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Learning 6 offline

Two-step strategy: On the first step, approximate p(6|y") by

N¢.,n
N (0]y") = "(f,('f))”‘e) x pY(y"10)p(0)

where pNV(y"|0) is a SMC approximation to p(y"|#). Then, on the
2nd step, sample @ via a MCMC scheme or a SIR scheme®.

Problem 1: SMC looses its appealing sequential nature.

Problem 2: Overall sampling scheme is sensitive to p"(y|6).

1See Fernandes-Villaverde and Rubio-Ramirez (2007) “Estimating Macroeconomic Models: A Likelihood
Approach”, DeJong, Dharmarajan, Liesenfeld, Moura and Richard (2009) “Efficient Likelihood Evaluation of
State-Space Representations” for applications of this two-step strategy to DSGE and related models.



Example i: Exact integrated likelihood p(y"|o?, 72)
Let us revisit our 1st order DLM, where
n=100,x = 0,02 = 1,72 = 0.5 and x9 ~ N(0.0,100)
30 x 30 grid: 02 = (0.1,...,2) and 72 = (0.1,...,3)
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Example i: Approximated p"(y"|o2, 72)

Based on N = 1000 particles
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Learning 6 sequentially
Sequentially learning x; and 6.

Posterior at t :  p(x¢|0, y")p(0|y*")
4
Prior ate t+1 :  p(xt+1/0,y")p(0]y")
Y
Posterior at t+1 :  p(xe41]0, y" ™) p(0]yt™)

Advantages:

Sequential updates of p(0|y*), p(xt|y*) and p(0, x¢|y")
Sequential h-steps ahead forecast p(y:inly®)
Sequential approximations for p(y:|yt=1)

Sequential Bayes factors

[Ti—1 p(ly~t, My)

Bio: = .
[Tj—1 p(yjly/ =1, M2)




Liu and West filter
Liu and West (2001) approximates p(6]y*) by

%) ZwPfN 01a6) + (1 — a)fy, (1 — %) V%)
=1

where 8, and V; approximate the mean and variance of 0, given yt.

This leads to
0r1|xD. 0 = £(0:11120%) + (1 — 2)8,, (1 — a%)V/
p(Ocr1lx;’,0;7) = fn(0er1]aldy” + (1 — a)f:, (1 — a°) Vi)

and weights

0 () Per1l(xer1, 0e41)D)
Wip1 = Wt e G0 :
q1((%e, 0¢))|ye41)




Resampling step

q1(xe, Ot|yr+1) = p(ye+1lg(xe), m(6:))

where

g(xt) = E(xtt1|xe, m(0:))

m(@t) = 39t + (]. — a)e_t
The weights are then

M) _ 0 P(yt+1lxt(’+)1,9§21)
t N ~
p(yes1lg (&), m(@))




Choice of a

Liu and West (2001) use a discount factor argument (see West
and Harrison, 1997) to set the parameter a:

30 —1
a=——

20

For example,
» 6 = 0.50 leads to a = 0.500
» 6 = 0.75 leads to a = 0.833
» 6 = 0.95 leads to a = 0.974
» 0 = 1.00 leads to a = 1.000.

In the last case, i.e. a = 1.0, the particles of § will degenerate over
time to a single particle.

a/R/9D



LW algorithm
For particles {(x, 0¢,w:)Y }J 1 summarlzmg p(x¢, 0]y?), estimates
0 =N, w09 and v, = M w00 — 6,)(61) — 8,), and

given shrinkage parameter a, the algorlthm runs as follows.

» Fori=1,...,N, compute
>m(9 )—30 (l—a)

t-
> g(x{)) = E(xtmxt ,m(6)).
> w? = p(yealg (<), m(o9)).

» Fori=1,....N
> Resample (;(hét)(i) from {(x, ¢, Wt+1)(j)}JI'V:1-

> Sample 1), ~ N(m(d1), h2Vt)
» Sample x§+)1 from p(xep1 |3, §21)
» Compute weight

wﬂl:wﬁ") p(yt+1|xt+1,9§£1) .
p(yes1lg(x), m(A))

10 / AR



Example ii. State and parameter learning in the NDLM
Let us consider the following NDLM

Ve|xe, 0~ N(Xt,0'2)
Xt|Xt—1,‘9 ~ N(a—l—ﬁxt,l,Tz)

with xg ~ N(mog, Go) and 0 = («, 8,02, 72).

