuning variance v7 would work as follows:
Fort=1,...,n
1. Current state: hij )
* () 2
2. Sample h} from N(h;”’,v;)
3. Compute the acceptance probability

a—min{l fN(h:;Mt,VE)fN(yﬁO»ehr) }
- I . ()
I (B e, v2) f (ye; 0, €7

4. New state:
; hi w.p. «
h(]JFl) _ t
¢ h,(fj) w.p. 1—«

Example i. Simulated data

e Simulation setup

— n =500

— hyp=0.0

— p = —0.00645
- ¢=0.99

— 72 =0.152

e Prior distribution

— p~ N(0,100)

— ¢ ~ N(0,100)

— 12~ 1G(10/2,0.28125/2)
— ho ~ N(0,100)

e MCMC setup

— My = 1,000
— M =1,000
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Time series of y; and exp{h;}
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Volatilities
Tuning parameter: v = 0.01

time

Sampling h; via independent Metropolis-Hastings
The full conditional distribution of h; is given by

p(ht|h7t7yn7977—2) = p(ht|h’t71aht+1a977_2)p(yt|ht)
= In(hes s v?) v (92 0,€™).

Kim, Shephard and Chib (1998) explored the fact that

1
log p(y¢|ht) = const — §ht —

70
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and that a Taylor expansion of exp(—h;) around u; leads to

1 2 _
log p(y¢|ht) = const — §ht - yé (e e —(he — pe)e Mt)
1
o) = exp {1 — st}

Proposal distribution

Let v} =v?fort =1,...,n —1and v; = 7°.

Then, by combining fn(h¢; ue, v?) and g(hy), for t = 1,...,n, leads to the following proposal distri-
bution:
Q(ht‘hfh yna 97 7-2) = N (ht; ﬁta Vt2)

where ji; = i + 0.507 (y2e Ht — 1).

Metropolis-Hastings algorithm
Fort=1,....,n

1. Current state: hgj)

[\

. Sample h} from N (fit,v7?)

w

. Compute the acceptance probability

o min S N D) I (s 0,€%) (i, o)
I (W5 o, v2) v (s 0, ey o (i s vE)

4. New state:
; hi w.p. «
h(]+1) _ 3
¢ hﬁ” w. p. 1—a
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Autocorrelation of h;
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time

Sampling A" - normal approximation and FFBS
Let y; = logy? and ¢, = loge?.
The SV-AR(1) is a DLM with nonnormal observational errors, i.e.

ht+6t
Bt Ghy—1 + T

(™
hy

where 7 ~ N(0,1).

The distribution of ¢; is log x7, where

E(er) ~1.27
2

V(e % = 4.935

Normal approximation

Let ¢; be approximated by N(«,0?), 2 = yf — a, a = —1.27 and o2 = 72/2.

Then
zZt = ht + ovy
he = p+ohi_1+ 70

is a simple DLM where v; and n, are N(0,1).
Sampling from
p(h"™0, 7%, 0%, 2")

can be performed by the FFBS algorithm.
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log x? and N(—1.27,72/2)

0
Q
o
o
Q4
(=}
—— log chi*2_1
== normal
wn
94
IS
2
7]
2
5]
= o
34
o
0
8
S
o
8 4
S
T T T T T T T
-20 -15 -10 -5 0 5 10
X
Parameters
mu
s
3 r
s ] <
4 B 3
g A 3
S g < g
° Q
4 g
B 8
s ] ¢ b .
? T T T T T T LI N B R T T T 1
0 500 1000 1500 2000 2500 3000 0 5 10 15 20 25 30 35 -004  -002 000 002 004
iteration Lag
phi
q 3
q g
o | S
2 | 3
S w B 8
& 8
4 z =4
S 3
[y :
w 4
g1 o (1|1 TTTTRTSSTIITOYYS
S Ee====——---c--c-oorfoEEIEos °
T T T T T T T L e e L R T T T 1
0 500 1000 1500 2000 2500 3000 0 5 10 15 20 25 30 35 085 090 095 1.00
iteration Lag
tau2
2 . g
q g
s 8
o | B
4 S
= o b 8
S
7 H‘ UH :
1 8
4 g
g4
S g £= = £l b Eald Eleli bl °
T T T T T T T T 1 i T T T T ]
o 500 1000 1500 2000 2500 3000 o 5 10 15 20 25 30 35 0.00 0.02 0.04 0.06 0.08 0.10
iteration Lag

Autocorrelation of h;

74



1.0

0.8

ACF
0.4

0.2
|

0.0
|

0 5 10 15 20 25 30 35
lag
Autocorrelations of h; for the three schemes

Volatilities

75




time

Sampling A" - mixtures of normals and FFBS

The log x? distribution can be approximated by

where

log x3 and S.7_, m N (i, w?)

7
D miN (i, w7)
=1

2

{ T i Wi
1 0.00730 -11.40039 5.79596
2 0.10556 -5.24321  2.61369
3 0.00002 -9.83726  5.17950
4 0.04395 1.50746 0.16735
5 0.34001 -0.65098  0.64009
6 0.24566 0.52478  0.34023
7 0.25750 -2.35859  1.26261
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Mixture of normals

Using an argument from the Bayesian analysis of mixture of normal, let z,..., 2, be unobservable
(latent) indicator variables such that z; € {1,...,7} and Pr(z; =i) =m;, fori=1,...,7.

Therefore, conditional on the 2’s, y; is transformed into log y?,

logy; = hy+loge?
hy = N+¢ht—1+7'n"7t

which can be rewritten as a normal DLM:

logy; = hy+u v ~ N(#zuwi)
ht = ,u—}-d)ht,l—l—wt Wt NN(O,T%)

where p,, and wgt are provided in the previous table.

Then A™ is jointly sampled by using the the FFBS algorithm.

Parameters
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Comparing the four schemes: volatilities
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Example ii. LSTAR-SV models (Lopes and Salazar, 2006)
Lopes and Salazar (2006) adapt the LSTAR structure to model time-varying variances, SV-LSTAR(k):

Yt | hy ~ N(O»eht)
he ~ N(xi01+ 7(y, ¢, hi—a)x}f2,07)

with o} = (1, h4—1,..., hi—x) and 6; = (0oi, 014, - - ., Oki), for i = 1,2. The logistic transition function is

71'(7, C, ht—d) = 1/(1 + er(ht—d*C)).

Particular case: k=d =1

E(ht|hi—1,¢,0) = (910 +

920

14+ e=v(hi—1—¢)

80

)+<911+
1+e

921

—v(ht—_1—c)

) he—1



S&P500 stock index

MCMC: Conditional on h", sampling 61,65, ¢,y and o? are relatively easy. To sample the compo-
nents of h™, we use the single parameter move introduced by Jacquier, Polson and Rossi (1994).

