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Likelihood, prior and predictive

The standard Bayesian approach to multiple linear regression is
(yX,8,0%) ~ N(X3,0°1,)

where y = (y1,...,Yn), X = (T1,...,2y)" is the (n x ¢), design matrix and ¢ = p + 1.
The prior distribution of (3,0?) is NIG(bo, Bo, no, So), i.e.

Blo? N(by,0?By) and % IG(no/2,m050/2)

for known hyperparameters by, By, ng and Sy.

Conditional and marginal posterior distributions

It can be shown that
(6‘0—2>y7X> NN(blaUQBl) and (B‘:%X) Nt'ru(blelBl)

and
(02‘5,:%)() NIG(nl/2an1‘S’11/2) and (02|y7X) NIG(nl/Qvnlsl/Q)

where ny =ng +n, By = By' + X'X, By 'by = By 'by + X'y,

n1S1 = mneSo+ (y— Xb1)'y+ (bo — b1)' By 'bo
niSi = neSo+ (y—XB3)(y— Xp)

Ordinary least square analysis

It is well known that
B=(X'X)"'X'y and 6%=5./(n—q)

where S, =c¢'eande=y — X ,é’ The conditional and unconditional sampling distributions of B are
(Blo®,y, X) ~ N(B,0*(X'X)™") and  (Bly, X) ~ tag(B,5.)

since (6218, 02) ~ IG((n — g)/2, ((n — )0 /2).



Marginal likelihood or predictive or normalizing constant

The predictive density p(y|X) can be seen as the marginal likelihood, i.e.

p61X) = [ 01X, 5,0%p(Bl0%) (o dpio? 1)
or, by Bayes’ theorem, as the normalizing constant, i.e.

pyX, B,0%)p(Blo)p(c?)
p(Blo?,y, X)p(a?|y, X)

which is valid for all (3, 0?2). Closed form solutions are

p(y|X) =

(y‘X) ~ tno(Xb07 SO(In + XBOX/))

nd
! In(y; XB,0%L,) fn (85 bo, 02 Bo) frc(0%;m0/2,m050/2)

In(B;b1,02B1) fra(o?;n1/2,m151/2)

where fx(z;u,0?) is the density of a normal distribution with mean u and variance o

py|X) =

2 evaluated at z and

fra(z;a,b) is the density of an inverse gamma distribution with parameters a and b evaluated at x.

Approximating p(y|X)

M
Let { Bi,0?) }Af and {(ﬁ“ 1)} _ be draws from the prior p(3,0?) and from the posterior p(8, 02|y, X),

respectively. Then the Monte Carlo and harmonic mean estimators of p(y|X) are, respectively,

1
Prmec(y1X) = MZP yIX, Bi,07) and pum(y|X) = (sz‘l yIX, B, Z)) :

i=1

Chib’s method approximates p(o2|y, X) from equation (2) by
1 & .
i ZfIG(U2;n1/27n1511(5(1))/2)
i=1

where 11511(8) = noSo + (y — X8) (y — X ).