The optimal resampling distribution is

(velxe-1,0) ~ N(a + Bxe-1,0% + 7).

The optimal sampling distributions is
(Xt‘thlayta 9) ~ N((l - A)(Oé + thfl) + A)/u AU2)7

where A = 72 /(02 + 72).

11T /A9



Example ii. Learning 6
Assume that the prior of 8 = (a, 3,72, 0) is

p(0]s0) = pic(o?; no/2, nood/2)pnic (v, 7% &0, Gos 0/2, 1074 /2),

where v = (a, 8) and known sy = (no, 03, g0, Go, 0, 7¢).

It follows that

p(0]s:) = pic(c2; ne/2, nea? )2)pi (v, 72 &e, Ge, Ve /2, 1272 /2),

where ng =ne1+1, vy =vp 1+ 1, z2 = (1, xe—1),

ntaf

Gt

-1
Gt 8t

I/tth

and

St = (ntaggagtv Gtvl/tsTt2) - S(Stflvxtflaxtayt)-

2 2
ne-105_1 + (ye — xt)
-1 /
G, +zz,
-1
G,_18t—1+ ZtXt

2 2 ! ~—1
Vi-1Ti_1 + Xt — 8:Gy 8t
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Particle learning

For particle set {(x;_1,5:—1,0))}" |, the algorithm is;

1. Resample (%¢_1,3_1,0)(") from the above set with weights

W( 7 x P(yt|Xt 15 e(i))?

2 Sample 50~ plslil,. 1 B
3. Update sgi) =S( f )1,>“<t( )l,xt('),yt)

4. Sample () ~ p(G\sg )).

17 /A9



Storvik's filter
For particle set {(x¢—1,5t—1,0))},, the algorithm is:

. Sample xt(i) ~ p(xt\xfi)l,ytﬁ("));

N =

Resample (X;—1, X¢, 5¢—1, 5)(i) from the above set with weights
w o p(yelxy, 00);

3. Update sgi) =S § )1, t( )1,)"(,5 ),yt)
4. Sample () ~ p(0|st )
5. Set xt(i) = >"<t(i).

See Storvik (2002) and Fearnhead (2002).

14 /R



Integrating x; 1 out
Let (xe—1|yt™%,0) = (xe—1|re—1,0) ~ N(ms_1, Cs_1), where
rn—1= (mt—la Ct—l)-

Goal: r: = R(ri—1,0).

The optimal resampling distribution is

(yely ™, 0) = (velre—1,0) ~ N(ae, Q:)
where a; = o+ fm;_1 and Q; = ?Ce_1 + 7% + 2.
It is easy to see that

(xt\yt,ﬁ) = (xt|ye, re—1,0) ~ N(my, Cr)

where m; = (1 — A¢)as + Acyr and G = A2, for Ay = R/ Qs

15/ RAD



However, in order to update s; (and sample #) we need to sample

(Xt—laxt) ~ p(Xt—laxt’yta re—1, 9)

It can be shown that
(Xe|xe—1, ye, re—1,0) ~ N((1 — A) (o + Bxe—1) + Ay, Aaz)

and
(Xt—1|)/t> rt—].)e) ~ N(VX7 VX)
where
A = 71%/(c® +7%)
Vit = G+ AT
V_le = G-1m_1+ AT_2B()/t —a)

16 / ARD



PL with state sufficient statistics

For particle set {(rt_l,st_l,G)(i) ,’-V:l, the algorithm is:

1.

o a0 & W N

Resample (F:—1, 81, 5)(i) from the above set with weights
Wi o plyelr?y, 00y,

Sample Xt(i)l ~ P(Xt—1|)/ta ?Ei)]_a 5(1)),

Sample x(i) p(x |x§i)1,yt, 'Ft(i)l, é(i));

Update st S(s( )1, f)l,xt'),yt);

Sample 6’() ~ p(t9|s )

Update r R("t. 1, 00).

17 /A9



Example ii. Bootstrap filter with learning 6

For particle set {(x;—1,5:—1,0))}" |, the algorithm is;

ARSI

Sample >"<t(i) ~ p(Xt|X§i)1, 6(1));

Sample k' ~ {1,..., M} with w”  p(ye|3{));
et 1) — 540,

Update sgi) = S(sfﬁil),xt(fl),xt("),yt);

Sample () ~ p(9\s§i)).