North American Standard and Poors 500 index, daily observed from January 7th, 1986 to December
31st, 1997. A total of 3127 observations. We entertained six models for the stochastic volatility:

° M1 : AR(].)

° M2 : AR(2)

o Ms:LSTAR(1) withd =1

o My : LSTAR(1) with d =2

o Ms: LSTAR(2) withd =1

o Mg : LSTAR(2) with d =2

Model comparison

Models AIC BIC DIC
My AR(1) 12795 31697  7223.1
My AR(2) 12624 31532 7149.2
Ms: LSTAR(1,d=1) 12240 31165 7101.1
My LSTAR(1,d=2) 12244 31170  7150.3
Ms : LSTAR(2,d=1) 12569 31507 7102.4
Mg : LSTAR(2,d=2) 12732 31670 71594

AIC: Akaike’s information criteria, BIC: Schwarz’s information criteria, and DIC: Deviance informa-
tion criteria.

Posterior inference

Example iii. Factor SV models (Lopes and Carvalho, 2007)

Factor stochastic volatility models appear in Pitt and Shephard (1999), Aguilar and West (2000) and
Lopes and Migon (2002) and Lopes and Carvalho (2007), to name just a few. The model is

Yelfe: B, X))~ N(Befe; Xt)
(ft|Ht) ~ N(OQHt)

with ¥, = diag(o%,,--- ,02;) and H; = diag(hay, ..., hqt). Let n, =log(%;) and A, = log(H;). Then

ele—1, 10,0, V) ~ N+ pni—1,V)
()‘t‘/\t—lﬂaad)a U) ~ N(a+¢>\t_17U)
Pitt and Shephard (1999): diagonal V and U and B; = (.

Aguilar and West (2000): nondiagonal V and U and 3; = (.
Lopes and Migon (2002): diagonal V and U and (.

Lopes and Carvalho (2007): diagonal V and U, 8; and Markov switching for ;.
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Parameter My M Ms My M Mg

fo1 0.060 -0.066 0292  -0.154  -4.842  -6.081
(0.184) (0.241)  (0.579)  (0.126)  (0.802) (1.282)

011 0904 0184 0306 0572  -0.713  -0.940
(0.185) (0.242)  (0.263)  (0.135)  (0.306)  (0.699)

021 - 0.715 - - -1.018  -1.099
(0.248) (0.118)  (0.336)

fo2 - - 0.685  0.133 4783  6.036
(0.593)  (0.092)  (0.801)  (1.283)

O12 - - 0794 0237 0913  1.091
(0.257)  (0.086)  (0.314)  (0.706)

= - - - - 1748 1.892
(0.114)  (0.356)

5 - - 11818  163.54  132.60  189.51
(16.924) (23.912) (10.147)  (0.000)

c - - 1589 0.022  -2.060  -2.125
(0.022)  (0.280)  (0.046)  (0.000)

72 0135 0234 0316 0552 0214  0.166

(0.020) (0.044) (0.066)  (0.218)  (0.035)  (0.026)

Daily exchange rate returns

To illustrate the time-varying loadings extension we analyze the returns on weekday closing spot
prices for six currencies relative to the US dollar (as in Aguilar and West, 2000):

German Mark (DEM)

British Pound (GBP)

Japanese Yen (JPY)

French Franc (FRF)

Canadian Dollar (CAD)

Spanish Peseta (ESP)
To keep the analysis comparable with Aguilar and West (2000) we only use the rst 1000 observations

ranging from 1/1/1992 to 10/31/1995.

Time varying factor loadings
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Importance of time-varying loadings

An interesting observation that highlights the importance of time-varying loadings in the context
of this example is the change in the explanatory power of factor 1, the European factor on the British
Pound.

The nal months of 1992 marks the withdrawal of Great Britain from the European Union exchange-
rate agreement (ERM), fact that is captured in our analysis by changes in the British loading in factor 1
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FSV FSV+MSSV

I P v M P v
IBOVESPA  -0.202 0.980 0.040 | -0.284 - 0.971  0.047
MEXBOL -0.440  0.959 0.065 | -0.434 - 0.957  0.051
MERVAL -0.409  0.959 0.083 | -0.508 - 0.947  0.068
IPSA -0.600  0.947 0.058 | -0.765 - 0.932 0.071

« 10) U a Qo 10} U
Factor -0.305 0.971 0.067 | -0.951 -0.588 0.912 0.090
E(\) -10.517 -10.807 -6.682

and emphasized by the changes in the percentage of variation of the British Pound explained by factors
1 and 2.

If temporal changes on the factor loadings were not allowed, the only way the model could capture
this change in Great Britains monetary policy would be by a shock on the idiosyncratic variation of the
Pound, reducing, inturn, thepredictiveabilityof thelatentfactorstructure.

Latin american stock returns

We now illustrate the FSV+MSSV generalization in a extended version of the dataset in Lopes and
Migon (2002).
Returns on week-day closing spot prices in Latin American:

e Brazilian Indice Bovespa (IBOVESPA)

e Mexican Indice de Precios y Cotaziones (MEXBOL)

e Argentinean Indice Merval (MERVAL)

e Chilean Indice de Precios Selectivos de Acciones (IPSA).

The series are observed daily from January, 3rd 1994 to May, 26th 2005 (2974 observations), which
includes several international currency crises. These crises have directly impacted on Latin American
markets, generating higher levels of uncertainty and consequently higher levels of volatility.

Comparing FSV and FSV+MSSV models

Common factor volatilities
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Under the model with k£ = 2 the persistency parameter ¢ is likely to be smaller in line with conclusions
drawn in Carvalho and Lopes (2007).

The model with & = 2 estimates two unconditional means to the log-volatility process that correspond
to times of high and low risk in the market. More specifically, the posterior mean of the unconditional
standard deviation of the common factor in the FSV model is roughly the same as the one obtained for
the low volatility regime in the FSV+MSSV, however the factor is on a high volatility state around 6%
of the time, in which the unconditional standard deviation is about eight times higher.

This allows the volatilities to react “faster” once a regime switch is identified, which is highlighted
by the previous figure that compares FSV and FSV+MSSV common factor’s volatilities.
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LECTURE 8

SEQUENTIAL MONTE CARLO
METHODS

Nonnormal/nonlinear dynamic models

Most nonnormal and nonlinear dynamic models are defined by

e Observation equation

p(yt|xt> 1/})
e System or evolution equation
p(ze|wi—1,v)
e Initial distribution
p(zol)

The fixed parameters that drive the state space model, v, is kept known and omitted for now.

Evolution and updating

Let the information regarding x;_; at time ¢ — 1 be summarized by

p(re-aly'™")

Then Evolution and updating are represented by

plalyt™!) = / Pl )p(@e— |y )dze—y
and

p(y’) o< plyelz)plady’™")
respectively.

These densities are usually unavailable in closed form.