19 /A9



Example ii. Auxiliary particle filter with learning 6

For particle set {(x;_1,5:—1,0))} , the algorithm is;

1. Resample (>”<t_1,§t_1,«§)(i) from the above set with weights
wi? o p(yelg(xy), 000);

2. Sample )"(t(i) ~ p(xt|)"<§i)1, 6());

3. Sample k' ~ {1,..., M} with
i) o plyel ), 80 ),

4. Set x( ) — xt(k ),

5. Update st S(sgkl)7 "t( 1) xt( ),yt)

6. Sample () ~ p(0|sti)).

10 /A9



Example ii. Comparison between LWF, SF and PL

T = 200 obs. simulated from § = (0.0,0.9,0.5,1.0) and xp = 0.

The prior hyperparameters are mg = 0, Co = 10, go = (0.0,0.9)’,
Go = h, no =19 =10, 7¢ = 0.5 and 03 = 1.0.

Each N = 1000 particle filter is replicated R = 100 times.

A very long PL (N = 100000) is run to serve as a benchmark for
comparison.

2 / AD



Let g(7, «, t) be the 100ath percentile of p(vy|y*), where v is an
element of . We define the root mean squared error as the square
root of

MSE (v, a, f, t) Z[q v, 5 t) — g (v, o, t)]?/R
for filter f in {LW,STORVIK,PL} and replication r =1,...,R.

All filters are fully adapted.
» LW differs from PL only through the estimation of 6.
» Storvik: sample-resample

» PL: resample-sample

27 /AT



PL and SF are significantly better than the LWF.
PL is moderately better than SF.
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Example iii. Sample-resample or PL?

Three time series of length T = 1000 were simulated from

yt‘Xta o ~ N(XhUZ)

Xt|Xt717 %~ N(thlv 7'2)

with xo = 0 and (02, 72) in {(0.1,0.01),(0.01,0.01),(0.01,0.1)}.
Throughout o2 is kept fixed.

The independent prior distributions for xo and 72 are

xo ~ N(mo, Vo) and 72 ~ IG(a, b), for a =10, b = (a + 1)7&,
mg =0 and Vy = 1, where 7'02 is the true value of 72 for a given
study.

We also include BBF in the comparison, for completion.
In all filters 72 is sampled offline from p(72|S;) where S; is the

vector of conditional sufficient statistics.

27 /AT



Example iii. Mean absolute error

The three filters are rerun R = 100 times, all with the same seed
within run, for each one of the three simulated data sets. Five
different number of particles N were considered: 250, 500, 1000,
2000 and 5000.

Mean absolute errors (MAE) taken over the 100 replications are
constructed by comparing percentiles of the true sequential
distributions p(x:|y®) and p(72|y?) to percentiles of the estimated
sequential distributions py(x¢|yt) and py(72|y?).

For a =0.1,0.5,0.9, true and estimated values of g7, and q[fa
were computed, for Pr(x; < q§a|yt) = Pr(r? < q22a|yt) = a.

For ain {x,72} and a in {0.01,0.50,0.99},

R
1 N
MAEEO( = E Z |qf,o< - qt,a,r’
r=1

20/ AT



Example iii. M =500 and learning 72.
BBF,sample-resample,PL.
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Example iii. M = 5000 and learning 72.
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Example iii. M =500 and learning x;.

(tau2,5ig2,0)=(0.01,01,10%) (tau2,sig2,q)=(0.01,0.1,50%) (tau2,sig2,a)=(0.01,0.1,90%)
o
4 4 4 I
mos

s s ° /) ol
w A w4 v 4 I

g g \:Xo g \ )

o b
s | e | o-o e |
3 T T T T T B T T S T T T T T
200 400 600 a0 1000 a0 1000 200 400 600 a0 1000
time time tme
(tau2,sig2,q)=(0.01,0.01,10%) (tau2,sig2,q)=(0.01,0.01,50%) (tau2,sig2,q)=(0.01,0.01,90%)
w w7 o= ¥
:g :g] / 3 :g] /o a\8
g H ,o\ . \} E / /e S D\/\ <>\o /g \
1 A A\ = Ye
o ° o pe
z | ERENgS e\e/ SN Mooy 2]
© T T T T T © T T T T T © T T T T T
200 00 600 80 1000 200 400 600 800 1000 200 400 600 80 1000
ime time ime
(tau2,sig2,a)=(0.1,0.01,10%) (tau2,sig2,q)=(0.1,0.01,50%) (tau2,sig2,q)=(0.1,0.01,90%)