The Bayesian boostrap filter

Gordon, Salmond and Smith’s (1993) seminal paper uses SIR ideas to obtain draws from p(z|y")
based on draws from p(z;_1|y*~1).

SIR: the goal is to draw from p(x) based on draws from ¢(x).

1. Draw z7,..., 2} from ¢

2. Compute (unnormalized) weights w; = p(z})/q(z])
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3. Draw z1,...,zp from {7, ... 2%} with weights {w1,...,wN}

Sampling from the prior: If
p(z) o< m(z)l(x)

where m(x) and I(z) are prior and likelihood, respectively, then a natural (but not necessarily good,
actually usually bad!) choice is

q(z) = m(z).

Under this choice, unnormalized weights are likelihoods, i.e.

w(z) o« I(z).

Example i. Revisiting the 1st order DLM

For illustration, let us reconsider the local level model where closed form solutions are promptly
available. The model is

yt\xt ~ N(xt,Uz)

Tyl ~ N($t7177—2)
e Posterior at t = 0: (2g]yo) ~ N(mg, Co)
e Prior at t = 1: (21|yo) ~ N(mo, Co + 72)
e Likelihood at time ¢: I(x1;91) o< fa(21;91,02)

e Posterior at time t: (z1|y1) ~ N(mq,Cq)

where A1 = (Co + 72)/(Co + 72 + 02), m1 = (1 — A1)mg + Ayy; and Cy = Aj02.

Example i. One step update

Let {(z0,wo) W}, summarizes p(zo|yo). For example,

E(g(zo)|yo) ~ Nzwo g(x)

Then, {(z1,wo) P }¥, summarizes p(z1]yo), where
xg) (J:((JZ),T ) i=1,...,N.

are draws from the prior p(z1|yo).

Then, {(z1,w;) P}, summarizes p(z1]y;), where

Wi’ =wp vy’ 0% =1, N
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Example i. Sequential importance sampling (SIS)

Let {(z¢_1,w;— 1)}, summarizes p(x;_1|y* ™).

Then, {(2s,w;—1)P Y| summarizes p(z:|y'~!), where

Propagation: mgi) ~ N(xgi_)l, %) i=1,...

and {(z¢,w;) DY, summarizes p(x!|y’), where

Reweighting: wﬁi) = wt(i,)lfzv(yt; :cgi),a2) i=1,...,N.

Effective sample size

Liu (1996) proposed using the following measure of degeneracy of an algorithm:

1
N = —
eff ¢ N 2
’ N %
dim1 (wt( ))
: : ; (@) _ @) No()
where w;s are normalized weights, i.e. w;”’ = w; /ijl wy'l.
If wii) = 1/N (equally balanced weights), then
Neg, =N.

If wi”) = 1 for only ome j (particle degeneracy) then

Nefﬁt =1

Example i. SIS with resampling (SISR)
SIS:

o {(z1_1,wi—1) D}, summarizes p(z;_1|yt?).

o {(Z,wi_1)W}N | summarizes p(z¢|yt~'), where :i:gi) ~ N(zzgi_)l,TQ)7 fori=1,...,N.
o {(#, @)D}, summarizes p(at|yt), where &\ = w(, fn (ys; 57, 02), for i =1,...

Resampling:

Draw xgl), e ,x,EN) from the set {:E,El), .. ,:%EN)} with weights {&)t(l), e ,&t(N)}.

Therefore, {(zt,w;) ™}, summarizes p(z¢|y'), where w; = 1/N.
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SIS with Resampling (SISR)

{z},,xfj} ~  plzlyt) o 2 eemocmen
iy o~ p(weg]ad) XX © 00 ® @ owoo °
n
Wiy o< Pyl ) © = e ewoo
{otias s xﬁl} ~ plEealy™th) ]
Fly o~ p(megelriy) % owweoes 000 ° oo
n

wtl+'2 S p(yt+2‘j'i+2) Ll e ee ool

—Q‘A VD‘Z ﬂ‘ﬂ 0.2 0‘4 ‘

Uniform weights is the goall!

Example i. Simulated data
n =50, zg =0, 72 = 0.5 and o2 = (0.25,0.5, 1.0).

auisig=1 auisig=0707

Top: y; and x¢; bottom: m; and m; £ 24/C.
Left: 7/0 = 1.414; center: 7/ = 1.000; right: 7/0 = 0.707.

Example i. SIS, N = 1,000
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Top: States; Bottom: N .
Left: 7/0 = 1.414; center: 7/0 = 1.000; right: 7/0 = 0.707.

Example i. SIS, N = 10,000

Top: States; Bottom: N .
Left: 7/0 = 1.414; center: 7/0 = 1.000; right: 7/0 = 0.707.

Example i. SISR, N = 10,000



00 20 W0 a0 0 600 700

Top: States; Bottom: N .
Left: 7/0 = 1.414; center: 7/0 = 1.000; right: 7/0 = 0.707.

Example i. SISR, n = 1,000 and N = 1,000
era = [Ga(zely") — dalz:ly?)], for @ = 0.025,0.5,0.975.

Left: 7/0 = 1.414; center: 7/0 = 1.000; right: 7/0 = 0.707.

Auxiliary particle filter (APF)

Recall the two main steps in any dynamic model:

playt™) = /p(mtlftfl)p(ftfl|yt_1)d$t71

p(xely’) o plylze)play'™")

Ny NV . _
° {(xt_l,wt_l)(l)}izl summarizes p(z;_1|y*~1).
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e Approximating p(x¢|y~!) by

e Approximating p(z:|y’) b
N . .
px(ely’) = > plyelee)p(aelety ol
i—1

Pitt and Shephard’s (1999) idea

The previous mixture approximation suggests an augmentation scheme where the new target distri-

bution is i
p (e, kly') = p(yele)p(ee|z) ).

A natural proposal distribution is

q(e kly") = p(yelg ()@l )l

where, for instance, g(z;—1) = E(x¢|xi—1).

By a simple SIR argument, the weight of the particle x; is

p(yelwe)

Wy X ——
p(yelg(i™)))

APF algorithm

. {(xt_l,wt_l)(i)}zil summarizes p(z;_1|y'~1).
e« Forj=1,...,N
_ j (1) ~(N)y.
Draw k? from {1,..., N} with weights {&,;,...,&,_1 }:

3 = plylg(x,))

— Draw xt]) from p(:rt|:ctk ))

— Compute associated weight

] ()
o) o Pl )

plyelg(@™)))

. {(xt,wt)(i)}il summarizes p(z:|yt).

e Maybe add a SIR step to replenish x;s.
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Example i. APF, n=1,000 and N = 1,000
et.o = |Ga(Te|yt) — qa(ze]yt)|, for a = 0.025,0.5,0.975.

Left: 7/0 = 1.414; center: 7/0 = 1.000; right: 7/c = 0.707.

Example i. SISR & APF, n=1,000 and N = 100

Example ii. Nonlinear dynamic model

Recall the nonlinear dynamic model previously studied

(yt‘xtvw) ~ N('rt2/20a0-2)
($t|$t717¢) ~ N(G;t,levTQ)

where o ~ N(mO,CO), 0= (Oé,ﬁa’Y)/» w = (51702772) and
G, = (24,2 /(1 + 27), cos(1.2t))
Simulated data: n = 100, 02 =1, 72 = 10, § = (0.5, 25,8), 29 = 0.1.
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Prior setup: mo = 0 and Cy = 10.
MCMC setup: mg =0, Cy =10, v = 0.1, My = 1000 and M = 5000.

SMC setup: N = 5000.

Comparing SMCMC, SISR and APF

TRUE vs. SISR TRUE vs. APF
o _| w |
- —
S S A
[Tol | wn -
(=R o -
o _| w |
| [}
S S
| 1
T T T T T T T T T T
20 40 60 80 100 20 40 60 80 100
Time Time

Smoothing
Godsill, Doucet and West (2004) proposed a smoothing scheme based on particle filter draws.

The key results are

n—1

pa"y™) = planly™) [ (@il y')
t=1

and (by Bayes rule and conditional independence)

p(we|2iy1, yt) X P(Tpg1|Te, yt)P(iUt\yt)'

We can now jointly sample from p(z™|y™) by sequentially sampling from filtered particles with weights
proportional to p(xsy1|zs, yt).

Backward sampling algorithm

Repeat the following three steps N times.

e Sample Z, from {xﬁf)}f;l with weights {ws)}ij\il.
e Fort=n—1,...,1

Sample z; from {x%l) N | with weights {J)t(l)}f\;l

&)t(i) x wii)p (it+1|x§i)) i=1,...,N
e Then {i(lj), e 5;53)} is a draw from p(z"|y").
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Example i. smoothing
n=>50,72=0.502=1,19=0,my=0, Cy =100, N = 1000.

SISR
Forward filtering

APF
Forward filtering

-2
L

,_\4
.
o
n
15}
w |
S
s
3
a |
=)

time

SISR
Backward sampling

H;
.
o
n
S
w |
S
»
3
a |
=)

time

APF
Backward sampling

-2
L

Example i. outlier

H;
e
5]
N
S
w |
S
s
S
a |
S

time

in y,

SISR
Forward filtering

,_.4
e
5}
n
S
w |
S
»
S
a |
S

time

APF
Forward filtering

-2
L

o
e
S5}
N
S
w |
S
s
S
a |
S

time

SISR
Backward sampling

o
e
15}
N
S
w |
S
»
S
a |
S

time

APF
Backward sampling

-2
L

Example i. outlier

time

in z;
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SISR APF
Forward filtering Forward filtering
w - w
o o
w | w
f i
S R
] ]
T T T T T T T T T T T T
0 10 20 30 40 50 0 10 20 30 40 50
time time
SISR APE
Backward sampling Backward sampling
v - w
o o
w | w
f
o o
T T
T T T T T T T T T T T T
0 10 20 30 40 50 0 10 20 30 40 50
time time
Example i. outlier in z; (more particles)
SISR APE
Forward filtering Forward filtering
0w - w -
o - o -
w | w |
| [}
o o
T T
T T T T T T T T T T T T
0 10 20 30 40 50 0 10 20 30 40 50
time time
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LECTURE 9

SEQUENTIAL MONTE CARLO WITH
PARAMETER LEARNING

Revisiting the bootstrap and the AP filters
Consider the following general state space model

Observation equation :  p(yst1|Tis1)

State equation :  p(zy1|Te)

For a given time ¢
{(wtawt)(i)}f\;
is a particle representation of
p(ely")

where yt = (yla s ayn)

Sample-resample

Goal: {(xr41,wip1) DI, ~ plaga|y'™).
Algorithm

e Sample Igil from g(z¢41]28", yi41)

e Compute weights

@ PGl Do) )

41 = Wi - -
q(xiﬁllxil% Yit1)

Special case: bootstrap filter
In the bootstrap filter
q(@i1|ze, Yev1) = p(Tega|xe),

i.e. the transition equation.
This proposal density has no information about y;y1, so we say that the scheme is blinded.
The weights are then proportional to the likelihoods

W&gl = Wt(l)p(ytﬂ |x§21)
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Special case: optimal filter

In the optimal filter
q(Tes1]me, Yer1) = p(@eg1|Te, Yerr)-

The weights are then ‘ ‘ ‘
with = wp(yraly') o< wf”

80, if wp ox 1, then w41 o< 1 for all ¢.
This is a perfectly adapted filter.

Resample-sample

Goal: {(z1,wer1) DYy ~ pzeraly™).
Algorithm
e Resample :Egi) from {xil), . ,gcgN)} with weights
o) j=1..N

e Sample xﬁl from qg(xt+1|5c£i),yt+1)

o Compute weights ' . _
@ @ Paealetl)pai)|z)

Wiy = Wy — T
01 (Z [yer1) a2 (@115, o)

Special case: auxiliary particle filter

In the auxiliary particle filter
@ (@elyee1) = p(yes1lg (@)

where, for instance, g(z;) = E(zi41|7t).

Also,
@2(Te41]2t, Y1) = p(Teg1]2e)

i.e. the transition equation, so again a blinded proposal.

The weights are then equal to _
@) @) p(yt+1|$§21)
Wipg =W —
P(Yet1l9(@; 7))

Special case: optimal filter
In the optimal filter both proposals ¢; and g2 depend on y:y1, i.e.

q1(ze|yer1) = p(Yea1|ze)-

and
QQ(It+1|It, yt+1) = p($t+1|$t7 yt+1)-
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The weights are then equal to

W§21 = Wt(l)

so, if wy o< 1, then w4 o< 1 for all ¢.
This is a perfectly adapted filter.

Resample-sample with learning 6
The objective is to combine {(z, 0y, w) DY ~ p(ay, Olyt) with g1 to produce { (x4 1,041, wir1) DI, ~
p(@e1, Oyt H).

The index ¢t and t + 1 in 89 are used to facilitate the identification of the time at which draws are
being used.

Algorithm
o Resample (Z,6,)® from {(xt,ﬁt)(j)}évzl with weights

@ (2,00 Plyip1)  j=1,...,N.
o Sample (z441,041) from gz(wei1,0[(30,0,) D, yrr1).

e Compute weights

W :w(z‘)P(yt+1|(fEt+1,9t+1)(i>) p(@e41,0041) V| (&, 0.) )
T (@6 00)D)yer1)  a2(@er1, Oe41)D|(Fe, 00) D), yer)

Questions:

e How to choose ¢; and ¢3?
e What is p(s41, Ops1|ze,01)?

e Is it okay to decompose it as

p(1t+1, ‘9t+1|l”t,9t) = p($t+1|9t7It)p(9t+1|xt,9t)?

o If so, then what is p(0y11|z¢, 01)?