BN o o /° g £ o
L2 o‘a/o\ \\ o / Kl £l /\
S| 2, S F o
£ JAMOA/N\A oda ES ¢ DMD\//@\/ .

s | /\ A \/\u{;g:/ A g . g% \o/o\ e \/\ /\a

s om0 / o s oo ° s / oo

o -o- LA NP B RN AN SN RN
4.0 W O boo. /' e ~o o /i ~ . o ) \ 007" %0 Yo
N T T T T R T T T ER T T T T T
200 400 600 80 1000 200 0 w0 800 1000 20 400 600 80 1000
time. tme tme

27 /RAD



Example iii. M = 5000 and learning x;.
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Example iv. Computing sequential Bayes factors

A time series y; is simulated from a AR(1) plus noise model:

(Ves1lxes1,0) ~  N(xez1,07)
(Xt+1‘Xt79) ~ N(ﬂxtﬂ'z)

fort=1,...,T.
We set T =100, xo =0, § = (3,02,7%) = (0.9,1.0,0.5).

02 and 72 are kept known and the independent prior distributions
for 3 and xp are both N(0,1).

20 /RAD



Example iv.

Simulated data

y(t) and x(t)
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Example iv. PL pure filter versus PL

We run two filters:
» PL pure filter - our particle learning algorithm for learning x;
and keeping ( fixed;
» PL - our particle learning algorithm for learning x; and 3
sequentially.

The filters are based on N = 10,000 particles.

21T /RAD



Example iv. PL pure filter versus PL

(3 was fixed at the true value.
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Example iv. PL - learning 3
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Example iv. PL - learning 3

Comparing pN(B]y?) with true p(3|y?).
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Example iv. Sequential Bayes factor

Bayes factor
PL versus PL pure filter
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Example iv. Posterior model

probabilities: 4 models
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Example iv. Posterior model probabilities: 31 models
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PL in Conditional Dynamic Linear Models (CDLM)

The model is

Yiq1 = F/\tHXt—&-l + €r41 where €441 ~ N (0, V/\t+1)
Xe41 = Gy, Xe + €541 Where €1 ~ N (0, W),,,)

The error distribution
plecsa) = [N (0.Va) pAesa) dhens
The augmented latent state is
Atr1 ~ p(Arr1]Ae)

PL extends Liu and Chen’s (2000) “Mixture of Kalman Filters".

29 /AD



Algorithm

Step 1 (Re-sample): Generate an index k(i) ~ Multi (W(i)> where

w o p (yenl(s5,0))
Step 2 (Propagate): States
At+1 ~ P (At+1| (At e)k(i) ,)/t+1>
Xer1 ~ P(xer1] (e, Q)k(i) s A4l Yerl)

Step 3 (Propagate): Sufficient Statistics

s?—l—l = IC (St)“(v 97 )‘t+17yt+1)

Sty1 =S (Stvxt-i-la >\t+1,}’t+1)

20/ A9



Example v. Dynamic factor with switching loadings

Fort =1,..., T, the model is defined as follows:

» Observation equation
2
Yt|zt,0 ~ N(yexe, 0% k)
» State equations

Xt|Xt—176 ~ N(Xt—]_, O')2<)

Ae|Ae1,0 ~ Ber((1— p)l-r-1g71)
where z; = (x¢, A\¢)'.
Factor loadings: v:+ = (1, 8),)"-

Parameters: 0 = (81, 82,02, 02,p,q)’.

A0 /R



Example v. Conditionally conjugate prior

(/Bi|0'2) ~ N (bio,U2B;o) fori=1,2,

2 Yoo doo
~ |G [ oo “oo
oo ()

o2 ~ IG <V;07dm>

p ~ Beta(pi,p2)
q ~ Beta(qi,q2)
Xo ~ N(mo,Co)

AT /RO



Example v. Particle representation

At time t, particles

{(xt, e, 0,5, st)(i)}jv .
approximating
p (xe, Ae, 0,87, sely")
where
> 57 = S(s; 1,0) are state sufficient statistics

> s; = S(st—1, x¢, \t) are fixed parameter sufficient statistics
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Example v. Re-sampling (x;, A¢, 0, s), st)

Let us redefine 8; = (1, 8;)’ whenever necessary.