Liu and West (2001)

They approximate p(f]y’) by a N-component mixture of multivariate normal distributions, i.e.

N
p(Oly) =" wi” fx(01aby” + (1 — )by, (1 — a®)Vs)

i=1

where 6, = >N w9 and V, = N 0P (6% — 6,)(6 - 6,).

99



This leads to , 4 ' -
p(Or1l2t”,07) = fy (Orialabl” + (1 = a)f, (1 - a*)V)
They use the same decomposition for go. So the weights are

(1) _ (i)P(yt+1|($t+1»9t+1)(i))
Wi = Wy — ()
@1 ((Zt,00) D)y 41)

Resampling step

q1(xt, O¢lyer1) = p(yer1lg(ze), m(6:))

where
9(w¢) = E(wiqa|we, m(0))

for instance, and

m(@t) = aet + (1 — a)ﬂt

The weights are then ‘ .
@) @) p(yt+1|x§21,9§21)

Wig1 = Wy G ~i
Pyer1lg(@), m(6"))

Choosing a

Liu and West (2001) use a discount factor argument (see West and Harrison, 1997) to set the param-
eter a:
_30—-1

20

a

For example,

e § = 0.50 leads to a = 0.500
e §=0.75 leads to a = 0.833
e § =0.95 leads to a = 0.974
e ) = 1.00 leads to a = 1.000.

In the last case, i.e. a = 1.0, the particles of 8 will degenerate over time to a single particle.
The LW filter in one page
N

For particles {(xt,Gt,wt)(j)}évzl summarizing p(zy,0|y’), estimates 6, = Y i, wti)ﬂt(i) and V, =

Zi.vzl wt(i)(ﬁt(i) - ét)(ﬂt(i) —6,)’, and given shrinkage parameter a, the algorithm runs as follows.

e Fori=1,..., N, compute
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— m(@ii)) = aHt(i) +(1- a)0_t.

— g(a(") = Blapy|o”, m(0f)).

— wlly = p(yeralg (@), me)).
e Fori=1,...,N

— Resample (itvét)(i) from {(wt,atthﬂ)(j)}év:r

— Sample 9&21 ~ N(m(é,gi)), h2V;).

— Sample l’t21 from p(sct+1|5:§i),0t(21).
— Compute weight
] ) ( | (@) () )
(i) _w(z) PYt+11T¢ 41,V 11

Wig1 = Wy G O
p(yer1lg(@), m(6))

Example i. first order dynamic linear model

The revisit the first order dynamic linear model

Yo = T+ v; ~ N(0,0?)

Ty = Ti—1+ wy Wt ~ N(O, T2)
where ¢ = 25, 02 = 0.1, 72 = (0.2,0.1,0.05) and n = 200.
Prior setup:

o2 ~ IG(ag,bo)
zg ~ N(mg,Co)

where ag = 5, bg = 0.4, mo = 25 and Cy = 100.

Particle filter setup:

N = 2000
5§ = (0.75,0.95)

Example i. LW + optimal propagation
Liu and West’s (2001) filter with optimal resampling proposal, i.e.

p($t+1 |-'17t> 027 yt+1) = fN(xt+1|mt+1, Ct+1)

where
1 _2 2
Ciyy = 7 °+0
_2 _2
M1 = Crp1(0 "Y1 +7 “a4)
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Example i. LW 4 optimal propagation + kernel for o2

Optimal propagation + with mixture approximating o? directly, i.e.

q(a2|xt,0t2,yt+1) X fN(yt-‘rl;xt7Uz)flG(U2‘a(g§)7ﬂ(gt2))
where
2\12
a(o?) = {WZ((Z%} +2
B(o7) = m(o})a(o})
and
m(c?) = ao?+(1—a)d?
v(o7) = (1—a?)5%

with 2 and 5’32 the particle approximation to the mean and variance of o2 from p(a?|y?).

Example i. Comparing various LW filters

o LW1: LW + logo?

o LW2: LW + o2

e LW3 : LW + logo? + optimal propagation

o LW4 : LW + o2 + optimal propagation
Example i. 7/0 =14

o]
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time time time time

Example i. 7/0 =1.0
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Example i. 7/0 = 0.
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Example ii. nonlinear dynamic model

Let y¢, for t =1,...,n, be modeled as

(y: |$t, ¢)

~ N(x}/20,0%)

(@ezi-1,9) ~ N(GG, &7

T T T T
0 50 100 150 200

time

where G, = (ZL’t,:Et/(l +xf),cos(1.2t)), Y= (¢,0%72) and € = (o, B3,7)'.



Prior distributions for g, &, 02 and 72 are

rg ~ N(mg, Vo)
& ~ N(co,Co)
o? ~ IG(ag, Ao)
2~ IG(bo, By)

Example ii. Simulation set up
We simulated n = 200 observations based on ¢ = (0.5,25,8)", 02 = 10, 72 = 1 and xo = 0.1.

Prior hyperparameters:

mg = 0.0 and V=5

co = (05,258) and Cy= diag(0.1,16,2)
ag = 3 and Ay=20

bp = 3 and By=2

Example ii. Simulated data
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Example ii. (N,d,a) = (2000,0.75,0.83)

104



beta

< WM
H
£ 9 m
;- v"
N
s
. g
:
- T T T T T
o s w0 10 200
TRUE Time Time
gamma sigma2 tau2
= 8 o
B 8 o
-
J W\W 8 S
© B A /]/m\\’\,\’\ <l - M
o P/ w w

04
g4
54

150 200

Posterior mean

gamma sigma2 tau2
o g o
~ ’J’ P —— 81 \/A/\m \WW(‘\%/\\L
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200

Example ii. (N,d,a) = (5000,0.90,0.94)
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Example ii. Assessing MC error - a
N = 5000
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Example ii. Assessing MC error - vy
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Example ii. Assessing MC error - 7
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Example ii. Assessing MC error - «
N = 10000
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Example ii. Assessing MC error - 3
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Example ii. Assessing MC error - o
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Particle Learning (PL)

Carvalho, Johannes, Lopes and Polson (2009) introduce Particle Learning (PL) as the following
resample-sample scheme, where s; is the vector of sufficient statistics for 6.

e Posterior at t: {(zy, 5,0) DY, ~ p(ay, 51, 0)yt).

e Resampling weights: wg_)l o p(yt+1|x£j), 0U), j=1,...,N.

e Fori=1,...,N
— Resample: Draw {(Z, 5;,0)@ N | from {(l‘t,St,Q)(j),wt+1}§V:1.
(

— Sample: Draw xtle ~ (g1 (2, 0) D yigr).
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— Recursive sufficient statistics: 5t+1 =S5(s

— Offline sampling of fixed parameters: §() ~ p(0|st;L1 .

PL ingredients

Resampling distribution

Propagating distribution

Recursive sufficient statistics

Example i.

o p(Yet1l|re,0°) is

o p(xiy1|wy, o, Yet1) is

()

P(Yey1|we, 0)

P(zeg1]|Te, 0, ye41)

1st order dynamic linear model via PL

(4)
St 7mt+1a yt—i—l)

St+1 = S(Sta LTt41, yt+1)

N(yeg1;2¢,0% +7°)

N(2e41; Ayrr + (1 — A)zy, Ac?)

where A = 72 /(72 + 02).

* p(o?

|St41) 1s

IG(atq1,bi41)

where s;11 = (@41, bi41) is recursively updated

aty1 = at+§

biy1 = b+

Example i.

taulsig=0.71

learning 72 - n = 200, 500, 1000

taulsig=1

tauisig=141

005 o1 o1 o0

005 010 015 02 0

005 010 015 020 025 0%

—~———
W W
o o w s e o o w s e o o w0 s e

taulsig=0.71

taulsig=1

{
(
)
|
(

008

00 o1 o0z

005 o010 o015 o0 025

1y
i
00
A
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Example i. learning 72 - n = 5000 and N = 2000

tau/sig=0.71

tau/sig=1

tau/sig=1.41

A \

JLRNN

008 010 012 014 016
L L L

e

008 010 012 014 016

008 010 012 014 016 018 020

T T T T T T T T T T T T
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

time

Example iii. MCMC and PL comparison

e Simulation set up: For t =1,...,n = 300,
p(ylze,0) = fn(zy; 02)
p(ailei1,0) = fnlpei1;77)

time

where 0 = (p,0?,7%) = (1.0,1.0,0.25) and z¢ = 0.

e Model set up: Equations (1) and (2) above plus

p(0,20) = fn(p;ro, Wo) fic(o?;ao, bo)
X fra(t%; co, do) f (wo; mo, Vo)

where ro =0, Wy =3, ap =3, bg =2, ¢co = 3, dyp = 0.5, mg =0 and Vj = 3.

T
0

T
1000

T
2000

time

T
3000

T
4000

T
5000

e MCMC set up: My = 100K, L =100 and M = 20K. A total of 2100K draws.

e SMC set up: M = 20K particles.

Example iii. MCMC algorithms

e Gibbs sampler (GIBBS)
— Sample z from p(z|y,0) - FFBS

— Sample o2 from p(c?|z,y)

Sample p from p(p|z, 72)

— Sample 72 from p(72|z, p)

e Random-walk Metropolis (RW)
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— Sample z from p(z|y, d) - FFBS

— Sample 6* from
q(e* |0) = Qp(p, Vp)q0'2 (07 V0'2 )QT2 (TQa V72)7
with V, = 0.01, V,2 = 0.01 and V2 = 0.01, and accept with probability

p(yl0*)p(6)q(6*16) }
p(yl0)p(0)q(016*) |-

a = min {1,
Note : Since p(y|0) = [ p(y|z,0)p(x|0)dx can be analytically derived, z and 6 are jointly sampled.

Example iii. Simulated y; and z;

Example iii. Prior of (4, x¢)

ho=1

size1 w2025
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Example iii. MCMUC trace plots

Example iii. MCMC autocorrelation plots

Example iii. MCMC marginal posteriors
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Posterior medians and 95% credibility intervals.

Example iii. PL and MCMC quantiles

TOP: True and PL estimate of percentiles of p(8]y?) for all t. Percentiles are 2.5%,50% and 97.5%.

BOTTOM: True, GIBBS and PL estimates of F(8|y™).

Example iii. PL and GIBBS quantiles
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@

TOP: True, Gibbs and PL estimate of p(6]y™).

BOTTOM: True, Gibbs and PL estimates of F(0|y").

Example iii. PL and MCMC quantiles

McMC PL

LEFT: Posterior medians and 95% credibility intervals of p(z¢|y™).

RIGHT: Posterior medians and 95% credibility intervals of p(z|y").

Example iii. Effective sample sizes

ESS, :M(1+ V(“’t))_l and ESS=M(1+25°, pp) "
¢ E2(wy) k=1Pk) -
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PL McMC

20000
L

20000
L
-
H

5000
L

5000
L

ESS

1000
L

ESS

1000
L

100
L

100
L

wy are particle weights.

pr = covy () R Jpar, (tM)) and ™) = (™).

Example iv. Dynamic factor model with switching loadings
For t =1,...,T, the model is defined as follows 2:

e Observation equation
Yl 2t,0 ~ N(yae, 0°)

e State equations

xt|xt—179 ~ N($t_170'2)
MAi_1,0 ~ Ber((1 —p)l=-1gh-1)

where z; = (24, M), v = (1,0),)" is the vector of time-varying loadings and 6 = (31, B2,02%,02,p,q)’ is
the vector of fixed parameters.

The prior distributions are conditionally conjugate:
(6i|02) ~ N (bio,(TQBio) fori=1,2,
o~ IG (VOO dOO)

272
2~ o6 (45

2
~  Beta(p1,p2)
q ~ Beta(qi,q)
rg ~ N(mg,Cp)

Particle representation

At time t, particles
@
{(xh)\taeastmast) }
i=1
approximating
p (xh Ah 97 Stz7 Stlyt)

where

2This example is from Carvalho, Johannes, Lopes and Polson (2009)
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o 57 = S(s¥_q,0) are state sufficient statistics

o s = S(8t—1, 2, \¢) are fixed parameter sufficient statistics

Re-sampling (z, \¢, 0, s7, 5¢)

Let us redefine 8; = (1, 3;) whenever necessary.

Draw an index k(i) ~ Multi(w®) with weights
w(i) o8 p(yt+1‘(8:tta )‘tv e)k(z))
with
2
PWealme, Co, Ay 0) =Y (yers Bma, Vi) Pr (Mg = G|, 60)
j=1
where V; = (Cy + ai)ﬁj@ + 0215, my and C; are components of s¥ and fy denotes the normal density
function.

Propagating states

e Draw auxiliary state A¢41
/\321 ~ p(e1|(8F, A, 0)F D yein)

where
Pr(Aey1 = Jls7, A 0, ye41) < N (Yege1s Bime, Vi) p (M1 = G|, 0) -

e Draw state xy41 conditionally on A\;1
95,@1 ~ P(fft+1|>\§l+)17 (sf, a)k(i)7 yt+1)

by a simply Kalman filter update.