Draw an index k(i) ~ Multi(w()) with weights
W o plyeral(sf, Ae, 0)1))

with

2

p(yes1|me, Ce, A, 0) = Z fn (Ve+1: Bime, Vi) Pr(Aes1 = jlAt, 0)
=1

where V; = (G + 0')2<)/8j,81/- + 02k, m; and C; are components of s}
and fy denotes the normal density function.
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Example v. Propagating states

Draw auxiliary state At41
)‘521 ~ p(Ae+1](s; Ars 9)k(i),)’t+1)

where

Pr(Aty1 =jlsi, A, 0, yer1) o< fiy (}/t+1;5jmta \/j)p()\t+1 = j|At,0).

Draw state x;11 conditionally on A¢y1
1~ plxera N (55, 0)0, ye)

by a simply Kalman filter update.
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Example v. Updating sufficient statistics for states, sy ;

The Kalman filter recursion yield

Mer1 = My + Aep1(Ver1 — BoaMe)
2 -1 A/
Cir1=C+ oy — A1 Q1A

where

Qes1 = (Gt + 02)Ves17ip1 + 07k
Acr1 = (Ce+ 02)vi Qt:rll
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Example v. Updating suff. statistics for parameters, s;1
Recall that s;+1 = S(st, Xt+1, Aty1). Then,
(Bilo?, se+1) ~ N (bit1,07Bjes1) for i =1,2,
vor do,

PR
vy d
(02|5041) ~ /G<;t 12t+1>

(plst+1) ~ Beta(pit+1,P2,t+1)
(qlst+1) ~ Beta(qi,et1,92,641)

whelre ]IAM:{ =1;, ]I,\t:,',,\lmzj =TI, Vit1: vit—1+1,

B ii1=B: + XEi1s B; ti1bit+1 = By bit + Xeq1ye41,20
pi,t+1 = Pic + I1; (similarly f0r2ql',r+1) for i =1,2,

do,t+1 = do,t + (Veg1,1 — Xe41)” +

2?21 [(}’t+1,2 - bj,t+1Xt+1))/t+1 2+ B; t+1b_j t+1| I, and
dier1 = die + (Xeg1 — x)?.
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Example v. Filtering and smoothing for states

02 04 08 08 1.0

0.0

lambdalt)

w T

s
L

0 50 100 150 200 250 300

State x(t)

0 50 100 150 200 250 300
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Example v. Sequential parameter learning

B2

40 05 00 05 10

M

ML

0 s 0 150

P

015 020 025 030 0.35 040 045

- AT
0 s 100 S0 200 2% 300
q

o e

e
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PL in (state) non-linear normal dynamic models
The model now is

Yer1 = FagiXet1 + €e41 where e ~ N (0, V)
Xt41 = G)\t+IZ(Xt) + wir1 Where wipg ~ N (0, W)\Hl)

where €41 and A;y1 are modeled as before.
Algorithm:
Step 1 (Re-sample): Generate an index k(i) ~ Multi (W(i)) where

wl) oc p (yt+1|(xt, 9)(i)>
Step 2 (Propagate):
Aty1~ P ()\H—l’ (Aes Q)k(i) 7yt+1)

Xt41 ~ P (Xt+1| (Xta ) e)k(i) ) )\t+1a)/t+1)

St41 = S (Sts Xe41, Ae41, Yet1)
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Example vi. Fat-tailed nonlinear model

Let
v v
Ye+1 = Xey1 + 0/ Aer1€e41 wWhere Ay ~ZG (5, 5)
X
Xey1 = g(xt)B + oxurr1  where g(xt) = 17t2
+ X;

where €41 and u;41 are independent standard normals and v is
known.

The observation error term is non-normal \/At11€41 ~ ty.
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Example vii. Dynamic multinomial logit model
Let us study the multinomial logit model

oFibe

P (ye+1 = 1|Be11) = T ers and Ben =90+ oxel

where 3y ~ N(0,02/(1 — p?)). Scott's (2007) data augmentation
structure leads to a mixture Kalman filter model

Yer1 = I(ze > 0)
zpy1 = Ztf + €r41 where €pq1 ~ —InE(1)
Here €; is an extreme value distribution of type 1 where £(1) is an

exponential of mean one. The key is that it is easily to simulate
p(zt|3, yt) using