Updating sufficient statistics for states, s{

The Kalman filter recursion yield
myp1 =My + A1 (Yer1 — Ba M)
Crp1 = Ci+ 02 — A1 Qh Ay
where
Qi1 = (Ci+ o111 + 0L
Ay = (Co+ o) 1Qh

Updating sufficient statistics for parameters, s;1
Recall that s;y1 = S(st, 41, Ae41). Then,

(Bilo?, se41)  ~ N (bius1,0°Bii1) fori=1,2,

d
2 ~ IG Yot @o,t4+1
(U |st+1) 2 9

vir d
(@sn) ~ 16 (5 )

(plst+1) ~ Beta(pii+1,P2,041)
(qlst41) ~ Beta(qrt+1,92,041)
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Yi Y2

T T T T T T T T T
0 100 200 300 400 500 100 200 300 400 500

o

Time. Time

X

1 —1 2 -1 1
where In, =i = Li; In=in = = Lij, Vit = Vig—1 + 1, By = By~ + iy, By = By b +
o . 2
Tip1Yes1,2Ll, Digs1 = pu + L1y (similarly for ¢; 441) for ¢ = 1,2, doyy1 = dot + (Ye41,1 — Ter1)” +
2 -1 2
Zj:l [(yt+1,2 - bj,t+1-Tt+1) Yt+1,2 + Bj7t+1bj,t+1] Ij, and dl,t+1 = dl,t + ($t+1 - xt) .

CASE I: Randowm walk dynamic factor, static loadings

e Simulation setup:

n = 500
B = 2

o2 = 02
o2 = 0.05

e Prior hyperparameters:

8 : bp=0 By=10
Voo = 10 do() =1.8
V10 = 10 d10 =0.45
Time series and dynamic factor
Parameter learning: M = 1000

Parameter learning: M = 5000

Dynamic factor
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M

CASE II: AR(1) dynamic factor, static loadings

I’t|1’t_1,9 ~ N(p:ﬂt_l,l.())
p N(PO; V/))

e Simulation setup:

n = 200
g = 2
o2 = 20
p =9

e Prior hyperparameters:
B : by=0 By=100
0% ¢ vy =10 dop =18
p : po=1V,=100
Time series and state variables
Parameter learning: M = 1000 particles

Dynamic factor

CASE III: Random walk dynamic factor, time-varying loadings
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0 50 100 150 200 250 300 0 50 100 150 200 250 300
Time Time
X M
T T T T T T T Si\ T T T T T T
0 50 100 130 200 250 300 0 50 100 130 200 250 300
Time Time
e Simulation setup:
n = 300
(B1,82) = (L,2)
o = 0.2
2 _
oy, = 0.05
p = q=0.975

e Prior hyperparameters:

B1 : bio=0 Byp=2
Ba 1 by =3 By =2

o v =5 doo=1.0
0'37 V1o = 5 d10 =0.25

p,qg @ pr=pa=q1=¢q=1

Time series and state variables

Parameter learning: M = 5000 particles

Discrete switching state

Dynamic factor

Dynamic factor
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LECTURE 10

STOCHASTIC VOLATILITY via
SEQUENTIAL MONTE CARLO

METHODS

Example i: Stochastic volatility

Let y¢, for t =1,...,n, be modeled as

yelze ~ N(0,e™)
(z¢|lri-1,0) ~ N(a+Priq,7°)

where 0 = (a, ¢, 72).

Simulation setup: n = 500, a = —0.0031, 8 = 0.9951 and 72 = 0.0074 and z; = /(1 — 3) =
—0.632653 (13% of annualized standard deviation).

Prior setup:

Tog N(m07 CO) o~ N(OéOa Voc)
B ~ N(Bo,Vs) TQNIG(TL()/Q,TLQTOQ/Q)

where mg = 0.0, Cp = 0.1, ap = —0.0031, V,, = 0.01, By = 0.9951, V3 = 0.01, ng = 3 and 72 = 0.0074.

LW filter with shrinkage factor a
Particles t: { (x4, 9)(j),w§j)}§w:1 ~ p(xs, 0|yt).

Summary of p(f|y’): 0 ~ E(0|y') and V =~ V(0|y").

Resample quantities: For j =1,..., M
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e Compute m) = af¥) + (1 —a)f

e Compute g = o) + ¢(j)x§-7')

Algorithm: Fori=1,...,M

o Draw k' € {1,..., M}, with P(k' = j) & 0 p(yi11]g¥)
e Sample () from N(m(kl), (1-a?)V)

e Sample xﬂl from p(:tt+1|m§kl), oW)

. l l i
e Compute weight w'} oc p(yss1]2\2)) /p(yer1]9™))

G)\m

Particles at t + 1: {(2141,0)9, w1, ~ p(aisr, 0ly'TH).

Time series y; and p(e®t|yt)
N = 5000 and 0 = (a, 3,1og(72)).

o 100 200 300 400 500

0 01
L
2
1:
11
L 1
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L 1

o.
—_—
=
E:
10
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0.02
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0.00
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Example ii: SV-AR(1) via sequential MCMC and LW

We simulated n = 50 observations based on a@ = —0.0031, 8 = 0.9951, 72 = 0.0074, with mq = 0.0
and Cy = 0.1.

Also, 1 = a/(1 — 8) = —0.632653, which corresponds to annualized standard deviations around
13%.

p(x¢]y’) when 60 is known
MCMC: Kim, Shephard and Chib (1994)
SMC: Liu and West (2001) with § = 0.75 and a = 0.9521743.

MCMC: (burn,niter,lag)=(2000,2000,1)
SMC: N=2000

3.0

— Seq.MCMC
APF

W

0 10 20 30 40 50

25

2.0
|

1.5

1.0

0.5

0.0

time

p(x¢]y') when 6 is known
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p(z¢|yt) when (a,3) is unknown
Prior: @ ~ N(—0.0031,0.01) and ¢ ~ N(0.9951,0.01)

MCMC: (burn,niter,lag)=(1000,1000,1)
SMC: N=10000

<« J
— Seq.MCMC
— APF
o
o
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time

p(aly’) and p(Bly")
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The prior for 72 is 1G(1.5,0.0111).
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Learning x;, a,

MCMC: (burn,niter,lag)=(2000,2000,1)

SMC: N=2000
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MCMC: (burn,niter,lag)=(10000,5000,1)
SMC: N=5000

— Seq.MCMC
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Time

Learning z;, a, # and 72
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Sequential volatilities
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Example iii: Markov switching stochastic volatility

Carvalho and Lopes (2007) adapted APF and LW filters to sequentially estimate states and param-
eters in Markov switching stochastic volatility (MSSV) models.

Let the daily returns of the IBOVESPA index, y;, be modeled by a MSSV model, ie.

yt|)\t ~ N(O, CXp(At))
(Aelhi—1,€,5) ~ N(as, +oM_1,0%)
where ¢ = (a,¢,0?), a = (ai,...,a;) and regime variables s; following a k-state first order Markov

process,
pij = Pr(s; = jlsi—1 = 1) fori,j=1,...,k

and P = (p117"'7p1k717‘"7pk17"‘7pk’k71).

Particle filter

@ 6, O\M
e Step 0: {/\t] ,87 wy? } ) ~ p(At, 8¢, 0| Dy)

e Step 1: For j=1,..., M,

55?1 = arg max, Pr(sip1 =l|s; = ng))
ME% = 04?(1)') +¢§j))‘gj)

o Step 2: Forl=1,.... M
! ~ ! (K, (k')
1. Sample &° from {1,...,k}, with Pr(k') oc p(yes1lpgyq)wy

2. Sample 0§21 from N(mgkl), b2V;)
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Jul 2nd, 97 Thailand devalues the baht by as much as 20%.

Aug 11th, 97 | IMF and Thailand set a rescue agreement.

Oct 23rd, 97 | Hong Kong’s stock index falls 10.4%. South Korea Won weakens.
Dec 2nd, 97 | IMF and South Korea set a bailout agreement.

Jun 1st, 98 Russia’s stock market crashes.

Jun 20th, 98 | IMF gives final approval to a loan package to Russia.

Aug 19th, 98 | Russia officially falls into default.

Oct 09th, 98 | IMF and World Bank joint meeting + Fed cuts interest rates.
Jan 15th, 99 | The real is allowed to float freely by lifting exchange controls.
Feb 2nd, 99 Arminio Fraga is named president of Brazil’s Central Bank.

3. Sample sgﬂzl from 1,...,k with Pr(sgl) = Pr(sgﬂsgkl))
4. Sample )‘£21 from p()\t+1|)\§kl),s£21,9t(21)
e Step 8: Forl=1,..., M, compute new weights

1 l k!
wiy o pyer1 AL e |nde])

0 o) M
. Step 4: {)‘t+175t+17wt+1} 1 Np<)‘t+1a5t+179|Dt+1)'

Currency crisis

Carvalho and Lopes (2007) used IBOVESPA daily data from January 2nd, 1997 to January, 16th
2001 (1000 observations).

Fitting regime shifts
The vertical lines indicate key market events.
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Sequential inference for fixed parameters

Posterior mean, 5%

and 95% quantiles of 6.

06 07 08 09 10 1.1

35 40 45 50 55 60

Sequential Bayes factor: MSSV vs SV

alphat log(gammat)
W‘"’N 2 M/JW
phi sigma2
MWMMW © 4 ‘MXM
Wm e —
| g, \/Jf//’\//“
logit(p11) logit(p12)
W ; ] W
W A

r
1/2/97 712197 12/2/97

SV-AR(1) via Particle Learning
This example was kindly prepared by my PhD student Samir Warty.
Recall the AR(1) stochastic volatility model:

Tt41
Yt+1 = €Xp (T) €t+1

Ti41 — + 51} + TVt4+1
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T 1
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where (e, 14) ~ N(0g,13) and 6 = (o, 3, 7).

Prior distribution:
2 no noSo
~ TG (=2, 2020
T |80 g < ) 9 9 >
«, ﬁ‘7_27 S0 ~ N(m07 7—200)
where sg = (ng, So, mo, Co).
Data augmentation argument
Following Kim, Shephard and Chib’s (1998) idea:

o2 2
Zer1 =108y = T +log €l = Tppr +uy

where

7
w3 wN (i, 0?)
i=1

Particle learning (PL) uses augments the state vector to include A\i41 € {1,
the Normal mixture approximation.

Let s; denote the set of sufficient statistics for (o, 3,72) at time t.

Algorithm

e Resample old particles ¢; = (x, s¢,0) with weights
7

wy o< pzipaler) = D mifn (zegn; i+ o+ By, 0f +7°)
i=1

e Propagate new states xyy1 from

7
paerlen, ze01) = > mifn (@eg; vio wi)
i=1

where
wi = (o2 +r 7!
vio= wilo; 2z — ) + 72+ )
Algorithm (cont.)

e Update sufficient statistics s;y1 = (neg1, Se+1, Met1, Cet1)

N1 = ng+1
Ty — Xemy)?
41541 = mneSe+ %
t
Ch = O7'+ XX,
Ct_-s-llmt—&-l = Ot_lmt + Xz

where X; = (1, ).
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e Sample parameters

2 N4l Nir1St41
~ T e
T |5t g( 5 B) >

o, BI7%, 50 ~ N (myp1, 72 Cirir)

Resampling weights

wy o< p(zitaler, Ar, 2°)

7
& Z/ P(zep1lme, 56,0, A1 = 4, A, 25, @i )p(@ega |, 56,0, A1 = i, Ae)dmega
i=1V R

(Marginalization over data augmentation)

7
S Z/ P(zet1]Aet1 =4 Tep1)p(Tera]ee, 0)dae
i=17/R
7
oc Z/ In(ze1s s + Teg1, 05) I (Tegrs @ + Bag, 7°)dze s
i=17/ R

7

o< > mifn(zegai i + o+ fBay, 0f +7°)
i=1

Posterior distribution for new states

7

(Conditional independence)

p(Teqilce, A, 2e41) = Z mip(Tet1lct, Ae41 = 4, Mgy Ze4+1) (Marginalization over data augmentation)

=1

7 ) .
S P(Zeglwe, 5650, g1 =4, A, Teq1)P(Teq1[Te, 8¢, 0, Aegr = 85 )
= i

= p(ze41lTe, ¢, 0, Aepr =1, Ay)

27: p(zt41|Aer1 = 4, xep1)p(Te41|Te, 0)
= U "
p(zt41l|Te, 0, Aep1 = 1)

i=1

_ i”' SN (et pi + @ep1, 00) v (@ega; o+ Bae, 7°)
= In(zer1s i + a + By, 0F +72)

7
=D mifn(@etr1iviwi)
i=1

where w; = (0, 2+ 772) 7 and v; = w; (0] % (ze41 — pi) + 72 (a + Bzy)).

Recursive sufficient statistics
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(Bayes theorem)

(Conditional independence)



i1 Set1 = neSe + (o1 — Xe(Cy 1+ X{X) TN (Cy P me + X{@e41)) w4
+(me — (O + X{X)THO my + Xwe)) O Py
=St + (Th 1T — m;+1Xt(Ct_l + X[ X)) THCT e + X weg))
+ (m(C Y my = mi(Cr N (C7 + X X)) THC P me + X meq))

CX!X,Cy .
=n¢Se + (w;+1act+1 - w;JrlXt (Ct - m (Cy "my + thIz+1))
C XX, Cy

+ (e tme - ot (- ) (€ e+ )

1+ X,C. X]

2
(& Cc
=ntSt+w;+1 (1—c+ 1+C> act+1—x;+1 <l—m> Ximy

my X, Xemy

/ot c
—my X, (1*7) T4l + T+ec

1+c

1
=n:S; + <m> (z;+1xt+1 — 2x;+1Xtmt + m;thXtmt)

1
=n:St + <7) (Ter1 — Xeme) (Tea1 — Xemy)
1+c
where
— _ C X[ X:Cy
CcIl+ XX 1:(0 7t7>
(G +XeXe) 14 X CoX]

when X; is a vector.
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