. | In U,' In V,'I
1 = TN T BB~ BB =0
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Example vii. 10-component mixture of normals

Frunwirth-Schnatter and Schnatter (2007) uses a 10-component mixture of normals:

10
pler) = e 7w 3 wiN (s, )

Jj=1
Hence conditional on an indicator A\; we can analyze
ye =1(z: > 0) and z: = py, + ZtB + sy, €t

where e ~ N(0,1) and Pr(X: = j) = w;. Also,

S?Jrl = K:(stﬁvzt+ly)‘t+1:97}’t+1)
plyesals?,0) = D p(yerls, Aeta,0)
At+1

for re-sampling. Propagation now requires
Aeq1 ~ P (At+1|(stgv 9)k(i)7yt+1)
Zey1 o~ P (Zt+1|(5t’8’ )<, >\t+17}’t+1)
Bet1 ~ P (Zt+1|(sf»9)k(f)7 Attt Zt+1>

where A\¢;1 comes from a discrete distribution.

Followed by the deterministic updating for conditional sufficient statistics.
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Example vii. Simulated exercise

Y, By

0.5 0

-2
-3
0 50 100 150 200 0 50 100 150 200
Time Time
[ o
5 0.4

0 50 100 150 200 0 50 100 150 200
Time Time

PL based on 30,000 particles.
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Example viii. Sequential Bayesian Lasso

We develop a sequential version of Bayesian Lasso? for a simple
problem of signal detection. The model takes the form

(yelfe) ~ N(0¢,1)
p(0elm) = (2r) texp(—[0cl/7)

for t =1,...,nand 72 ~ IG(ag, by).
Data augmentation: It is easy to see that
pler) = [ plOcIr AP DA

where

Ae ~  Exp(2)
et‘Tv)‘t ~ N(Oa7—2)‘t)

2Carlin and Polson (1991) and Hans (2009)
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Example viii. Data augmentation

The natural set of latent variables is given by the augmentation
variable A\,y1 and conditional sufficient statistics leading to

Zn = ()\n+17 an, bn)

The sequence of variables A\,11 are i.i.d. and so can be propagated
directly with p(Ap+1).

The conditional sufficient statistics (ap+1, bnt1) are

deterministically determined based on parameters (6,41, Apt+1) and
previous values (ap, by).

RA /RARD



Example viii. PL algorithm

. After n observations: {(Z,,,T)(i)}

N
i=1"

2. Draw /\S-J)rl ~ Exp(2).

3. Resample old particles with weights

© N o o

Wr(1210< p(¥ni1; 0, 1+7'2(i))‘51"4)r1)-

Sample 95121 ~ N(mf,i), C,(,i)), where mf,i) = C,(,i)y,,+1 and
Gty £ 05,1
Suff. stats: ag}rl =30+ 1/2, bf;iJ)rl = BY) 4+ 9,2,(4)1 (25\(i)
Sample (offline) 72() ~ IG (a1, bpi1).
Let 7). — (@) 30 p®

€ n+1 ( n+17an+17 n+1/-

N

After n+ 1 observations: {(Zn41, T)(f)},.:l.

n+1)'
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Example viii. Sequential Bayes factor

As the Lasso is a model for sparsity we would expect the evidence
for it to increase when we observe y; = 0.
We can sequentially estimate p(yn+1 | y", lasso) via

N

1 i
P(ynt1 | y",lasso) = > (a1 | (An, 7))
i=1

with predictive p(yni1 | An, 7) ~ N(0, 72X, + 1).

This leads to a sequential Bayes factor

p(y"* | lasso)

BF,i1 = .
"1 b(y™ T | normal)

RS /ARD



Example viii. Simulated data

Data based on 6 = (0,0,0,0,1,0,0,0,1,1,0,0,0,0,1) and priors
72 ~ 1G(2,1) for the double exponential case and 72 ~ IG(2,3) for

the normal case, reflecting the ratio of variances between those
two distributions.

Bayes factor

-2 0 2 4 6 8

Observations
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Final remarks

PL is a general framework for sequential Bayesian inference in
dynamic and static models.

PL is able to deal with filtering and learning and reduce the
accumulation of error.

The loose definition of sufficient statistics and the flexibility to
freely augment x; makes PL a competitive alternative to MCMC in
highly structured models.

A powerful by-product of PL (and SMC in general) over MCMC

schemes, is its ability to sequentially produce model comparison,
assessment indicators.
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